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Abstract

In this thesis, we derive three different classes of spectral inclusion sets,
meaning sets that enclose the spectrum or pseudospectra, of an infinite tri-
diagonal (self-adjoint or non-self-adjoint) matrix A understood as a bounded
linear operator on ¢*(Z). The first inclusion set is the union of certain pseu-
dospectra of n x n principal submatrices of A (we call that “method 17).
The second version is a very similar construction but with slightly modified
circulant-type n x n submatrices (we call that “method 1*”). In the third
version, we work with lower bounds on n x oo and co X n submatrices of
A — A, which effectively leads to the study of related n x n matrices (we call
that “method 2”). Our third set not only yields an upper bound but also
sequences of approximations of the spectra and pseudospectrum of A that

are convergent as n — 00Q.

In chapter 5 we study the particular tridiagonal operator Abv; = byv;_; +
v;y1 where (b;) is a bounded sequence with b; = 1 or b; = —1 randomly.
Our motivation is that this non-self-adjoint operator, and the corresponding
non-self-adjoint finite random matrices, have been studied extensively in the
mathematical physics literature, starting with work by Feinberg and Zee
[16] who studied a model of a particle hopping asymmetrically on a one
dimensional lattice. We show that the spectrum of A® is symmetric about
the axes and under 90°—rotation, the closed unit disk is contained in the
spectrum, the numerical range of A® is the square with 2, —2,2i and —2i
as its corners. Further, we apply method 1 to A’ and show that for this
operator, the sequences of approximations that it generates to the spectra
and pseudospectra are convergent as n — oo. We finish with some conjecture

about the spectrum of A°.
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Chapter 1

Introduction

1.1 A Partial History of Spectral Theory

This thesis is concerned with the study of the spectral theory of infinite tri-
diagonal matrices. Eigenvalues have been one of the most powerful tools in
applied mathematics. They are used in many scientific research fields, for ex-
ample, fluid mechanics, quantum mechanics, economics, functional analysis

and acoustics.

The eigenvalue problem was first introduced by Augustin Louis Cauchy
in the study of quadratic forms and also in the study of extreme values by
Lagrange multiplier methods. The terms “eigenvalue” and “eigenvector” are
sometimes called “characteristic value” and “characteristic vector”, respec-
tively. Those words were coined by Cauchy ( see [27]). In 1846, Carl Gustav
Jacob Jacobi proposed a numerical iterative method for the calculation of the
eigenvalues and eigenvectors of a real Hermitian matrix. Jean d’ Alembert,
a French mathematician, was the pioneer who studied differential equations

using eigenvalues.

At the beginning of the twentieth century, the eigenvalues of integral
operators were studied by David Hilbert. He considered the operator as

infinite dimensional matrix. In 1904, the German word “eigen” was used by
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Hilbert to denote eigenvalues and eigenvectors.

The origin of the spectral theory of matrices is the concept of an eigen-
value. Much research work on the eigenvalue problem has been developed.
In 1829, Cauchy published his result, which is a combination between previ-
ously developed results and his own ideas. He showed that real symmetric
matrices have real eigenvalues and that the corresponding quadratic form
can be diagonalized using a linear transformation. In the 1870’s that paper
provided important results which gave motivation to develop many theorems

on the solid spectral theory of matrices.

The important solution of eigenvalue problems for second-order differen-
tial equations was developed by Charl-Francois Sturm, a Swiss mathemati-
cian, in 1836 and Joseph Liouville, a French mathematician, in 1838. The
so-called Sturm-Liouville theory was an important milestone in the spectral
theory of ordinary differential operators. In 1848, the paper of Cauchy had
influenced Jacobi to determine that the eigenvalues of the quadratic forms

given by

n n—1
ATy — 2 karlxkkarl
k=1 k=1

are the roots of the denominator of a limited continued fraction. Nowadays,
we call infinite self-adjoint tridiagonal matrices, Jacobi operators. For some

more details of the history of spectral theory see [30].

The research in this thesis is a contribution, in particular to the part of
spectral theory which deals with the computation of the spectra of infinite
(particularly non-self-adjoint) tridiagonal matrices. This part of spectral

theory has attracted significant interest recently.

Beginning in 1996, motivated by the studies of statistical mechanics of the
magnetic flux lines in superconductors with columnar defect [22, 24|, Hatano
and Nelson initiated a study of a non-self-adjoint Anderson model which has
become to be known as the Hatano-Nelson model. They were studying the

eigenvalues of an operator H defined by

(Hf>m = eigfmfl + Umfm + egferl; me Za
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where ¢ is a fixed real parameter (without loss of generality we may assume
that g is positive), and (v,,)mez is a sequence of i.i.d. random variables taking
values in some compact subset of the real line, under the constraint that the

eigenfunction f is periodic, i.e.

fm+n:fm> mEZ,

for some n € N, in which case the eigenvalues of H are the eigenvalues of the
finite random non-normal matrix
vy €Y e 9

e 9 vy €9

e 9 v, €9

ed e 9 v,
nXxn

In the paper [23] they also considered the multidimensional version of H. The
case when the corner entries in A, are replaced by zeros is not interesting
because it is similar (via a diagonal transform) to a self-adjoint matrix and

therefore it has purely real spectrum.

In 1998, Goldsheid and Khoruzhenko [19] developed a theory to study
the distribution of eigenvalues in the non-self-adjoint Anderson model. In
this paper they found that the eigenvalues of A,, are arranged along a curve
in the complex plane and they also derived an equation for that curve. The

curve is sometimes called a ‘bubble with wings’ (see [22, 47, 48]).

In 2001, Davies [11] found that for randomly generated large matrices,
which are far from self-adjoint, their spectra depend sensitively on the en-
tries of the matrix, which is the difficulty in studying the behaviour of non-
self-adjoint operators. For the non-self-adjoint Anderson model of Hatano-
Nelson, the behaviour of the spectrum of a finite n X n matrix when n — oo
does not explain the behaviour of the spectrum of the infinite matrix. The
reason is there are many approximate eigenvalues which are not close to true
eigenvalues of the infinite dimensional matrix. In [12] Davies studied the
spectrum of H as an operator on £%(Z) in the case when (v,,)mez is pseudo-

ergodic which holds almost surely if (v,,)mez is random. He then found the
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condition which makes 0 € spec H. Martinez [37, 38] obtained a sharp bound
on the spectra of many operators and also estimated the size of the hole in

the spectrum of the non-self-adjoint Anderson operator.

Trefethen, Contedini and Embree [48] studied the spectra and pseudospec-

tra of random bidiagonal matrices of the form

T 1

T 1

Tp—1 1

Tp—1
nxn

where each x; is a random variable taking values independently in a compact
subset of C, from some distribution X. They studied the spectral properties
of the “one-way-model” by Brezin, Feinberg and Zee [5, 16, 17]. When the
entries on the main diagonal generate from {41}, then they obtained the

following matrix

1 1
+1 1

+£1 1
+1

nxn
The spectral behaviour of the bidiagonal case, A,, is basically the same as
the non-periodic Hatano-Nelson matrix. However, we can see that it is much
easier to study the bidiagonal case because its resolvent can be computed

immediately. Trefethen et al. also studied the spectrum of the corresponding
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infinite matrix,

+1 1
1 1
1 1

+1

The main result for a random bidiagonal doubly infinite matrix case is, with
probability 1, that the spectrum of the matrix A is the union of the two

closed unit disks centred at 1 and -1, respectively.

In 2008, Lindner [35] generalizes the above result from the case of one
random and one constant diagonal to the case of two random diagonals, so
that

o_1 T
0o 7o
01 T

02

where o, € ¥ and 7, € T are taken independently from random distributions
on X and 7, which are arbitrary compact subsets of C, respectively, under
the condition for every e > 0,0 € ¥ and 7 € 7, that Pr (o, — 0| < ¢) and
Pr (|t — 7| < €) are both non-zero. This is a proper generalization of [48]
because the set 7 may contain zero. In order to say something about his

result, we need the following definition. For € > 0, let

X = U U.(0) and X = ﬂ U(0o)

oeX oceY

withU.(0) ={A€C:|A—0o| <e}andU.(0) = {A € C: |\ — 0| < ¢e}. Then

his main result is:
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Theorem 1.1. If A is the above bi-infinite bi-diagonal random matriz then,
with probability 1,
spec A = spec, A = X\ ¥L,

where T'=max{|7|: 7 €T} and t = min{|7| : 7 € T}.
In 1999, Joshua Feinberg and Anthony Zee started studying a model

describing the propagation of a particle hopping on a 1-dimensional lattice.

Feinberg and Zee [16] studied the equation
Vk+1 + bk_lvk_l = /\Uk (11)

where the real numbers by are generated from some random distribution and

A is the spectral parameter.

Zee and Feinberg studied the distribution of the eigenvalues of the n x n
matrix A’ defined by

0 1
by 0 1
by O 1
e , (12)
bo_o 0 1
b,—1 0O

which is obtained from (1.1) when vy = v,11 = 0 and each by, is £1, randomly.
They noticed that when n was large, the spectrum has a complicated fractal-

like form.

In 2002, Holz, Orland and Zee [28] studied the spectrum of the infinite

matrix
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0 1
by 0 1
Ab = by 0 1 : (1.3)
by 0 1
by 0

where b; = +1, for all 6 possible cases with a 4-periodic sequence, i.e. with
birqs = b;,i € Z. They found that the spectrum for each of these 6 patterns
corresponds to a certain curve. They also stated some open questions on
the spectrum of the infinite random matrix e.g. does the spectrum contain a
hole in the complex plane or not? Is the spectrum of the operator localized

or delocalized?

In 2010, Chien and Nakazato [10] studied the numerical range of tri-
diagonal operators A defined by Ae; = e;_; +1ie; 1, where r € R, j € N and
{ey, e,...} is the standard orthonormal basis for £?(N). In the third section

of this paper, they emphasised on the case r = —1 and they showed that

W(A)={z€C:—-1<Re(z) <1,-1<Im(z) <1}
\{14d,1—d,—144,—1—i}.

A large part of this thesis is concerned with deriving new inclusion sets for
the spectra of tridiagonal bounded linear operators, so that it is appropriate
to briefly review other methods for computing inclusion sets. Firstly, we let

A be any bounded linear operator.

1. A Trivial upper bound on the spectrum of A is {A: |\ < ||A||}
since |A| < ||A]] if A € spec A. The bound improves as one takes
powers: From A\ € spec A we get A" € spec(A") for n € N and
hence |A| = [A"|Y/™ < ||A™||*/", leading to the sharper bound spec A C
[As A < anny.
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2. Gershgorin Circle Theorem is a method to compute the upper
bound of the spectrum of an operator. It is introduced, in the ma-
trix case, by Semyon Aranovich Gershgorin in 1931 [18].

Let A = (a;;) be an n x n matrix and d; = Z!aij] fori=1,...,n.
J#i
Then the set

is called the 7th Gershgorin disc of the matrix A. Gershgorin’s circle
Theorem (see Theorem 2.49 below) says that every eigenvalue of A
lies within at least one of the Gershgorin discs. In Theorem 2.50,
we generalise the Gershgorin circle theorem (see [18, 50]) to infinite

matrices.
3. The Numerical range of A is defined by
W(A) == {(Az,z) : ||z = 1}

with (-, -) denoting the inner product. The closure of W (A) is an upper
bound on spec A. Also this bound improves as one takes powers (see
5. below). Hausdorff [26] and Toeplitz [46] proved that W (A) is con-
vex. Moreover, W(A) is invariant under unitary transformation, i.e.,

W(U*AU) = W (A).

4. The Pseudospectrum has been introduced independently at least 6
times: by J. M. Varah (1967), H. Landau (1975), S. K. Godunov (1982),
L. N. Trefethen (1990), D. Hinrichsen and A. J. Pritchard (1992), and
E. B. Davies (1997). It is a tool to understand the behaviour of the

spectrum of non-normal operators.

Definition 1.2. Let A be a bounded linear operator on a Banach space

X. Fore >0, the e-pseudospectrum is
1
spec.A={AeC: ||\ —A)7"|| > =},
€

with the convention that ||(A — A)™|| := oo if \ € spec A.
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Sometimes, the pseudospectrum is defined as {\ € C : [[(\] — A)7Y|| >
1

—}, Chaitin-Chaitelin and Harrabi [7] proved that

5

spec, A={AeC:|[(A-AD)7"| ="}

is true when A is an operator on Hilbert space and it is not true in
general when A is an operator on any Banach space. Moreover, in [43],
Shargorodsky has given two examples to show that the pseudospectra
of closed densely defined operators on a Hilbert space can jump with

respect to €.

5. Higher order numerical range is introduced as a better tool than
the numerical range since W (A) is always convex and so does not give
much information about the spectrum even though it is easier to com-
pute W (A). Martinez [38] used this technique to determine the spec-

trum of non-self-adjoint operators completely in many cases.

Following [14, 15], if p is a polynomial then Hull,(A) := {z € C :
Ip(2)| < ||lp(A)]|} 2 spec A. The intersection over all polynomials p (of
order at most n € N) of Hull,(A) is the higher order hull of A, denoted
by Hull(A) (resp. Hull,(A)). For each polynomial p, put Num,(A) :=
{z € C:p(z) € W(p(A))} D spec A. The intersection over all polyno-
mials p (of order at most n € N) of Num,(A) is the higher order nu-
merical range of A, denoted Numg,(A) (resp. Num,,(A)). Higher order
hulls and numerical ranges are related: Clearly Num,(A) C Hull,(A)
for all n € N. In fact, equality holds for all n! The set Num.,(A) =
Hull,(A) D spec A coincides with the so-called polynomial convex hull
of spec A, which is the complement of the unbounded component of

C \ spec A (i.e. it is spec A plus everything enclosed by it).

1.2 Overview of Thesis

In this thesis we study the spectrum of infinite tridiagonal matrices with

a bounded set of entries understood as bounded linear operators on (?(Z).
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One particular example of this type to be studied in Chapter 5 is a class
of matrices of the form (1.3). We start in Chapter 3 where we introduce
two methods to approximate the spectrum for arbitrary infinite tridiagonal

matrices of the form

o Y1
as B
A = a1 | fo|m , (1.4)
a i m
ar o

where the box marks the matrix entry at (0,0). Here, («;), (5;), and (v;) are
bounded sequences of complex numbers. We think of A as a linear operator
acting via matrix-vector multiplication on ¢?(Z). We develop inclusion sets
for spec A and spec_A in terms of the spectra of finite section operators

Ang i Xpg — X defined by A, := P, xAlx, ,, with matrix representation

5k+1 Y42

41 6k+2 Vk+3

Qhtn—2 Brtn-1 Vitn

Apin—1 ﬁk-{-n

obtaining results reminiscent of the Gershgorin theorem and its generalisa-
tions [50].
Defining ¥7(A) := U spec A, i, we show that, for n € N and € > 0,

kEZ

spec A C Xr (A), spec.AC X! . (A),

eten

where ¢, is given explicitly as the solution of a nonlinear equation, with
en < M = 2(]|afls + [|7llo0)sin (7/(2n +2)) . In general ¥ (A) may be

much larger than spec A and does not converge to spec A as n — oo, but in

some cases X" (A) = spec A for all n.
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Then we modify our first method to get sharper inclusion sets in certain
cases for the spectrum and pseudospectra of A, in Section 3.3, in terms of

the quasi-circulant matrices

Br+1 V42 O

apr1 Bri2 Vees

Qhtn—2 Brin-1 Vrtn

Ve+n+1 Qkin—1  Brkin

We obtain the following results: for n € N and € > 0,

spec A CII* (A), spec.A CIIZ, . (A),

e+en

where II7(A) := U spec gflmk and &, is given explicitly as the solution of a
keZ
nonlinear equation, with €, < 7, := 2(]|a|leo + [|V|lco) sin (7/2n) .
In Chapter 4, we let P, . : £*(Z) — (*(Z) be the projection operator given
by
zj, J=k+1Lk+2,...,k+mn,

P, ix); =
(Fa); { 0, otherwise,

and let X,, 1, := P, x(¢*(Z)) be the n-dimensional range of P, ;. The method
we propose in Chapter 4 modifies the above methods, with something of the

flavours of [13, 47]. For n € N, n > 0, and A € C let

Bl (A) i= Py g(A=AI)*(A=AI B (A) = Puy(A=AD(A-AID)*

) ‘Xn,k’ Xn,k7

and let

IT(A) = U {\ € C: min (minspec B, (X), minspec B, (X)) <7’} .

keZ

Then we show that, for n € N and € > 0,

spec A C T (A), TZ(A) Cspec.ACTL,, (A),

e+nn

so that I'? (A) — spec A in the Hausdorff metric as n — oo.
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In Chapter 5, we focus on a study of the spectrum and pseudospectra
of the operator A” defined by (1.3), with b a random sequence of 4-1’s. We
investigate the symmetries of the spectrum of A” and compute the numerical
range of A’. Besides that exploration, our main result is that the spec-
tra and pseudospectra of the finite section matrices A%, defined by (1.2),
are contained in those of the two-sided infinite matrix A*. Combining this
result with our results on inclusion sets for tri-diagonal operators (as dis-
cussed in more detail in Chapter 3), we show that, with probability one,
W — spec A® in the Hausdorff metric as n — oo. Note that for n € N,
W is the closure of the union of the ,-pseudospectra of all 2"~! distinct
tridiagonal submatrices of the random operator A® (2"~! is the number of

different sequences of £1’s that can be chosen as the first subdiagonal of A?)

with €, = 4sin T ), Further, we quantify the rate of convergence by
(2n + 2)

showing that, with probability one,

spec A" C ¥ (AP) C spec,, A

for n € N. As a consequence of this and related results, we derive also
convergence of spec., A to spec A® (with probability one) in the Hausdorff

metric as n — 00.



Chapter 2
Preliminaries

In this chapter we introduce the background material needed for this thesis.
Most of the material covered in this chapter is standard and therefore, we
do not include the proofs of all the results. We have included proofs that we
believe contribute to the better understanding of the material that is to be
presented and have given references to the proofs of all other results. The
aim was to make the thesis as self-contained as possible. We begin by setting

forth the basic notation we will use throughout this thesis.

20
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2.1 General Notation and Standard Results

in Linear Operator Theory

7 denotes the set of all integers and N;R and C denote the natural, real

and complex numbers, respectively. Moreover, C* = C x --- x C. For any
—_——

nterms
z € C we will write z = x + iy where x = Re (z) is the real part of z and

y = Im (z) is the imaginary part. We will write |z| for the modulus of z. We
will denote by Z the complex conjugate of z if z is a complex number and by

A the closure of the set A when A is a subset of a metric space.

The polynomial convex hull of a compact subset K of C is defined to be
the complement of the unbounded component of C\ K, i.e. K together with

all open regions enclosed by this set.

Let X,Y be Banach spaces, i.e. complete normed vector spaces. We
define B(X,Y) as the set of bounded linear operators from X to Y, and we
also define B(X) := B(X, X) as the set of all bounded linear operators on
X. A linear space with an inner product (-,-) that is complete with respect

to the norm defined by ||z|| = \/(z,x) for every x € X is called a Hilbert

space.

Let (P(Z,U) denote the standard space of U-valued sequences x = (z;) ez
which has p-norm, ||-||, defined by ||z||, = (Jx1|P+|z2[P+...)/P. We omit the
second parameter U in this notation if U = C, i.e. P(Z) := (?(Z,C). In this
thesis, if we do not specify otherwise, we use X = ¢*(Z) .., p=2,U = C,

therefore X is a Hilbert space with the usual inner product.

Definition 2.1. If X andY are Banach spaces, we will say that A € B(X,Y)
is invertible if there exists an operator B € B(Y, X) such that

AB = Iy, BA = Ix,

where Ix and Iy denote the identity operators on X andY, respectively. We
call B the inverse of A and denote it by A~

Theorem 2.2. Suppose X is a Banach space and A € B(X) is invertible
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1
with inverse A~Y. Then, for any E € B(X) with |[E|| < ————, A+ E is

o A=
invertible and 141
(A+E)7Y < —
” I< e
1
Conversely, for any p > AT’ there exists E € B(X) with || E| < p such

that A + E is not invertible (in fact, not injective).

Proof. See [49, Theorem 4.1] m

Theorem 2.3. Let X and Y be Hilbert spaces and let A € B(X,Y). Then
there exists one and only one A* € B(Y, X) with the property

(Az,y) = (2, A"y) (2.1)
forallx € X,y € Y. This operator A* is called the adjoint operator to A.

Proof. See [31]. m

Theorem 2.4. Let X and Y be Hilbert spaces and let A € B(X,Y) and A*
be the adjoint of A. Then A* € B(Y,X) and ||Al| = ||A*||. Further, A* is
invertible iff A is invertible, and if they are both invertible then (A*)™1 =
(A7) and so A7 = [|(A")71]].

Definition 2.5. Let X be a Hilbert space and A € B(X). A is said to be
normal if A commutes with its adjoint A*, i.e, AA* = A*A.

Definition 2.6. Let X be a Hilbert space and A € B(X). A is said to be
unitary if the adjoint of A is its inverse, i.e, AA* = A*A = I, the identity

operator.

Definition 2.7. Let X be a Hilbert space and A € B(X). A is said to be
self-adjoint (or Hermitian) if A* = A.

Theorem 2.8. Let A € B(X,Y).

1. (A% = A.
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2. (A+ B)*= A"+ B~

3. (AB)* = B*A*.

4. (cA)* =¢A* for any c € C.

Note that unitary operators and self-adjoint operators are examples of

normal operators.

Lemma 2.9. Let S be a linear subspace of a Hilbert space X. Then S is
dense i X if and only if

re X, (r,2)=0,Y2e€S = x=0. (2.2)
Proof. (=) If S is dense in X, then for all x € X, & > 0, there exists ay € S

such that ||z —y|| < e. Soif (z,2) =0,Vz € S then (z,y) =0 < (z,2) =
(x,x —y). Thus, by Cauchy-Schwarz inequality,

2
)™ < Nzl llz = yll < [l
which implies that ||z|| < e, since ||z| > 0.

(<) Next, we show that if (2.2) holds then S is dense in X. Note that S
is a closed linear subspace of X. If S is not dense in X then S # X. Let
x* € X \ S. Then, by the projection theorem, z* = s + x where s € S and
x € §L, ie. (z,2) =0forall z€ S, and, since 2* ¢ S,z # 0.

n
Theorem 2.10. Let X and Y be Hilbert spaces and A € B(X,Y). Then
A* € B(Y, X) is injective if and only if A(X) is dense in Y.
Proof. First note that A* is injective if and only if
yeY, A'y=0=y=0.
This is equivalent to
yeY (A'y,x)=0forallz € X =y =0
syeY, (y,Ar) =0forallz € X =y =10
syeY,(y,z)=0forall z€ A(X) =y =0.

The required result follows from Lemma 2.9. m
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Theorem 2.11. Let X and Y be Banach spaces. Then A € B(X,Y) is
invertible iff A is bijective.

Proof. See [42, Corollary 2.12]. m

The main statement of Theorem 2.11 is that the inverse map B : Ax ——
from Y to X is automatically bounded and linear if A is bounded, linear and

bijective. This fact requires X and Y to be Banach spaces.

Corollary 2.12. Let X and Y be Hilbert spaces and A € B(X,Y). If A is

not ivertible then

(a) A is not injective,
(b) A* is not injective,
or (¢) A(X) is not closed.

Proof. Suppose that A and A* are injective and A(X) is closed. By Theorem
2.10, A(X) is dense in X. Hence, A is surjective. Since A is both injective

and surjective, it follows that A is invertible by Theorem 2.11. m

Lemma 2.13. (Laz-Milgram) Let X be a Hilbert space. If an operator
A € B(X) has a constant ¢ > 0 such that Re(Az,z) > ¢||z||* for all z € X
then A is invertible and ||A7Y| < ¢ 1.

Proof. See [31]. m

Definition 2.14. Let X be a Banach space and A € B(X). Then

Al g aay

v(A) = =
) zex\{0} ||z||  Jzl=1

is referred to as the lower norm of A. We will say that A is bounded below
if v(A) > 0.

Proposition 2.15. Let X be a Banach space. An operator A € B(X) is

bounded below if and only if A is injective and has a closed range.

Proof. See [33, Lemma 2.32]|. m
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Note that, if A has closed range then Y = A(X) is a Banach space
and, provided also that A is injective, then A : X — Y is bijective, and so

invertible. Therefore, this proposition is a corollary of Theorem 2.11.

Theorem 2.16. If X is a Hilbert space then A € B(X) is invertible iff
v(A) > 0 and v(A*) > 0. Furthermore, if A is invertible, then A* is also
tnwvertible, and

v(A) = v(A") = A~ [[(A9) 71

Proof. See [33, Lemma 2.35], and Theorem 2.4. m

2.2 Spectral Theory

Definition 2.17. Let X be a Banach space and A € B(X). Let
spec A = {X € C: A — Alis not an invertible operator on X}
be the (invertibility) spectrum of A,
spec point A = {\ € C: (A — AI) is not an injective operator on X}
be the point spectrum of A and
spec ess A = {A € C: (A — XI) is not Fredholm on X}

be the essential spectrum of A.

Note that Definition 2.45 below explains what we mean by Fredholmness.

In the special case X = (P(Z), we write spec? A, spec? . A and spec? A for

point ess

spec A, Spec point A and spec s A, respectively, to underline the dependence on
p. However, for any banded operator A (see Definition 2.46), spec? A and
spec? A do not depend on the choice of p € [1,00] (see [32, 34]), which is

why we will simply write spec A and spec. A in that case.
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Definition 2.18. Let A be a bounded linear operator on a Banach space X.

For e > 0, the e-pseudospectrum is
1
spec.A={A e C: ||[(\ - A)_lH > -},
5
with the convention that ||(AM — A)™|| := oo if A € spec A.

From the definition, it follows that the e-pseudospectra associated with

various € are nested sets,
spec., A C spec, A, 0<er <e.

Theorem 2.19. Let X be a Banach space and A € B(X) and € > 0 be
arbitrary. The e-pseudospectrum spec.(A) of A is the set of A\ € C defined

equivalently by any of the conditions

a.) |[(A=X)7H| > e (2.3)
b.)A € spec (A+ E) for some E € B(X) with |E| <e. (2.4)
c)X € spec(A) or |[(A—A)z|| < e for some x € X with |z =1. (2.5)

If||(A—=XN)z| < e asin (2.5), then X is said to be an e-pseudoeigenvalue of
A and x the corresponding e-pseudoeigenvector (or pseudoeigenfunction or

pseudomode).
Proof. See [A7, page 16] m
Theorem 2.20. For any matriz A,
spec A D spec A + B.(0) Ve > 0,
and if A is normal and ||-|| = ||-||,, then

spec.A = spec A + B.(0) Ve > 0.

Proof. See [47, page 19]. m



CHAPTER 2. PRELIMINARIES 27

Proposition 2.21. Let X be a Hilbert space. For any A € B(X), A € C,
and € > 0, we have (A* —XI)_1 = H(A — /\])_1H. Therefore, spec A* =
{X: A € spec A} and spec  A* = {X A€ spech}.

Proof. See Theorem 2.16. m

Theorem 2.22. For any A € B(X), where X is a Hilbert space, if A is
self-adjoint, then spec A C R.

Theorem 2.23. Let XY be Hilbert spaces and A € B(X,Y). Then, A*A
1s Hermitian and

1A Al = | Al
Proof. Since (A*A)* = A*A, it follows that A*A is Hermitian. Consider

|A||” = sup {(Az, Az) s z € X, ||z|| = 1}
=sup{(A*Az,z):x € X, ||z]| = 1}
<sup{||[A"Az[| : z € X, [|z]| = 1}
= [|[A*A[l,

and we can see that ||A*A| < ||A*|| |A]| = |A]*. =

Theorem 2.24. For any A € B(X,Y), where X and Y are Hilbert spaces,

v(A*A) = minspec (A*A) = {v(A)}* = (A* Ao, @).

inf
peX
lloll=1
Proof. We firstly show that v(A*A) = {v(A)}* by considering 3 cases,

v(A) # 0 and v(A*) #0, v(A) = 0, and v(A) # 0 but v(A*) = 0.

Case 1 : v(A) # 0 and v(A*) # 0. In this case, A, A* and A*A are all
invertible and, by Theorem 2.16 and Theorem 2.23, v(A*A) = [|[(A*A)7|| =
IATH AT = A7) = (n(A))>,

Case 2 : v(A) = 0. We can see that v(A*A) < ||A*||v¥(A) = 0 and so
v(A*A) = {v(A)}°.

Case 3 : v(A) # 0 and v(A*) = 0. In this case define A : X — A(X)

by Az = Az. We know that v(A) = v(A) > 0. From Proposition 2.15, A
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is injective and E(X ) is closed. It is obvious that A s surjective. Hence A
is a bijection. From Theorem 2.11, A is invertible. Thus, from Proposition

2.16, ‘21—1 L

= < o0, i.e. A has bounded inverse. Further, for

reX,yeAX),
(Az,y) = (z, A%y),
SO g*y = A%y, y € A(X), and so A*Ax = A* Az, © € X, so that

V(A*A) = v(A*A).
By Theorem 2.23, we have then that

|41 = (&)

Thus, and by Theorem 2.16,

Therefore,
(v (A)*) = v (A% A)

Now we are showing that inf spec (A*A) = v(A*A). If p < v(A*A) then
(A"A — pl)x,x) = (A" Az, x) — p(x, )
= (Az, Az) — p(x, )
= [|Az||* — g [l]|*
> ((W(A)* = p) ||z
= (V(A™A) — p) ],

so A*A — pl is invertible by Lemma 2.13. So infspec (A*A) > v(A*A). If
p = v(A*A) then, for every € > 0, there exists x € X with ||z|| = 1 such that

| A*Az|| < v(A*A) + e,
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and then

I(A*A = p)a||* = (A"A = p)w, (A"A — p) z)
= (A" Az, A*Ax) — p(A* A, x) — pu (v, A*Az) + pi?(z, )
= || A" Ax® — 2u || Az || + p? 2]
= [|ATAx|® = p || Az + 4%,
Now
[Az]| = v(A) [lz]| = v(A),
SO
I(A"A = p) 2|* < ((A*A) +e)” = 20 (V(A))” + 1
= (2ev(A*A) + &) + (v(A*A) — p)?
= 2ev(A*A) + 2.
Since € > 0 is arbitrarily small, we have shown that v(A*A — pl) = 0, so
that p = v(A*A) € spec (A*A).
Thus inf spec (A*A) = v(A*A). m
Corollary 2.25. For any A € B(X), where X is a Hilbert space, spec (A*A) C
[0,00).

Proof. 1t is obvious that A*A is self-adjoint. From Theorem 2.22, we can
see that spec (A*A) C R. By Theorem 2.24,

min spec (A*A) = {v(A)}* > 0.

Therefore, if A € spec (A*A) then A > 0. m

By Theorem 2.16 we have then that

Theorem 2.26. If X is a Hilbert Space and A € B(X) then

spec A ={A:v(AM[—A)=0orv((AN—A)") =0}
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and, fore > 0,
spec A = specAU {Niv( M= A) <&}

= spec A J{\: v (M — A)") <&}
={AN:v( M —-A) <efUu{r:v((AN—-A)") <e}
= {N:v (M= A)"(M— A)) <&}

U{X v (M =AM — A)) <}

= {\ :minspec (M — A)*(A] — A)) < &°}

U {X :minspec (AI — A)(A] — A)*) < &%}

= {)\ cinf (M — A) (A — A)o, ¢) < 52}

peX

U {)\ sinf (AT — A) (AT — A)* ¢, ¢) < 82} .

peX

Definition 2.27. For a bounded operator A on a Hilbert space X, the nu-

merical range of A is
W(A) = {(Az,z) -z € X, [lz] = 1}
Theorem 2.28. (Toeplitz-Hausdorff) Let X be a Hilbert space and A €

B(X). The numerical range of the operator A is a convez set, and

spec A C W(A) € {A:[A[ < [|A]l}-

Proof. See [13]. m

Definition 2.29. Let X be a topological space, and f is a function from X
into the extended real number R*; f : X — R*. Then f is said to be upper
semicontinuous if f~' ([—oo,a)) = {z € X : f(z) < a} is an open set in X
for all a € R.

Definition 2.30. Let U C R™. f : U — R s said to be harmonic if it

satisfies Laplace’s equation, i.e.

everywhere on U.
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Definition 2.31. Let G C R" and let ¢ : G — R U {—o0} be an upper
semicontinuous function. Then ¢ is said to be subharmonic if for every

x € G and r > 0 such that B.(z) C G, and every real-valued continuous

function h on B,(x) that is harmonic in B,(x) and satisfies p(x) < h(x) for
all z in the boundary of B,(x), it holds that ¢(x) < h(x) for all x € B,(x).

Note that the resolvent norm R4 : A — [|(A — )\I)_1|| is a subharmonic
function on C\spec A (see [2] and [47, Theorem 4.2]) subject to the following
maximum principle due to Daniluk (see [21, Theorem 3.32] or [3, Theorems
7.5, 7.6] but also [43, 44]):

Theorem 2.32. If U C C\ spec A is open and Ra(A\) < M for all X € U
then Ra(\) < M for all X € U.

Definition 2.33. Let S and T be two non-empty subsets of C. We define
their Hausdorff distance dg(S,T) by

dp(S,T) = max {S;lells)ti?zf“ |s — ] 733222 |s — tl} ,

= max {sup d(S, T), sup d<t7 S)} )

s€S teT
where, for a € C and a non-empty set C C C, d(a,C) := iné la —c|.
ce
Theorem 2.32 implies the following corollary.

Corollary 2.34. Suppose A € B(X) where X is a Hilbert space. Then, for

every € > 0,

spec, A={AeC:[[(A-A)"'|>e"}. (2.6)
Fore >0
dp (spec.A,spec,A) — 0 (2.7)
asn — et and
dp (spec A,spec,A) — 0 (2.8)

as € — 0.
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Proof. See [7] for the proof of (2.6). In order to prove (2.7), let ¢ > 0. We
will show that for every r > 0 there exists a § > 0 such that spec.,s4 C
B, (spec.A),where B,(S) for a set S is the union of all B,(s) with s in S(i.e.
the r-neighbourhood of 5).

Suppose the converse is true. So there is a r > 0 such that for every § > 0
thereis a A € spec.5A with d(\, spec.A) > r. In particular, putting 6 = 1/n
withn = 1,2, ..., there is a sequence Ay, Ay, ... such that R4(\,) > 1/(e+1/n)
and U, (\,) is disjoint from spec,A. Since R4(\) — 0 as |A| goes to infinity,
this sequence must be bounded and therefore have a convergent subsequence.
Call its limit A\g. It follows that Ra()\g) > 1/e =: M and that the disk
U := B,(\o) is disjoint from spec, A, so that R4(\) < 1/e = M forall A € U.
By Theorem 2.32 it follows that Ra(A\) < M = 1/e for all A\ € U = B,.()\)
but this contradicts R4(\g) > M.

(2.8) can be shown by a similar, slightly simpler argument (putting e = 0).

2.3 Finite and Infinite Matrices

2.3.1 Classical Matrix Algebra

Let X and Y be finite dimensional vector spaces (over the field C) , i.e.
X =C"and Y = C™ for some m,n € N. Let T € B(X,Y) and (eq,...,e,)
and (f1,..., fm) be ordered bases of X and Y, respectively. We can write

m

T(ej) =Y aiifi

i=1
for every j = 1,...,n and a;; € C. From elementary linear algebra, there
exists an associated m xn matrix A, defined by A = (a;;), such that Tz = Ax
for every x € X. Note that the matrix representation depends on the bases

of the vector space and also the order of elements in bases.

Note that if X = C™ and Y = C™ are equipped with the 2-norm, where

m,n € N then C" and C™ are Hilbert spaces and the associated linear
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mapping 7' : C* — C™ is a bounded linear operator. Moreover, by Theorem
2.3 there exists an adjoint operator 7% € B(C™,C") and an adjoint matrix

associated with 7™ can be defined as the following.

Definition 2.35. Let T : C* — C™ be a bounded linear operator. The
)
ij

defined by ag =y, i.e. A is the conjugate transpose of A. It holds that

adjoint of the n x m matriz A = (a;;) is an m x n matriz A” = (a

Tz = Ay

for every x € C™. If A is a matriz with real entries, A" is equal to AT, the

transpose of the matriz A.
Adjoints satisfy the following identities:
(a) (AM)" = A.
(b) (A+ B) = A" + B,
(c) (AB)! = BHAH
(d) (cA)H =¢A for any c € C.

Definition 2.36. A matriz A is self-adjoint (or Hermitian) if it equals

its complex conjugate transpose AM .

Definition 2.37. A matriz A is unitary if A has its inverse equal to its

complex conjugate transpose A,
Definition 2.38. A matriz A is normal if it commutes with its adjoint, i.e.

AAT = AR A,

An equivalent characterization is that A is normal if it has a complete set

of orthogonal eigenvectors, that is, if it is unitarily diagonalizable:
A=UDU",

where U is a unitary matrix and D is a diagonal matrix. Since A and A?

have the same eigenvalues; they are simultaneously diagonalizable (see [48]).
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Proposition 2.39. The eigenvalues of a Hermitian matriz are real.

Definition 2.40. A real number X\ is said to be a singular value of an

operator A if it is the square root of one of the eigenvalues of A*A.

Definition 2.41. Suppose A is an m X n matrix whose entries come from

the set of complex numbers C. Then there exists a factorization of the form
A=UXV",

where U is an m x m unitary matriz over C, the matriz X is an m X n
diagonal matrix with nonnegative real numbers on the diagonal, and V' is an
n X n unitary matriz over C. This factorization is said to be a singular

value decomposition of A.

2.3.2 Matrix Representation of Operators and Sequence

Space

Let p € [1,00], X = (?(Z) and A € B(X). For k € Z let £, : C —
X and R, : X — C be extension and restriction operators, defined by
Exr = (...,0,2,0,...) for z € C, with the = standing at the kth place
in the sequence, and by Rix = xj, for x = (xj)jez € X. Then, the matrix

entries of [A] are defined as
Q35 = RZAEJ € B(C) = (C, Z,j S Z, (29)

and [A] is called the matrix representation of A.

Conversely, given a matrix M = [m;;]; jez with entries in C, we will say

that M induces the operator
(BIE)Z = Z m;; Ty, 1€ Z, (210)
j=—o00

if the sum converges in C for every i € Z and every x = (z;),, € (*(Z) and

if the resulting operator B is a bounded mapping on ¢*(Z)
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It is not hard to see that if M is an infinite matrix and B is induced,
via (2.10), by M then the matrix representation [B] from (2.9) is equal to
M. It does not work quite like that the other way round: For p = oo, there
are operators A € B(((Z))(e.g. see Example 1.26 ¢ in [33]) for which the
matrix representation M := [A] induces an operator B that is different from
A. However, for every A € B((?(Z)) with p € [1,00), the matrix M := [A]
with entries (2.9) induces the operator B = A.

Definition 2.42. If b = (b;),, is a bounded sequence of b; € C, then by M,

we will denote the multiplication operator, acting on every x € (P(Z) by
(Myz); = bix; Vi € 7.

Definition 2.43. For every k € Z, a shift operator is defined by
(Vex)i = @iy, i €Z,

for every x € (P(Z).

Lemma 2.44. For every k € Z and b € (*(7Z)

VilMy = My, V.

Proof. Let x € (P(Z) be given.
(ViMyx), = (Myx),;_ = bigzig = (Vib); (Viw); = (Myp Vi), -
||

Definition 2.45. Let X be any Banach space and A € B(X). Define a :=
dim kerA and (3 := dim coker A, where coker A := X/ im A. A is called a
Fredholm operator if both numbers o and (3 are finite, in which case its image

1s closed.

Definition 2.46. An operator A on (P(Z) is called a band operator of

band-width w if it can be written in the form

A= MnV,

[v]<w

with b € (2(Z) for every shift operator v € Z involved in the summation.
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The matrix representation [A] of a band operator A consequently is as

the following;:

Definition 2.47. We call [a;j|ijez a band matriz of band-width w if all
entries a;; with |i — j| > w vanish, or, what is equivalent, if the matriz is

only supported on the k — th diagonals with |k| < w.

Throughout this thesis, we use the notation ||-|| as the 2-norm, i.e.,

[All = [[A]ly = sup [|Av]],.
o]l y=1
Moreover, when mentioning “the norm” we mean the 2-norm also. The norm
of a finite dimensional matrix A is its largest singular value and the norm of
the inverse is the inverse of the smallest singular value. This is most easily
seen by looking at the singular value decomposition with unitary matrices
U,V and S = diag (s1, S2,...,8,) of A. Indeed, since unitary matrices are
isometries, ||A|| = [[USV*|| = ||S|| = max |s;| and

lATH] = [~ rsmro ),

= |57

) 1 1 1
:‘dlag(s_173_2778_)‘
B 1
~ min |sg|

Hence [[(A—=AD)"Y = (Smm(A—X))"" where spin(A — AI) denotes the
smallest singular value of A — AI, suggesting a fourth definition of the e-

pseudospectrum in the case of a finite matrix A:
spec(A) ={A € C: spin(A—N) < e}, (2.11)

Proposition 2.48. Let A be the matriz representation of a bounded linear
operator on a finite-dimensional Hilbert space X and \,;, denote the smallest

eigenvalue of the Hermitian matriz AT A. Then

V(A) =/ Ain(AF A).
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Proof. Note that, if A is an eigenvalue of A A and z is a corresponding

eigenvector, i.e., A Az = \z, then

L AMAre)  (Aw An) A
(2, ) (2, ) [E3l=.
We can observe that,
2 2
Aman(A 4) = ing 14712 (inf —”AxHQ) — (W(A))*.
A0 lzfly w0zl

Let A = (a;;) be an n x n matrix and d; = Z la;j| fori=1,...,n. Then
J#i
the set

is called the ith Gershgorin disc of the matrix A.

Theorem 2.49. (Gershgorin Circle Theorem) Every eigenvalue of A

lies within at least one of the Gershgorin discs.

Proof. See [50]. m

Gershgorin’s original proof can be adapted to infinite matrices hence
yielding a spectral inclusion set that we can use as a benchmark for compar-
ison with the results of our methods 1, 1* and 2 in Chapter 3 and Chapter
4.

Theorem 2.50. Let A be the bounded linear operator which operates on all
spaces (P(Z), p € [1, 00|, via multiplication by (1.4). Putting
ri = max ([oia| 4+ [yl fea] + vl (2.12)

for every i € Z, it holds that
spec A C U(ﬁl + D), (2.13)
i€z
where B; +1;D = {z € C: |2 — B;| <r;} is the closed disk (Gershgorin circle)
with radius r; > 0 around (; € C.
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Proof. Suppose A € C is not contained in the right-hand side of (2.13), i.e.
1B; = A| > r; for all i € Z and

6 = inf (\ﬁi—)\| - ri> > 0.

We show that A — AI is invertible on all spaces (P(Z), i.e. A & spec A. We
do this in three steps:

1. Let x € {>°(Z) nonzero and € > 0 be arbitrary and put y := (A — \I)z.
Write x = (;)iez and y = (¥;)iez, and fix i € Z s.t. |z;] > ||z]|o — €.

From (8; — AN)x; = ¥ — 0i_1%i—1 — Yiy1%i—1 We get
18i = Mzl <yl + (Jaical + visaDlzllo < fuil + 7illzfle
by (2.12) and hence

[Wllee = lwal = 18 = Allwi| = rillzflo
> (18 = Al = ri)llzlle = 16 = Ale
2 Ollzllec = 18 = Ale.

Since this inequality holds for every ¢ > 0 (with ¢ dependent on & but
|3; — A| bounded) it follows that ||y]lcc > ]|2||0o, so that A — AT is
bounded below by 6 > 0 and hence is injective with closed range as a
mapping (>*(Z) — (>°(Z). Consequently, A — AI is also injective on
(Y(Z) C 1>=(Z).

2. Now let B be the operator that acts on ¢(Z), p € [1, 00|, via multipli-
cation by the transpose matrix AT = (a;;) of (1.4) . Puttingy:=(B-\ )z
with # € (> and arguing as in 1. (note that now |a; 1| + |[yis1] < 7
is replaced by |a;| + || < 1), one gets that also B — AI is bounded
below by ¢ as a mapping (> — (>°(Z). So again, B — AI is injective

with closed range on ¢>°(Z) and hence injective on ¢*(Z).
3. Via the duality (u,v) := Y_,., u;v; between ¢'(Z) and (>*(Z), A — Al :

(>(Z) — (°°(Z) is the adjoint operator of B — \I : {*(Z) — (*(Z), and
B — A\l : (>°(Z) — (>(Z) is the adjoint operator of A — \I : (}(Z) —
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(Y(Z). By 1. and 2. we conclude that both A — A\I and B — \I are
invertible (injective with closed and dense range) on ¢°°(Z) and their
inverses are bounded above by 1/4. Consequently, their pre-adjoints
B — Al and A — \I are invertible on ¢!(Z) with their inverses bounded
above by 1/4. By Riesz-Thorin interpolation (e.g. [32, section 1.5.11]),
it follows that A — AI is invertible, with the inverse bounded by 1/9,
on all spaces (F(Z) with p € [1, 00].

From |[(A=XI)"Y|ew(z)—er(zy < 1/ forall p € [1, 00|, we imply dist(\, spec A) >
0. Recall that ¢ is, by its definition, the distance of A from the right-hand
side of (2.13). O

Theorem 2.50 can be generalised in different directions:

Firstly, it is clear that one can pass from two-sided infinite matrices
(aij)ijez to one-sided infinite matrices (a;;);jen by replacing Z with N in
(2.13), where 73,73, ... are as defined in (2.12) but r; := max(|aq], |12|) (ie.
(2.12) with i = 1, ap := 0 and v, := 0). Of course one can also pass to finite

matrices (a;;);;—; and thereby recover Gershgorin’s theorem (in a somewhat

weaker form than usual since, instead of (2.12), r; := |a;_1| + |7ix1| and
ri := |ay| + || are both already enough for (2.13) in the finite matrix case,
see [50]).

Secondly, our proof shows that one can go away from the tridiagonal case
(1.4) to infinite matrices with more than three (even infinitely many) nonzero
diagonals as long as the diagonal suprema are summable. So if A is given by
a matrix (a;j); jer (with I =Z or N) such that

de < o0 with dp = sup |a;|, ke€Z,

keZ 3,5 €l
i—j=k

in which case we say that A belongs to the Wiener algebra, then (2.13) holds
with

r; = max Z lai;] Z laj| | < Z dp, el

Jen{i} JeN{i} keZ\{0}
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instead of (2.12).

2.4 Limit Operator and Pseudoergodicity

Throughout this thesis, we need the concept of limit operators. For p &€
[1,00], let A € B(¢?(Z)) be a band operator, i.e., A is induced by a band
matrix, say M. From the boundedness of A we get that every diagonal dj of

M is a bounded sequence of elements in ¢7(Z). We then put

+oo +o0
1Al == > lldille = Y suplajongl
k=—00 k=—o0 JEL

and denote by W the closure of the set of all band operators on ¢?(Z) in
the norm ||-||,,,. The set W, equipped with the norm ||-|,,, turns out to be a

Banach algebra and is called the Wiener algebra.

Definition 2.51. Let A €¢ W. We will call B a limit operator of A with

respect to the sequence h = (hy)men C Z with |hy,| — oo if, entrywise,
Vop, AVh ] — [B]  as m — oo.
The set of all limit operators of A € W is denoted by c°P(A).

Proposition 2.52. Let A € W. If A is a band operator then each limit

operator of A is also a band operator.
Proof. See Proposition 3.6 [33]. m
The following proposition is a very useful statement.

Proposition 2.53. Suppose A € W. Then the following statements are

equivalent:

(FC) All limit operators of A are injective on (*(Z).

(i) All limit operators of A are invertible on one of the spaces (P(Z) where

p € [1,00].
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(11) All limit operators of A are invertible on the space (P(Z) for all p €
[1,00] and

< 0Q.

-1
sup SUPA) HB ”B(MZ))

pE[1,00] BETP(

Further, on every (P(Z) space it holds that

Specess (A) - U spec (B> - U Spec?)?)int (B)
Beoor(A) Beo°r(A)

Proof. See [8]. m

Definition 2.54. Let D be a closed subset of C. A bounded sequence b =
(b)) C P(Z) is said to be pseudo-ergodic with respect to D if, for every
finite set S C Z, every function ¢ : S — D and every e > 0, there is a y € Z
such that

SUp |byyo — Cal < €.
a€eS

Moreover, we call the sequence b pseudo-ergodic if it is pseudo-ergodic with
respect to D = {b; :i € Z}.

For example, a sequence (b)) € {+1}” is pseudoergodic iff every finite
pattern of £+1’s can be found somewhere in the sequence b. There is some
connection between pseudoergodicity and limit operators, which is one of the

key ingredients for studying spectral theory of random operators.

Proposition 2.55. Suppose b = (b;) € {*°(Z). Then b is pseudo-ergodic
if and only if

oP(M,) = {MC ce=(¢) C m}

Proof. see [33]. m



Chapter 3

Spectral and Pseudospectral
Inclusion Sets for Infinite

Tridiagonal Matrices

In this chapter, we aim to compute optimal upper bounds (inclusion sets)
for the spectrum and pseudospectrum of the operator corresponding to the

infinite tri-diagonal matrix

Bo Y1
a2 fB1 %
A = a-1| 0o | m ) (3.1)
ag B1 m

aq 52

where the box marks the matrix entry at (0,0). Here, (o), (5;), and (v;) are
bounded sequences of complex numbers, and the operator acts by multipli-
cation by the matrix A, i.e., if x = (z;);ez then y = Az has ith entry given
by

Yi = Q11+ Biri + Yig1Tiy1, 1€ 2.

42
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The operator A is a bounded linear operator on many Banach spaces, in
particular on ?(Z) for 1 < p < 0.

There are two inclusion sets to be discussed in this chapter. For n € N

and k € Z, let A, ) and Ank denote the order n tri-diagonal matrices

Br1 Yet2
Qpr1 Br2 Yees
An,k_ .
Qkgn-2 Brin-1 Ve+n
Qpgn-1 Brsn
and
Brr1r Vrs2 Qf
Arr1 B2 Va3
An,k— .
Qpyn—2 Brtn—-1 Vr+n
Ve+n+1 Oktn-1 Brin
Define

YrA) = U spec A, and II7(A) := U specsfln,k.
keZ keZ
We will compute upper bounds for the spectrum and pseudospectrum of A
using the ordinary finite submatrices, A, ; and the periodised submatrices,

A, i, calling these method 1 and method 1%, respectively. For method 1 a

main result that we will show is that, for ¢ > 0, n € N,

speceA C X7 ) (A) and spec A C ¥\ (A), (3.2)

where 0
o) =2 (5 ) Clall + ).

s T
n+1'n+1

2sin (%) cos ((w%) t) 4 %sin((n— 1)t) = 0.

and 6 is the unique solution in the range [ ) of the equation
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In particular, if ||a|| = 0 or ||y||,, = 0 then (3.35) holds with

) =2(lal + Iallsin (1275 )

The corresponding result for method 1* is that, for ¢ > 0, n € N,

spec A C IIZ, ) (A) and spec A CIT%, 1 (A), (3.3)

where

T
- 2 ' <_> '
7o) = 2sin (2-) (el + )
To prove the theorems in this chapter, we need the following inequality:

Lemma 3.1. For a,b € R and 6 > 0, we have the following inequality
(a+b)?<a®(1+60)+0°(1+67),
where equality holds iff afd = b.

Proof.

(> + V%) = (a® + %) + (af% — b0 %)% — (af2 — b~ 2)> (3.4)
< (a® 4 b?) + (ah> — bO~2)?
=a*(1+0)+b*(1+07") — 2ab.

It follows that
(a+0b)? <a*(1+0)+b*(1+07").
Obviously, from (3.4), equality holds if and only if (aG% —b9~2) = 0 if and
only if ad = 0. m
For k € Z define x™*) € (*(Z) by

(n.k) 1 ife=k+1,k+2,....k+n
0 otherwise.
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3.1 Inclusion sets in terms of finite section

matrices

In this section we will compute inclusion sets in terms of the finite section

matrices

5k+1 V42

Qg1 5k+2 VE+3

Qkin—2 Brtn-1 Vetn

Aptn—1 6k+n

forn e N,k € Z.

Theorem 3.2. Ife >0, ne N, w; >0, forj=1,...,n, and wy = Wp41 =
0, then
spece A C X7 4, (A),

| T, [T,

S, = iwf, T, = Z (w1 — wi)Q, and Tf = Z (wig1 — wi)2.
i=1

i=1 =1

where

Proof. Let X\ € spec.A. Then either there exists x € (?(Z) with ||z|| = 1 and
(A= X)x|| < e, or the same holds with A replaced by its adjoint. In the
first case, let y = (A — A\l)z, so ||y|| < e. For k € Z, define e*) € (~(Z) by

(k) Wi—k 1f’L:k’+1,k+27,k’+’l’L,
0 otherwise,

and let

e, _eg@\ ifi=k+1,... ktn,
Ef, = (3.6)

0 otherwise,
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fkl k)‘ ifi=k+1,....k+n,
El_k = (3.7)
0 otherwise.

Then, for k € Z,
> ()2 =3, (3.8)

kEZ
Further, for k € Z,
i—1
- k k _
YEL =D (@ ey =T, (3.9)
kEZ k=i—n
and -
k k
YUER =D (e -y =T (3.10)
keZ k=i—n
For k € Z, let
Pk == HM (n, k) A )\I)Mx(n,k)Me(k)l‘H = ||(An,k - )\In>gn,k” s
where T, = (WiTpy1, Wolkya, .-, WnThan), and let Qy = || M mmx| =

|Znkl]. We will prove that P, < (¢ + f(n))Qy for some k € Z, which will
show that A\ € spec 4 ¢(n)An k-

Note first that, using (3.6) and (3.7),

k+n 9
Z ‘yz + i1 (e 55)1 - €§k))l’z‘—1 + i1 (e 5@1 egk)>xi+1
i=k+1

k+n

2
< 3 (lel? + B lawsain] + Bfy inwinl)
i=k+1
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So, for all § > 0 and ¢ > 0, by Lemma 3.1,

k+n

< () 00+ (14 67 (Bplaasia] + B s
i=k+1
k+n

<> () avo

+ (_1 +671) ((1 +¢) (EZk)2 iz + (14 ¢71) (Efk)2 |%+1xi+1|2>]
=5 | (1) o)

+ (1407 (14 0) (B lowazia* + (L 67 (BR)” i) |

Thus, and using (3.8), (3.9) and (3.10),

SNoPE< A+ Y @2+ 1+ 07 |1+ o) a2 Y lria D (B

keZ i€z keZ i€ keZ
_ 2 2
FL+ ™) Il D lzan* Y (B
i€z keZ

— A+ Y Sn+ 1+ (1 +¢) o> Ty + A+ Y WA T .

Similarly, ZQk Sy ||lz||* = S,. Now, by Lemma 3.1,
keZ

nf ((1+0) al2 Ty + (1+ 6™ WL ) = (loll V7 + Il VT

Thus,
1 2
Srt< [0l + 50+ (el VT + Il V) | 8
kEeZ

= [(L+O) lyll” + 1+ 07 [f()]"] Y @h-

kEZ

Applying Lemma 3.1 again, we see that

inf [(1+0) [lyll” + (1 + 07 [F ()] = (lyll + f(n))*,
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so that

DByl + f)* Y0k < (e+ f(n)* ) Q.

keZ keZ keZ
Thus, for some k € Z,

Pk < (8 + f(n)) Qk,

so that A € spec . f(n)An -

In the case when there exists z € ¢*(Z) with ||z|| = 1 and ||(A — A\])*z|| < ¢,
the same argument shows that A € spec e+ f(n) Ay, for some k € Z, so that

A € Spec oy f(n) An - O

Corollary 3.3. spec A C X%, (A).

Proof. We can see that, if

)\ € spec A = m spec A C ﬂ (U spec a—f—f(n)An,k) ;

e>0 e>0 \k€eZ
1
so that for all & > 0 there is a k € Z with ||(4, — )\In)_1|| > ——— then
’ e+ f(n)
1 1
s = sup |[(Apr — My M > ——. If s > —— then there exists a k € Z
pep G =2 e 12
with A € spec sy An ik C E}L(n)(A). If s = m then put D :=Diag{ A, : k € Z},
so that .
D= \DY =sup||(Ans — A7 = s = —.
H( ) H keg H( ok ) H f(n)

Take r > 0 small enough that A +rD C p(D) := C \ spec D. By Theorem
2.32, there are py, o, ... € p(D) with |, — A < " and (D - um])_l“ >
m

1
H(D—)\I)A” = m for m = 1,2,.... Hence, X\ is in the closure of
n
spec sy D = U Spec fn)Ank = X (A). m
ke

Take w, = 1, k = 1,...,n. Then it is obvious that S, = n and T,/ =
T~ =1 in Theorem 3.2 and Theorem 3.3, giving the following corollary.

Corollary 3.4. If e > 0, n € N, then

spec.A C X7 ) (A) and spec A C X% 1 (A),
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f(n) = (ledly + 117ll) \/g

Note that, with this “cut-off” truncation, our function f(n) = O(n"2) as

2|2 — k| : :
—=—— k=1,...,n, a hat-function, we obtain
n+1

where

n — oo. Taking wp =1—

the following corollary:

Corollary 3.5. If ¢ > 0, n € N, then

spec.A C X7 ) (A) and spec A C X% 1 (A),

where

([ 2V3(l|all + [17]])
V(n+1)(n+2)

2V3(llello + 171l5)
\ vVn2+2n+3 7

Proof. Straightforward computations yield

, if n s even,

if n is odd.

nn+2) . |
———= if n is even,
g - 3(n+1)
") P4+ 2n+3 ., .
———— if nis odd,
3(n+1)
and
dn e
———5 ifniseven,
=1 =4 (")
——— if nis odd.
(n+1)

Thus the conclusion follows by Theorem 3.2. m

We see, by comparing Corollary 3.4 and Corollary 3.5, that careful choice
of the weights w,, can reduce the value of f(n) significantly. This suggests
as a new challenging problem how to choose wy, ws, ..., w, to minimise f(n)
in Theorem 3.2. In the following subsections we will solve this problem,

computing the minimum f(n) for:

e an operator A which has |||, =0
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e an operator A which has ||v| = |||

e an arbitrary tridiagonal operator A.

20

3.1.1 The Optimal Bound For the Bi-diagonal Case

Let A be a matrix of the form (3.1) which has ||y|| ., = 0. Then, in Theorem

3.2,
T,

Fm) = ol g 5

and, from the definitions of S,, and T, , we see that, where w = (wy, . ..

S = [lwll;
and
T;:HanHg
where
1
-1 1
B, = -1 1
-1 1
-1
Thus
1 -1 1
1 -1 -1 1
B'B, = 1 -1 -1 1
1 -1 —1
1

y Wy

We can notice that BT B, is symmetric. Moreover, from Corollary 2.25 we

know that all eigenvalues of BI B, are non-negative real numbers. From
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Proposition 2.48, we can see that

_IBazll,\? , T- T

Ain(BYB,) = (v(B, 2 _ fH”_Z — fo/2n | —infon

(B75,) = ((8.))* = (int - iy | =t
(3.11)

where \pin(BI B,) denotes the smallest eigenvalue of B B,,.

Suppose that w = (w1, wy, ..., w,)T # 0, X € C and BT B,w = Aw. Thus,

we have
—wj—1 + (2= Nw; —wjr1 =0 forj=1,...,n—1, (3.12)
and
—Wp_1 + W, = Oa

where wy = 0. Now, (3.12) holds iff
wj:Dm{—i—Emg, 7=0,1,...,n,

where my, my are the roots of m*> — (2 —A\)m+1 = 0, and D and F are

constants. Note that, mims =1 and m; + mgy =2 — A\

Put m; = €%, for some @ € C, giving

. . 6
A=2— (" +e) =2 —2cosf = 4sin (5) .

Since
wj = D(e”) + B(e™),

it follows that
w; = Bcos(j0) + Csin(j6),7 =1,2,....n,

for some constant B and C. Since wy = 0, we have B = 0 so that w; =
C'sin(j60), with C' # 0. We can see that 6 is not a multiple of 27 because this

would make w; = 0 for all j =1,2,...,n. Since —w,—1 + (1 — Nw,, =0, we

(s D)) o,

obtain
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(2r — D)m
2n +
value of BT B, is 4sin?(

so that 6 = where r = 1,...,n. That means the smallest eigen-

T 2) with the corresponding eigenvector being
n

) g 1
w,; = S1n = oo n.
7 2n—+], yJ ) )

Thus, from (3.11), we see that we have shown that

T ™
inf A/ == =V Ain(BIB,) = 25si .
in g (BI'B,,) Sm(4n+2)

wER™ A0

Thus, in the bidiagonal case, Theorem 3.2 has the following corollary.

Corollary 3.6. Let A be a matriz of the form (3.1) with ||y||,, = 0. Ife > 0,
n € N | then

spec.A C X7, 5, (A) and spec A C X1 (A),

where

o) =2sin (17 )l

4n + 2

3.1.2 The Optimal Bound For the case ||o| = |7/

Let A be a matrix of the form (3.1) which has ||a|| = ||7||,,- From Theorem
3.2 we have that, for n € N,

T, T,
f(n) = llall \/S—n + 17l \/S—n,

n

where S, = Zw?, T, = Z(wi,l —wi)2, and TV = Z(wiﬂ —wi)Q,
i—1

— i=1 i=1
where wy = wyp41 = 0. We will minimise f(n) under the constraint, which

seems appropriate for symmetry reasons when || = |v[|, that w; =

Wpy1—; for 7 = 1...,n, which implies that

TH =T (3.13)
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Since ||a| = [|7]l,, and (3.13) holds, it follows that our f(n) can be written

of the form

T
Fm) =2la]. | -

We will consider the case when n is even and odd separately. Firstly, if

n = 2k for some k € N, it follows that

n

- ; (wifl - wi)2
>t
i=1

JWE+ (wp —wi)* + -+ (wy, — wg)?
w%—l—“-—i-w,%,

2
_ ICkwlly
= 2
[[wl];
where w = (w1, ..., w;)? and
1
V2
-1 1
C = 11 ,
-1 1
kxk
so that
1 1
2 NG
1
- 2 -1
cc’ = -1 2
—1
-1 2
kxk

From Proposition 2.48, we have

inf g—n = () = $min(C) = \/ 3 (CCT).

n
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Uk
We know that \ is an eigenvalue of CCT with eigenvector v = | & | iff
U1
% — A —LQ Vg
_\/LE 2—X -1 Vk—1
: =0. (3.14)
-1 2—-Xx -1 Uy
—1 2—A U1
From equation (3.14) we have that (CCT — X\I)v = 0 iff
E -2 0 (3.15)
— Vg — —=Vr_1 = 0, .
5 k ) k—1
1
— — U+ (2= Nvg_1 — U2 =0, 3.16
7 K+ ( JUk—1 — Ur—2 (3.16)
_’Uj+1+(2_)\)vj —Vj-1 =0 fOI"j: 1,2,...,]{}—2, (317)
where
vp := 0. (3.18)

Equation (3.17) has general solutions
v; = Acos(j0) + Bsin(jb) for j=1,2,...,k—1
where A and B are constants and
A =2(1 — cosf) = 4sin? (g) .
Since vy = 0, it follows that A = 0. Thus, taking B = 1,
v; = sin(j6),
for j=1,...,k — 1. From equation (3.16), we can see that

1
— —=V; + (2 — )\)ka1 — Vg—2 = 0

V2

& —%vk +2cosfsin[(k—1)0] —sin[(k —2)0] =0

1
& ——uy +sin(k) = 0.

V2
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Thus v, = v/2sin(kf). Note that 6 is not a multiple of 27 since the eigen-
vector v is not the zero vector. Using equation (3.15) we see that A is an

eigenvalue iff

1 . r .
(5 — \)(V2sin(kf)) — ﬁ(sm(k —1)8)=0

< (1 —2\)sin(kf) —sin((k —1)0) =0
< (4cosf — 3)sin(kd) —sin((k —1)0) =0
< 3(cos® — 1) sin(kf) + cos(kf) sinf = 0

0 0 0
< —6 sin2(§) sin(k0) + 2 cos(k0) sin(g) cos(é) = 0.
Since 6 is not a multiple of 27, this implies that

-3 sin(g) sin(k#) + cos(k9) cos(g) =0

1 1
< 2cos((k + 5)9) — cos((k — 5)0) =0.
It follows that 0"
)xmm(CkC,Z’) = 4Sin2<§>,
where 6* is the smallest positive solution of F'(6) = 0, and
1 1
F(6) = 2cos((k + 5)9) —cos((k — 5)9)

To locate the solution #* of equation F(f) = 0, it is helpful to show that
there exists a € R such that #* € (0,a) and F is also a monotonic function
on (0,a). Note that

S B = 1 R

Further,

p%m:-[@k+nam@+%wy-@—%gm@—%wﬂ

:—Bk+;ﬂm%+%wyﬂk—;(ka+§®—$m%——W0}
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T
From the fact that the function sin x is an increasing function for x € (0, 5),

it follows that sin((k + 2)6) —sin((k — 3)0) > 0. Therefore F'(f) <0, i.e., F

is a monotonic function, on the interval ( 0, . Therefore, 0* is the

T
2(k+3)

. Moreover, we can

unique solution of F'(#) = 0 in the interval (0, 5 k’i 1

also notice that
s T T T 27
F =9 R _ £ _
(2k+3> ““(2 2k+3) ““(2 2k+3)

—osin (") —sin (2T

I \OTIEE Y Bl \ YA

: T . T T

= 2sin (m) — 2sin <2k+3) COS (2k+3) > 0.

7T m
H df 3.19 k that 6* .
ence and from (3.19), we know that 6* € <2k+3’2k+1>

Now we are now considering the second case when n = 2k + 1 for some
k € N. We have then that

Tn_ . %w% + (w1 — w2)2 +---+ (UJk — wk+1)2
S, wi+ -+ w4 swiy,
2
_ [Dwlf;
= 2
[[wll5
where w = (wy, . .., wg, \%wkﬂ)T and
1
V2
-1 1
D = ,
-1 1
-1 V2 (k-+1)x (k+1)
so that
1 _ 1
2 V2
1
~ 2 —1
DDT =
-1 2 -1
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Uk+1
We know that A is an eigenvalue of DD? with eigenvector v = : iff
U1
1 1
TN ———
2 V2 Uk+1
1
— 2= -1 Uk
i =0 @)
12—\ -1 "
U1
-1 3-A
From equation (3.14), we have that (DD — XI)v = 0 iff
(1 A) ! 0 (3.21)
[RN— /l) —_— —v = .
2 k+1 \/§ k 3
1
— Evk—i_l — (2 — )\)Uk — V-1 = 0, (3.22)
— v+ (2—-ANv; —vjy=0for j=2,..., k-1, (3.23)
and
—vy+ (3—XN)v; =0. (3.24)

Equation (3.23) has the general solution
v; = Acos((j — 1)) + Bsin((j — 1)0), j=2,...,k,

where A and B are constants and

A =2(1 — cosf) = 4sin? (g) :

Obviously, we have v; = A. From equation (3.24), we have

—U2+(3—)\>U1:0
& —[Acosf + Bsinf| + [1 +2cos]A =0
(1+cosh) A

& B =
sin 6
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Thus, we can see that the constant B depends on A. We choose A = 1 then

B = 1+—COSQ. We have then that

sin 6

1+ cosé

oy = cos((j = 18) + (1500 Y sin((g - 1)
cos((j — 1)0)sin@ N sin((j7 — 1)0) N cos(f) sin((j — 1)0)

sin 6 sin 6 sin 6
_ sinf cos((j — 1)0) + cosOsin((j — 1)0) N sin((j7 — 1)0)
sin ¢ sin 0
sin(j0) 4 sin((j — 1)0)
B sin 6

_ 2sin((j — 3)6) cos($)

2sin() cos(%)

for j =1,2,...,k From equation (3.21), it follows that

sin((j — 3)0)

sin($)

Uj: jzl,...,k,

and
Vv2sin((k + %)«9)

sin(%)

V41 =

Note that 6 is not a multiple of 27 since the eigenvector v is not the zero

vector. Using equation (3.21),

1
(5 — )\)’l}k+1 — ﬁvk = O
2sin((k + )0 in((k — )6
& (1 -2+ 20089)\/_Sln.(( 0+ 3)0)  sin(( ‘ 29) ) _ 0.
> sin(2) Vzsin(3)
Multiplying both sides by /2 sin(%), we see that
: 1 . 1
& (4cosf — 3)sin((k + 5)0) —sin((k — 5)0) =0

< 3(cosf — 1) sin((k + %)6’) + cos((k + %)9) sinf =0

& —6 Sin2(§) sin((k + %)9) + 2cos((k + %)9) sin(g) cos(g) = 0.
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Since 6 is not a multiple of 2x, this implies that

— BSin(g) sin((k + %)9) + cos((k + %)9) cos(g) =0
& 2cos((k +1)0) — cos(kf) = 0.
Let
F(0) = 2cos((k+ 1)0) — cos(kB).
Similarly to the first case, we will show that there exists a unique solution

0" e (0, ﬁ) to the equation F'(6) = 0. We can see that

F(0)=1>0 and F (ﬁ) = — cos <%) = —sin <ﬁ) <0.
(3.25)

Further,
F'(0) = — [2(k + 1) sin((k + 1)0) — (k sin(k6)]
= —[(k+ 1)sin((k + 1)8) + k(sin((k + 1)8) — sin(k0))] .

From the fact that the function sinz is an increasing function when z €
(0, g), it follows that sin((k + 1)8) — sin(k€) > 0 for every 6 on the interval

0, T . Therefore F'(0) < 0, i.e. F is a monotonic function on the
2(k+1)

T
interval {0

2(k+1))
Therefore 6* is the smallest positive solution of 2 cos((k+1)0) —cos(k6) =

0 which is the unique solution in the interval (0, ). Moreover, we can

2(k+1)

also see that

F(2(l<:7; ) = 2eos ((%)) — o (2/51 4)

kE+1 7 k T
=2cos| | ——= = —cos | —— =
k+2 2 k+2 2
= 2cos r__T — CoS T_ 2m
- 2 k+2) C\2 T k12
= 2sin i — sin 27
N k+2 k+2
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Hence, from equation (3.25) and F( ) > 0, we know that 6* €

2(k +2)

m 7T ) ™y _ g2 (00
<2(k’+2)72(/€+1)>' Hence, A\yin(DD") = 4sin (2)

As a consequence, we can see that, from Theorem 3.2, fore >0, n € N,

spec. A C X7 (A) and spec A C E”(n)(A),

where )

2([Jall + II”yIIOO)sin(?l) ifn=2m-+1

f(n) =
) .
2ol + Ille) sin(=) i n = 2m
N 0 is th . Tuti ‘0 the int 1 s T ¢
where 6; is the unique solution, in the interva o
1 ! ’ 2(m+2)" 2(m+1) )’

the equation
2 cos((m + 1)) — cos(mb) = 0,

T T
and fy is the unique solution, in the interval , , of the
2 E (zm + 3 2m + 1>
equation

1 1
2 cos((m + 5)9) — cos((m — 5)0) =0.
We can rewrite these results more neatly as the following corollary:

Corollary 3.7. Ife >0, n € N and ||af|, = |7, then
spec.A C X7 ) (A) and spec A C X% 1 (A),

where

F(n) = 2ol + .0 sin(5)

(e

where 0 is the unique solution, in the interval L,
n+3 n+1

), of the equa-
tion . )
") - cos((5=)0) = 0.

2 cos((
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3.1.3 The optimal bound for an arbitrary Tridiagonal

matrix.

Let A be a matrix of the form (3.1). From Theorem 3.2 we have that, for

n € N,
|T, | T}
f(n) = llall, 5 " 171l <

where S,, = Zw?, T, = Z (wi—1 — wi)Q, and T.F = Z (wiy1 — wi)Q. Let

i=1 i=1 i=1
r=|a|, and s = ||v||. By lemma 3.1 we have then that,

T T+
F0)* = in |20+ 0L + 20407 |

Let

Note that B = Bl since B, is real. We have

T: = |Byw|* = (Baw)*Byw = w* B Byw

while
T} = ||Bw||* = w*B,Bjw.
50 T T+ *D
201 ) ~nin _ W PnW _
r( +9)Sn+s(1+9 )Sn o (3.26)

where D,, = r?(1+ 0)B: B, + s*(1 + 0~')B,B:. It is easy to see that D, is

symmetric, real and positive definite. In fact,
w*Dyw > [r(1+0) +s*(1+ 607 N\

where \; is the smallest eigenvalue of B B,, and B, B;,.
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For 0 < ¢ <1, let
En(¢) = ¢B, B, + (1 — ¢)B, B,
so E,(¢) is the matrix

1+¢ —1

-1 2 -1
1 2—¢

62

Let u(¢) = Apin (En(@)), the smallest eigenvalue of a self-adjoint matrix

E,(¢). From equation (3.26), we have

r?(1+0)
r2(1+60) 4+ s2(1 +0-1)

D, = (r*(1460)+s(14+67")) ( B:B,

2 -1
s(1+677) B, B"
r2(1+6)+s2(1+60-1) "

2 2 -1 r’ 0
— (P(1+0) +2(1+07Y) B, (r2(1+9)(i;(1>+91))'

We know that ) is an eigenvalue of E,,(¢) with an eigenvector v = (v, . ..

iff
1+¢ —1 U
-1 2 -1 Up—1
) : : =0.
-1 2 -1 Vg
-1 2—-9¢ (1

From equation (3.28),we have that (E,(¢) — A\)v = 0 iff
(14+¢) = A vy, —v,21=0

— v+ 2—-Nv; —vj; =0, forj=2,...,n—1,

and

—ve+[(2—¢)— A v; =0.

(3.28)

(3.29)

(3.30)

(3.31)
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Equation (3.30) implies that
vj=Acos((j—1)0) +Bsin((j —1)0),j=1,...,n, (3.32)

0
for some constants A and B where A = 2 —2cos ) = 4sin® (5) . In equation

(3.32), arbitrarily set A = sin#, so that v; = siné. Then equation (3.31) is
satisfied if and only if

—sinfcosf — Bsinf + (2cosf — ¢)sinf =0

i.e. if and only if

B = cosf — ¢.

Therefore if v is an eigenvector of E,(¢), then, to within multiplication by a

constant,

vj =sinfcos[(j — 1)0] + (cos @ — ¢)sin [(j — 1)6]
=sin(jf) — ¢sin((j —1)0),7=1,...,n. (3.33)

Substituting v; in equation (3.33) into equation (3.29), we see that A is an

0
eigenvalue of E,(¢) iff A = 4sin? (§> with 6 # 0 and
F(6) =0,

where F'(t) = (2cost—1)sin(nt)—sin [(n — 1)t]+¢(1—¢)sin [(n — 1)t] ,t > 0.
Note that

F(t) = 2costsin(nt) — 2 cos <%> sin <(n - %) t) + (1 —¢)sin((n—1)t)
= costsin(nt) — sin(nt) + sint cos(nt) + ¢(1 — ¢) sin ((n — 1) t)
=sin((n+ 1)t) —sin(nt) + ¢(1 — @) sin((n — 1) t)

~ 24in (g) cos (<n 4 %) t) + (1 — @) sin ((n— 1)1) (3.34)

p(¢) = 4sin® (g)

Clearly,
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where 6 is the smallest positive solution of the equation F(t) = 0. It is
obvious to see that u(¢) = pu(1 — ¢). Now

F (n i 1) = 2sin (2n1 2) cos ((227:;12”) ¢(1—g)sin ((nn_+11)7T>

2T

N e PO

o))

(o
() -on()

—sin (7 ) G(1—)— 1) <

:
f\\/\/

Also, from (3.34),

F'(t) = =(2n + 1) sin (%) sin (n + %)
+¢(1—¢)(n—1)cos((n— 1)t
)

:—(Qn—l—l)sm(;)sm—( +% 3)eos |
+o(l—d)(n—1) {cos[( ;)t]cos( >+sin[(n+%)t}sin(
— A(#) cos KH;) ]+B( )smKn+2)t]

where

A =cos (5 ) + 801 = )~ Deos (5 ),

)
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and 5 t
B(t) =¢(1 — ¢)(n —1)sin (5) — (2n+ 1) sin (§> :
: T )
Since t € | ——, —— |, it follows that
2n+1 n+1
T (2n+ 1)t o7 2n 41 .
2= 2“2\ n+t1
Therefore,

s [(14 1)) <omi (s D) >0

In order to show that F'(t) < 0, , it suffices to prove that A(¢) > 0 and B(t) <

T m 3t 3T 3T

0. Note that if ¢ ~ ) then 2 _Th
ote that G[Qn—l—l’n—i—l) o 6[2(2n+1)’2(n+1)) us;

3¢

2
Ccos (5) > 0 and, hence, A(t) > 0. We can see that

B(t) = ¢(1 — ¢)(n—1) {sintcos (%) + sin (%) cos t} — (2n + 1) sin <%>
— sin <%> 61— ¢)(n — 1) cost — (2n+ 1)] + ¢(1 — §)(n — 1)2sin G) cos? (%)

t 1 1 t
<sin(=){=(n- — —cos? | =
< sin (2) {4(n 1) cost (2n+1)—|—200s <2>} <0,

since cost < 1. Thus, F'(t) < 0 for t € m , " ). so 6, defined
2n+1 n+1
initially as the smallest positive solution of F'(t) = 0 in T , T , 1s
2n+1 n+1

the unique solution in this interval.

To show that 0 € [ 9*1 where 0* < is the smallest positive

2n+1’ n -+

™

solution of F'(t) = 0 in the case ¢ = 3 it is equivalent to prove (since

is the solution of F'(t) = 0 in the case ¢ = 0) that

2n +1

u0) < ute) <0 (5.
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Since En(6) = ¢En(1) + (1 — ¢)En(0), it follows that
(o) = ”m”iil1 (pw* B Byw + (1 — ¢)pw* B, Bw)

> (1) + (1 — ¢)p(0) = p(0) since p(1) = p(0).

Also 2En(%) = E,.(¢) + En(1 — ¢), so that

() = 5 [ min, (G0 E,(@)w -+ wEa(1 - 0)u)
> 2 [(6) + (1~ 6)) = u(0)] since (o) = (1 6).

From equation (3.27), we have

(f(n))2 = min Apin (D)

>0

= I;l>1101 (T2(1 + 7') + 82(1 + 7'_1)) 2 (7,2(1 + ’:)<—|1‘:22—1) + 7-1)) ’

(14 7) L
en 7 =
r2(l+7)+s2(1+771)’ r2(1 — ¢)’

(f(n)* = inf { (%2 + S_Qd)) u(d))} .

Theorem 3.8. Fore >0, n €N,

Let ¢ =

spec.A C X7 ) (A) and spec A C X% 1 (A), (3.35)
where
_ 9 el | v . (6
f(?’l) = 20i3>£1 ( 7 —+ Tqﬁ Sin 5 s (336)

T T
n+1'n+1

2sin (%) cos <(n—i— %) t) + (1 — d)sin ((n— 1)) = 0.

and 6 is the unique solution in the range <

) of the equation
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T tion (3.36), so that ¢
in equation (3. so that 7 1= —————
r4+s 4 ’ r2(1 — ¢)

Corollary 3.9. Ife >0, n € N, then

Taking ¢ =

r
= —, we get
s

spec.A C X7, ) (A) and spec A C X%, 1 (A),

where p
o) =2sin (3 ) (ol + Ill0),

T T
n+1'n+1

2sin (%) cos ((n—i—%) t) + %Sin((n— 1)t) = 0.

In particular, if |||, =0 or ||v||,, =0 then (3.35) holds with

and 0 is the unique solution in the range [ ) of the equation

o) =2(lal + Il sin (555 )

82¢ 82

1
Taking ¢ = 3 in equation (3.36), then 7 = m =3 and we get
Corollary 3.10. Ife > 0, n € N, then

speceA © X2y (A) and spec A © X, (A),

o) =2vsin (5 ) lalls + I,

d 0 is the uni lution in th T 2m T
an 18 e unique solturion 1n e range — s
I P \nr1 (n+1)(n+3) n+1

(1)) e (1)) e

Proof. We need to show that

2sin (%) cos (<n + %) t) + ;lsin (n—1)t)=0.  (3.38)

where

of the equation
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and (3.37) are equivalent. Since

o (15)9) o (£52)9) o

(n+1)t . (n—1)t
2

multiplying both sides by 2 sin B sin

, we have

sin ((n + 1)t) — sin(nt) + isin (n — 1)) =0,

which is equivalent to (3.38).

3.2 Numerical Examples for Method 1

3.2.1 Shift Operator
Corollary 3.3 and Corollary 3.6 tell us that in the bidiagonal case, ||v||, =0,
spec.A C X7, ;) (A) and spec A C X%\ (A). (3.39)

e+f(n)

for all € > 0 and n € N, where

f(n)—251n< T )H&Hoo- (3.40)

dn + 2

We will look at the simplest example of this type, the so-called right shift

operator

= O

(3.41)

- o O
o O

and check how sharp (or how generous) the inclusions (3.39) are in this case.

In other words, we ask by what function f,(n) one could replace f(n) in (3.39)
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so that the inclusions still hold for the case of the shift operator (3.41). Note

that every principal submatrix of size n x n, A, , is the same, i.e.,

0 O

nxn

Obviously, the spectrum (set of eigenvalues) of A,, is {0}. We will show that

in this case

o) = g = 2sin (.75 )
ie. (3.39) with f(n) given by (3.40) is already the sharpest approximation

for the inclusion sets. In order to prove this, we will show that

spec fmyAn = B1(0). (3.43)

so that spec A = T would not be covered by spec yn) A, if we chose f(n) any

smaller.

Proposition 3.11. Let
g(\) = v (A= A,)? = minspec [(A — A4,) (A — A,)].

Then the following hold:

2. g(\) < g(p) for0< A< p

3. g(re®)y =g(r) forr > 0,0 € R

where f(n) = 2sin (47:# 2).

As a consequence of Proposition 3.11, we get (3.43) and hence the sharp-
ness of (3.39). In order to prove the above proposition, we need to prove the

following useful lemma.
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Lemma 3.12. Ifz = (z1,...,2,)" € C*, with||z], =1 and T = (Z1,...,7,)" €
C" defined by T; = e 92,5 =1,...,n, then ||Z||, =1 and for r >0,

|(r — Ap)z||, = ||(7“e“9 — A,I)EH2 )
Thus, v(r — A,) = v(re? — A,).

Proof.

1z]], = \/|5151€_w|2 + |x26_2i9|2 + . |zpe i 2

N R

= [|lfl, = 1.
For » > 0 we can see that

(e
. —x1 4 1o )e”
(re — AT = (== 2)

So,

H (rew — An) EHQ = \/|7’:C1|2 +|(—z + m;Q)e—i9|2 4+ (2 + T’In)e_(”—l)w]Q

= \/|7“x1|2 + [(—z1 4+ rz) P+ . 4 [(—xaey + 2|
= [[(r = Va)zll, .

Therefore,

vr = 4,) = min [ = Al = min [ = 43|, = vire” = A,),

We are now ready to prove Proposition 3.11.

Proof. [1.] From Theorem 2.16 and Proposition 2.48,

2

g(1) = (1 — A = |inf ﬂ— — ()P
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[2.] Note that
A —1 A
A =1 -1 A
(A=A, (A=A, = A -1
-1 A
)\ nxn _1 )\ nxn
i.e.
A2 A
A A+1 =)
A=A) (A=A, = : .
A A +1 0 =)
-\ A+

nxn

Note that X is an eigenvalue of (A= A,)" (A — A,,) with an eigenvector w =

(Wpy W1, - .., wp) T iff
(A= A,) (A = A)w = \w,

which can be written as follows

[V . X} Wy — My =0 (3.44)
wja + [(A2+1)—X] w; — Aw;_y = 0 j=1,...,n—1 (3.45)
wo = 0, (3.46)

Equation (3.45) implies that
wj:Dm{+Em§ j=1...,n

-~

where m; and my are roots of Am? — (1 + X — \)m + A =01ie mmy =1
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1 ~ ,
and my +mgy = _X(l + A% — \). Thus, put m; = e

A= (A4 1)+ A(my +my)
= (N4 1)+ A +e7)
= (A + 1) + 2\ cos 6. (3.47)

Next, we want to show that if \; < Ay then )Tl < )TQ Since w; = B cos(j60) +
C'sin(j0) and wy = 0, it follows that B = 0. Hence, from equation (3.44)
and (3.47), we obtain
—Asin[(n — 1)6] + ()\2 - X) sin(nf) =0
—Asin[(n — 1)0] + (1 + 2 cos ) sin(nd) = 0
Asin[(n + 1)0] + sin(nd) = 0.

Therefore,
N sin(n)
sin[(n + 1)6]
Note that
sin(nf;) sin(nfy)
M <A e )0 ~ sinl(n + 1)63]
sin(nb;) sin(nfy)

sin[(n+1)61] ~ sin[(n 4 1)6,]

We can show by mathematical induction that sin k@ < ksin@ for k € N and
note that
£(0) = nsin[(n 4+ 1)0] cos(nf) — (n + 1) sin(nd) cos[(n + 1)0]
sin?[(n + 1))
~ nsin@ — sin(nb) cos|(n + 1)0]
sin?[(n + 1)6)]
nsin f — sin(nd)
>
~ sin?[(n + 1)4]
> 0,

where

_ sin(nf)
sin[(n + 1)0]
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Hence, f(#) is an increasing function. Hence, Ay < Ay < 601 > 65. Therefore,

from equation (3.47),
)\1 < /\2 = 01 > 92 = COSQl < COSQQ :>5\\1 < /):2,

ie. g(\) < g(p) for 0 <\ < p.

[3.] From Lemma 3.12, we have

g(re”) = [p(re” — A = [v(r — An)]* = g(r).

3.2.2 1 Dimensional Schrodinger Operator

We are now considering the Laurent operator A := V; + V_;, where V,, is
defined as in Definition 2.43, which is a discrete 1D Schrodinger operator

with potential zero. The corresponding spectrum is just the curve
specA={t"'+t:tcT}y={e+e?:0c R} ={2cos6:0c R} =[-22]
Again, the finite submatrices A, do not depend on k:

0

App = A, = . (3.48)

0

nxn

We can see that A, is a self-adjoint matrix, so spec A,, C R. Moreover, A is
an eigenvalue of A, iff A,v = Av where v is the corresponding eigenvector,
i.e.

-2 1 V1
1 —X 1 Vg

: = 0. (3.49)
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From equation (3.49), we have that (A, — Al)v = 0 iff

Vjp1 — Avj+viog =0for j=1,... n, (3.50)

where we put vy := 0 and v, := 0. The characteristic equation is
2= M+1=0.

Denote the two solutions by ¢1,t, € C. Since x € R, we have t; = t,. We
have 1 = tltg = tlﬂ = |t1|2
Then

. So, put t; = € and t, = e~ for some 0 € [0, 7).

vj = Acos(j8) + Bsin(j0), j=0,1,2,...,

where A and B are arbitrary constants. Since vy = 0 and v, 11 = 0, it follows
that A = 0 and hence

rm

= , € Z.
n-+1 "

sin((n+1)0) =0=16

Under the condition 6§ € [0,7] and v is not a zero vector, we know that
0 € (0,7). Therefore,

rm
So we can see that spec A, is the set of n points, A, = 2cos < n 1) where
n

r=1,...,n. Asin Section 3.2.1, we are again asking by what function f.(n)
one could replace f(n) such that (3.2) still holds. Or in other words, for

every n € N, what is the smallest number ¢,, for which it holds that

spec A C U spec, Ay . (3.51)

kEZ

Since we know that A, ; is normal, by Theorem 2.20, (3.51) holds iff

[—2,2] = spec A C kLeJZspecEnAmk = {2 cos (anl) r=1,... ,n}+B€n(0).

(3.52)
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Equation (3.52) holds iff the interval [—2,2] is covered by the union of n
closed balls of radius €, centred at the eigenvalues of A,,. The smallest ¢,

for which this is true is
en =max{|2 — M\|,e, 2+ A},
where

1 1 1
6,*1:max{‘§|)\2—)\1],5|)\3—)\2\,...,§\)\n—)\n_1|}

s (o (S) - () e

-1
Next, we will show that, \,_1 — A\, < A\, = Ay forr=1,..., Fl —‘ It
suffices to show that \,._; + A\.41 < 2\, which holds as

—1 1
Ar1+ A1 = 2cos <<T—>7T) + 2 cos (u)

n+1 n+1

:2(2COS( il )cos< T ))

n+1 n—+1

<2(2cos( MT )>:2)\r.
n+1

Since we know that A\._; — A\, > 0, we can conclude that |[A\._; —\,| <
—1
Ar — A, forr=1,..., [n 5 -‘ Further, given that \y = 2 and A\, =

-2
n—r)T n—r—|—17r
A — Anri1| = 2COS<<n+1) )—2COS( =] )‘
= |2 cos 7T—(T+1)7T — 2cos il
n+1 +1
= |2 cos W—(T—i_l)ﬂ — 2cos n
n+1 n—l—l
= |2cos (r+ Um —2cos [ L
n+1 n+1

= A1 — Al (3.54)
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for r=0,...,n. Thus

% An — Ani2| if n is even,
o — 2 2
% An-1 — Ans1| if nis odd
2 2
T
2sin | —— if n is even,
(2(n+1)>

2sin _T CoS _T if n is odd
2(n+1) 2(n+1)

In order to compute g, for each n, we will now firstly consider the case n = 1.
We can see that the set of eigenvalue of A,, when n = 1 is {0}. Thus, the
smallest £, = 2 > f(1). From (3.54) and definition of &}

», we have that for

every n > 2

T T
2—- Ml =124+ =12-2 —— )| =4sin® | ——— | <¢&*.
| 1] =124+ A\l ’ cos(n+1)’ sin (2(n+1)) el

Therefore, €, = €. Where f(n) is defined in Corollary 3.7, we know that

%m(Z#%5><fmy<%m(z#%ﬁ).
f(n)

€n
overestimates the smallest €, for which (3.51) holds by a factor of about 2

We can see that

— 2 as n — 00, so that, for this example, f(n)

for larger value of n.

For this example, plots of the inclusion sets in Corollary 3.7 for n = 4, 8, 16

and 64, are shown in Figure 3.1.
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Spectral inclusion set: n=4 Spectral inclusion set: n=&

Im
=} =1
5 o m
i i

05
£ 0
a5k
Ak qk
Slaf 1.5
2 L : 2
3 2 1 0 1 2 3 3 2 1 0 1 2 3
Re Re
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Figure 3.1: Plots of the sets W, which are inclusion sets for spec A,
where f(n) is given as in Corollary 3.7 and A, j is the ordinary finite subma-
trix given by (3.5) of the 1-dimensional Schrédinger operator, A = Vi +V_q,
with spec A = [—2,2]. Shown are the inclusion sets when n = 4,8, 16 and 64.
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3.2.3 3-periodic Bi-diagonal Operator

In this example, we are considering the bidiagonal operator

—15 1
0 1 2
A = 01 1
0 —-15 1
0

Since A is not normal, we cannot apply Theorem 2.20 to this operator. How-
ever, Corollary 3.3 and Corollary 3.6 tell us that in the bidiagonal case,

7o =0,

spec.A C X7, ;) (A) and spec A C X% ) (A). (3.55)

where f(n) is defined by (3.40) and the finite submatrices, A, x, of A must

be one of the following n x n matrices:

—15 1 12 1 1
12 11 15 1
11 15 1 and 12

—-1.5 . 1 . 1

Therefore, in order to compute our inclusion sets, we do not have to compute
the pseudospectra of infinitely many submatrices but only 3 submatrices
of size n. In Figure 3.3 we plot the inclusion sets in (3.55) for spec A for
n =4,8,16,32 and 64, and we also plot spec A, computed using the formulae
in Theorem 4.4.9 of Davies [13] (cf. Theorem 5.12 in Chapter 5).

These inclusion sets seem to be converging to @ where @, defined
as in Section 2.1, is the complement of the unbounded component of C \

spec A.
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3.3 Inclusion sets in terms of quasi-circulant

modification matrices

In this chapter so far we have computed the inclusion sets for spec A using
ordinary finite submatrices, A, . In this section we will prove correspond-
ing results when, instead, we replace A, ; by the “periodised” submatrices,

A, i, defined in (3.56). We will show numerical examples where this method

produce much sharper inclusion sets.

Br+1 V42 Q
Qpr1 Bri2 Vees
. (3.56)

Q-2 Bhtn-1 Vitn

Ve+n+1 Qkin—1 Brin

Theorem 3.13. Ife >0, neN, w; >0, forj=1,...,n and wy = Wy41 =
0, then
spec.A C IIZ, 4, (A),

where

f) = (lall + 17lle) /o

Y
n

=5

—

S, = Zw? and T, = (wy + w,)* + (W1 —w;)>.

=1 i=1

Proof. Let X € spec.A. Then either there exists € (*(Z) with ||z = 1 and
(A= Al)z|| < e, or the same holds with A replaced by its adjoint. In the
first case, let y = (A — Al)z, so ||y|| < e.

For i, k € 7Z, define egk), Ejk and £} as in the proof of Theorem 3.2. For
k€ Z, let
Pk = ||(An,k - )\]n>%n,k|| )
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I T
where T, = (W1 Tpp1, Wi, . ., WnTpyn) . Let

|Tpan|w, fi=k+1
A= (3.57)
0 otherwise
and
|zpia|wy ifi=k+n

Bik = (3.58)

0 otherwise

We will prove that P, < (¢ + f(n)) ||Znk]| for some k € Z, which will show
that X € spec .y rm)Ani-
Note first that, using (3.6), (3.7), (3.57) and (3.58)
k k k k k
P = ‘yk+1el(c+)l + ak($k+n€§<+)n $k€z(c+)1) + 7k+2(€1(c+)2 @1(c+)1)$k+2

k+n—1

+ Z ‘yl T 1(62('5)1 - 6§k))513i—1 + %‘+1(€z@1 - ez('k))l"iﬂ
1=k+2

‘2
‘2
2

(k) (k) (k) )

(k) (k)
T | YktnCpipy T 04k+n—1(€k+n_1 - €k+n)xk+n71 + ’Yk+n+1(l’k+1€k+1 Te4+nCik

k+n

2
< Z <|yz| 65,'2) + i1 (Ai,k + Ei |95i—1|) + Vi1 (Bi,k + E;rk |$z+1|)> :
i=k+1

So, for all # > 0 and ¢ > 0, by Lemma 3.1,

2
P S o) (1l o) 4 (07 ] (Aus + Bl
i=k+1
+ |%‘+1|( B+ Ef k|17z+1|))2]
k+n 9
<y [Ha (Il )"+ (1071 ((1+ 0 lois* (Asge + By laial)®
i=k+1

B 2
+(1+o7h) |’Yi+1’2 (Bi,k + E;Lk ‘$i+l|) >] .

Note that,

k k)
S a2 = () el

kEZ
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for all 7, and we have that

k 2
S Crenell), — wel)? < () el + 268 e, S lainail + (e ) ol

k€EZ keZ

< (el + e )2 |||

Thus
2
SR> il Y ()
kEZ i€Z keZ
1+67Y) (1 B 4 ek Ei )+ E;
+(1+ ) |(1+9) ||0‘|| (k+n+ek+1> + ( k+2,k) 4+t ( k—l—nk

(oY B+ (B o)+ (B ) + (e +e

< (L) IS+ (1407 ((lall + ) ﬂ_’n)Q
< (14025, + (1407 (ol + ) V)

Thus,

S E< U040 >(<Har|oo+\wuoo>m)25in} s,
< (1407 + 1+ 0 O] Y el

keZ
Applying Lemma 3.1 again, we see that
inf [(140)* + (14+07)[F(n)]?] = (= + Fm)),

so that

Do < (e f)? Y Tl

kez keZ
Thus, for some k € Z,

By < (e + f(n)) [|Znkll

so that A € spec .y f(n)An -

In the case when there exists z € (2(Z) with ||z|| = 1 and ||(A — M\)*z|| < ¢,

the same argument shows that A € spec e+ f(n) Ay 1, for some k € Z, so that

n,k’

A € Spec c4 f(n)An - W

2
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Corollary 3.14. spec A C I,/ (A).

Proof. We can see that, if

A € spec A = ﬂ spec.A C ﬂ (U spec 5+f(n)An,k) ;

e>0 e>0 \k€Z

. ~1 1
so that for all ¢ > 0 thereis a k € Z with H (An,k — )\In> > ———— then

e+ f(n)
5 = igz) (A — M) 7! f(n) If s >1m then there exists a k € Z
::t;l:te spec p(m)An € 11}, (A). If s = 0] then put D ::Diag{Amk ke Z},
_ ; -1 1
||(D—)\I) lH :itelg <An7k—)\1—n> =5 = m

Take r > 0 small enough that A +rD C p(D) := C \ spec D. By Theorem
2.32, there are py, pa, ... € p(D) with |p, — A < " and (D - umI)_l“ >
m

1
H(D M)~ || = T for m = 1,2,.... Hence, A is in the closure of
n
spec D = U spec f(n)An’k. = H}l(n)(A). [
keZ

From the definitions of S,, and T,, in Theorem 3.13, we know that
Sn = [lwll

and
2
T, = HanH2

where

-1 1

From Theorem 2.16 and Proposition 2.48 we have that

. T, 1 Baw||
inf {/— = inf =2 = »(B,)) = \/Ain(BnBT) = Smin(B,).
int \/ 5 = int 1ol o) (BaBT) = suin(Ba)
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Further
2 -1 1
-1 2 -1
B,BF =
-1 2 -1
1 -1 2
Un
We know that \ is an eigenvalue of B, B! with eigenvector v = | : | iff
U1
2—X -1 1 Up
-1 2-X -1 Up—1
: = 0. (3.59)
-1 2—A -1 (%)
1 -1 2-A vy
From equation (3.59), we have that (B, Bl — X\ )v = 0 iff
v+ (2= MNv, —v,.1 =0, (3.60)
— Vi1 +2—=ANv;—vy=0fori=2,...,n—1, (3.61)
and
— v+ (2= XNvy + v, =0. (3.62)

Equation (3.61) has general solution
v; = Acos((j —1)8) + Bsin((j — 1)0), j=12....,n—1,
where A = 2(1 —cosf) = 4sin2(g). From equation (3.60) we have then that,
v; = A and v9 = Acosf + Bsinf.

Clearly, for a three-term-recurrence relation, we need to know the first two

terms as initial conditions. In the other word, for every (vy,v,) € C2, there
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exists exactly one sequence (v, s, ...,v,) € C" which satisfies the equation
(3.60). Provided sin @ # 0, this solution is given by

(vg — vy cos @)

v; =wvycos ((j —1)0) + sin ((j — 1)0)

sin ¢
7 =1,2,...,n. Setting v; = vy = 1, then substituting v, v, and v, in the

equation (3.62) yields

sin ((n —1)f) —sin € — sin ((n — 2)6) + sin(26) = 0,

nb n—3 . 0
4 cos (7) CoS ( 5 9) sin (5) = 0.

T
That means the smallest # which satisfies the above equation is § = —.
n

1.e.

Corollary 3.15. Ife >0, n € N | then
spec.A C 7, ;) (A) and spec A C 117\ (A),

where

fn) = 2sin (=) (lallo + 17110)

3.4 Numerical Examples for Method 1*

3.4.1 Shift Operator

Note that every finite n x n periodised submatrix of the shift operator V; is

of the form,

)

0 1

ie., fAlnk = A\n for every k € Z. From the normality property of V; and
Theorem 2.20, we can compute that spec.V; = TU{A € C:d(\,T) < £} and
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Spectral inclusion set: n=18 Spectral inclusion set: n =16
2 T T T T T
1 ; B : : i
05 : : ; : 1
= = .. ]
-1
A5k
-2 L
-3 2 1 o 1 2 3
Re
Spectral inclusion set: n= 32 Spectral inclusion set: n =64

Im
Im

Figure 3.2: Plots of the sets %) (A), which are inclusion sets for spec A,
where f(n) is given as in Corollary 3.15, where A is the 1-dimensional
Schrodinger operator, A = Vi + V_;, with spec A = [—2,2]. Shown are
the inclusion sets when n = 8,16, 32 and 64.
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A

spec e f(n)An = Tp + Beiyn)(0), where T and T,, are the unit circle and the
set of the n-th roots of unity, respectively. Thus Corollary 3.15, in the case
A = Vj reduces to

~

T + B.(0) = spec Vi CIIZ, ) (A) = specci ) An = Ty + Bey () (0),

and

T = specV; C HZJrf(n) (A) = spec yiyAn = T + By (0),

where f(n) = 2sin (%)

Let us now consider the sharpness of this value for f(n). Clearly, in this
example, for € > 0,
IZ, f(n)(A) — spec . (A)

and

1T}, (A) — spec (A)

as n — oo in the Haussdorff metric. Let us now compute the smallest possible

€, which satisfies

~

spec. Vi CIIZ,. (Vi) = specqe, An,

and
T = spec A C II (V1) = spec A, =T, + B.(0). (3.63)

We can compute that spec A, = T,. Since we know that the distances
between any 2 consecutive roots of unity are equal, therefore, the smallest
possible number ¢, is the half of the distance between each pair of the con-
secutive roots. The arc between 2 consecutive roots on the circumferrence
subtends the angle 2% Therefore, the smallest value of ¢,, for which (3.63)

holds is
7r
5 sin { o f(n)

3.4.2 1D - Schrodinger Operator

As an example for Corollary 3.15, we will apply this method to the operator
A =V_; 4+ V;. Note that every n x n periodised submatrix of the operator
A is of the form
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0 1 1
10 1
A, = :
10 1
1 10

which means our inclusion sets of the spectrum can be computed using just

the periodised matrix ﬁn Obviously, Corollary 3.15 can be rewritten as

~

spec A C U spec e+f(n)An,k = SPEC 1 f(n) An.
kez

We can see that En is a symmetric matrix, so spec A\n CR. (A\n —A)v=0
iff

v — A, U1 =0 (3.64)
Vjy1 —Avj+ v =0for j=2,... . n—1 (3.65)
Vg — )\'Ul + v, = 0. (366)

The equation (3.65) has general solution
v; = Acos((j —1)8) + Bsin((j — 1)0)

where j =1,...,n and
A =2cosf.

From the equation (3.66), we have v; = A and then

vg = Acosf + Bsinf
= vy cosf + Bsinf

Uy — V1 COS 0
B=———

sin 0
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1-— 0
where A = 2cosf. Setting vy = v, =1, then A=1and B = ;(;S. From

sin
equation (3.66),

Un—)\U1+U2:0

1 —cosé

< cos((n—1)0) + ( e~z )Sin((n—l)@)—20089+1:0

it (2o () (252 -

2
Therefore, 0§ = “T is the smallest possible 6§ > 0. So we can see that the
n

- 2rm
spec A,, is the set of n points, A\, = 2cos | — |, where r = 1,...,n. Asin
n

Section 3.2.1, we are again asking by what function f,(n) one could replace
f(n) such that (3.2) still holds. Or in other words, for every n € N, what is

the smallest number ¢,, for which it holds that

spec A C II7 (A). (3.67)

Since A, is normal, by Theorem 2.20, (3.67) holds iff

— rIT E—

—-2.2] = ACTII? =<\, =2 r=1,..., B. (0).

2.2 = spec A €T, = {a =208 (LT ) v = Lo 4 B0
(3.68)
Equation (3.68) holds iff the interval [—2,2] is covered by the union of n
closed balls of radius €, centred at the eigenvalues of An. The smallest ¢,

for which this is true is
en =max{|2 — \i|, &5, 2+ A}

where

1 1 1
E:‘L:max{§|)\2—/\1|,§|)\3—)\2|,...,§|)\n—)\n_1|}

cos (@) ~ cos (QTT”) ‘} (3.69)

Next, we will show that, \,_; — A, < A\, — Ay for 1 <r < g It suffices

= max
r=1,...,n
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to show that A\._; + A1 < 2\, which holds as

2(r—1 2 1
Ar—1+ A1 = 2cos (u) + 2 cos (M)
n n
=2 (2 cos <2T—7T> cos (Z—W))
n n
2rm
<2 <2 cos <—)) = 2\,.
n

n
Since we know that A\,_1 — A\, > 0for 1 < r < 5 we can conclude that

|IAr—1 — | < | A — Arp1|. Further, given that A\g =2 and A\, = —2

2(5 —r+1 2R _
‘)‘ﬁ—r—l—l - )\ﬁ_r| = |2cos (M) _ 2COS< (2 )7)‘
2 2 n —n
2(r—1 2
= |2 cos (27r— u) — 2cos (27T_ ﬂ)’
n n
2(r—1 2
— QCOS (u) _ 2COS (ﬂ)‘
n n
= |)\T‘—1_)\7’|7
for r =0,...,n. Thus,
o 5 Anzz — Ausz | if 3 is odd,
! % )\"TH —An| if 3 is even
B 2 sin (%) if § is odd,
a sin (27”) if 5 is even .

In order to compute €. we will now firstly consider the case n = 1. We can
see that the set of eigenvalue of Ay is {0}. Thus, the smallest e; = 2 > f(1).
Where f(n) is defined in Corollary 3.15, we know that f(n) = 4sin <1>

2n
We can see that

en = 2sin <%> < 4sin (%) cos (%) < 4sin (%) = f(n).
f(n)

Moreover, we also can see that the proportion —— — 1 as n — oo. This
En

shows how sharp the number f(n) is when we approximate the spectrum

using large matrices.

For this example, plots of the inclusion sets in Corollary 3.15 for n =

8,16, 32 and 64, are shown in Fig. 3.2.



3.5 CONJECTURE ON THE CONVERGENCE OF METHOD 1 AND 1*90

3.4.3 3-periodic Bi-diagonal Operator

In this example, we are considering the bidiagonal operator

—-15 1
0 1 2
A = 01 1
0 —-15 1
0 1

Since A is not normal, we can not apply Theorem 2.20 to this operator.
However, Theorem 3.15 tells us that

~

spec eA - U spec 6+f(n)An,k-
keZ
From the numerical results, Figure 3.4, it seems like the inclusion sets are

converging to the spectrum of A as n — oo.

3.5 The conjecture on the convergence of our

inclusion sets we got from method 1 and
1*7

In the examples we have considered, we can notice that when we apply
method 1 to the infinite operator A, the inclusion sets W are simply
connected sets. Note that, if a sequence of the inclusion sets of the infinite
tridiagonal operator A converges to the spectrum as n tends to infinity, that
means the spectrum has also to be a simply connected set. Therefore, the
inclusion sets for the spectra of infinite dimensional operators using method

1 do not converge to the spectrum in general.

In section 3.2.1 and 3.4.1, we have shown analytically that method 1 con-

verges to the polynomial convex hull of spec A, @ (see Section 2.1), and
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method 1* converges to spec A when A is the right shift operator. Moreover,
we can see that the convergence of method 1 to spec A is faster than the

convergence of method 1* to spec A.

These numerical results suggest some conjectures. The first two relate to
the convergence of the inclusion sets for the spectra of bi-infinite tri-diagonal

operators as follows:

1. The inclusion sets for spec A using method 1 converges to the poly-
nomial convex hull of spec A and the inclusion sets for spec A using

method 1* converge to spec A, precisely

d <Z;ﬁ(n) (A), sp/ec\A) — 0 and dy (H?’(n)(A), spec A) — 0asn— o0

2. The Haussdorff distance between the inclusion sets of A using method
1 and the polynomial convex hull of spec A is less than the Hauss-
dorff distance between the inclusion sets of A using method 1* and the
spectrum of A, i.e. dy (W, @) <dpy (W, spec A).

Although we believe that method 1* converges to spec A, in some case
method 1 converge to spec A even faster than method 1*. Comparing the

plots in Figure 3.5 and Figure 3.6 when we apply each method to the operator

n)

we see that the inclusion sets X% ) (A) converge to spec A faster than I}, (A).
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Figure 3.3: Plots of the sets W, which are inclusion sets for spec A,
where f(n) is given as in Corollary 3.6, where A is the periodic bi-diagonal op-
erator which has~; = 1foralli € Zand (3;)) = (...,1,—1.5,1,1,—-1.5,1,...).
Shown are the inclusion sets when n = 4,8,16,32 and 64. The last picture
shows the spectrum of the operator A and also the Gershgorin circles (dashed
line), defined in Theorem 2.50.
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Spectral inclusion set: n=4 Spectral inclusion set: n=8
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Spectral inclusion set: n =64 Spectrum of periodic operator (green) and Gerschgorin circles (red)
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Figure 3.4: Plots of the sets H?(n)(A), which are inclusion sets for spec A,
where f(n) is given as in Corollary 3.15, where A is the periodic bi-diagonal
operator which has v, = 1 for alli € Z and (8;) = (..., 1,—-1.5,1,1,2,1,...).
Shown are the inclusion sets when n = 4,8,16,32 and 64. The last picture
shows the spectrum of the operator A and also the Gershgorin circles (dashed
line), defined in Theorem 2.50.
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Spectral inclusion set: n=18 Spectral inclusion set: n =16
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Spectral inclusion set: n= 32 Spectral inclusion set: n =64
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Spectral inclusion set: n= 128 Spectrum of periodic operator (green) and Gerschgorin circles (red)
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Figure 3.5: Plots of the sets ?(n)(A), which are inclusion sets for spec A,
where f(n) is given as in Corollary 3.6, where A is the periodic tri-
diagonal operator which has v, = 1 and §; = 0 for all ¢ and (o) =
(...,1,—1,1,1,—1,1,...). Shown are the inclusion sets when n = 4,8, 16, 32
and 64. The last picture shows the spectrum of the operator A and also the
Gershgorin circles (dashed line), defined in Theorem 2.50.
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Figure 3.6: Plots of the sets I, (A), which are inclusion sets for spec A,
where f(n) is given as in Corollary 3.15 when A, j is the periodised finite
submatrix given by (3.56) of the periodic tri-diagonal operator which has
v =1and §; =0 for all 7 and (o) = (...,1,—1,1,1,—1,1,...). Shown are
the inclusion sets when n = 4,8,16,32 and 64. The last picture shows the
spectrum of the operator A and also the Gershgorin circles (dashed line),
defined in Theorem 2.50.
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Figure 3.7: Plots of the sets W, which are inclusion sets for spec A,
where f(n) is given as in Corollary 3.15, where A is the periodic tri-
diagonal operator which has «; = 1 and §; = 0 for all ¢ and (o;) =
(...,1,—-1,1,1,-1,1,...), with spec A = [-3,—1] U [1,3]. Shown are the
inclusion sets when n = 4,8, 16,32 and 64. The last picture shows the spec-
trum of the operator A and also the Gershgorin circles (dashed line), defined
in Theorem 2.50.



Chapter 4

A One-sided truncation
Method for Approximating the
Spectrum and Pseudospectrum

of Infinite Tridiagonal Matrices

In this chapter, we will try to improve our upper bounds of the spectrum of
tri-diagonal matrices. While the “finite section matrix” method involves the
smallest singular value of the two-sided truncation P, (A — AI) P, x, where
P, is the operator of multiplication by ™) the method to be discussed
now involves the smallest of all singular values of the two one-sided trun-
cations (A — M) P, and P, ; (A — M), where, because of the tridiagonal
structure of A, these can be identified with (n + 2) x n instead of oo X n
matrices. The fact that truncation is only performed from one side should

give a more accurate picture of the operator and its spectrum.

97
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4.1 Inclusion sets in terms of one-sided trun-

cation matrices

In Chapter 3, we have studied inclusion sets for the spectra and pseudospectra

of the matrix

-2 -1
a2 B1 %
A = a-1|Bo|m )
a O m

aq 52

using two different methods. The first method is a naive way to approximate
the spectra and pseudospectra of any infinite matrix using the standard n xn

finite sections,

Br+1 Vi+2

Qpr1 Bre2  Vits

Okyn—2 5k:+n—1 Ve+n

Okyn—1 ﬂk+n

(See Figure 4.1.) We have shown that
spec. A C X7 4, (A)

and
spec A € 3% (A),
for every € > 0 and every n € N, where f(n) < i (el + 117l ss)-
n
There are some disadvantages of using the principal finite sections, so

the second method has been introduced. It is a method to compute the



4.1 ONE SIDED TRUNCATION METHOD 99

k+n

Figure 4.1: The idea of the first method.

spectra and pseudospectra of an infinite tridiagonal matrix using periodised

submatrices,

Br1 Vir2 6773

41 5k+2 Ve+3

Okin—2 5k+n—1 Vk+n

Vi4n+1 Apyn—1 5l~c+n

This method gives the following results,
spec A CIIZ, 4,y (A)

and

spec A C IT% 1 (A),

where f(n) < = ([lall. + 17]l)

In this chapter, we are going to introduce a new idea to compute the
inclusion sets for the spectra and pseudospectra of A using one-sided finite

truncations. Let (X, ;) denote the range of M, (x.+), which is an n-dimensional
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k+n

Figure 4.2: The idea of the second method.

subspace of ¢*(Z). Now, recalling that A is the tridiagonal operator given by
(3.1), let
B+

n,k?

B’r;k : Xn,k — ka

be defined by

B+k = Mx(n,k) (A — /\I)*(A — /\I)M

n, X(n,k) ‘Xn,k
and
B;k) = Mx(n,k) (A - )\I) (A - )\I)*Mx(n,k) }Xn i
respectively, and let
ka . Xn,k - ‘€2 <Z>
be defined by

Then
C*,k‘ - M (n,k) (A - )\[)*7

n X
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and
+ _ *
Bn,k - Cn,kcmk

and, from Theorem 2.24,

min spec (B:[k) = minspec (C;, ,Cp i) = inf (C’;,kakgb, (b)

n

ls]=1
¢€Xn,k
= il (Coid Crsd) = il Cod]” = v (Co)”
d)EX;’k ¢€X;,k
Therefore
2 2
minspec(Bik)zl/«A—)\I)‘X k) >v(A—-A). (4.1)
Similary,
2 2
min spec (By,) = v ((A — D ) >u((A= M), (4.2)

Recall that, for the lower norm

v(B) = inf | Ba],

llzll=1

of an operator B on a Hilbert space X., it holds, by Proposition 2.15 and
Theorem 2.16,

v(B) > 0 < B is injective and the image of B is closed,
v(B) > 0 and v(B*) > 0 < B is invertible.

The latter motivates us to define

§(B) := min(v(B),v(B"))
= min(V(B*B),V(BB*))%
= min(spec (B*B) U spec (BB*))%
= min(Smin(B), Smin(B")),

so that one has

spec (B) ={A € C:{(B — \) =0}, (4.3)
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and
spec(B) ={A € C:&(B — ) < ¢}, (4.4)

by Theorem 2.26.
We now put, for k € Z,n € N and B € B({2(Z)),
&ne(B) := min (v (Blx,,) v (B[x,..))
= min (v (BM,mm]x,,) v (B*Mywn|x,,))
= min (spec (M, ww B*BM, wn]x,, ) Uspec (M, wn BB M, nnlx,,))

X X

N|=

and
.(B) = inf £,4(B).
From v(B) < v (Blx,,) and v(B*) < v (B*|x, ) it follows that,
£(B) < &,1(B) for all n, k, so that {(B) < &,(B). (4.5)

Recalling (4.3) and (4.4), we introduce the following sets:
Definition 4.1. Fore > 0,k € Z,n € N, and A € B({*(Z)), we put

H(A) = {A € T EuplA— AT) < 2}
and

(A :={AeC:&A-N) <e}.
Explicitly, this means that

’yg’k(A) = {A € C: min (y ((A - )\[)|Xn,k) U ((A — )J)*|XM)) <e}
= {X € C: min (spec (M, mm(A— M) (A= X)Monlx,,)

X
U spec (Mx(n,k)(A — /\)(A — /\)*Mx(n,k) |Xnk)) < 62} (4.6)
and T2(4) = | 7#(A).
keZ

It is interesting to compare (4.6) to the corresponding sets (pseudospec-

trum of two-sided truncations) used in our first method. These are

spec.An = {\ € C: minspec (Mymw (A — X)) M,wm (A = M) Mnw) <’}

X X

= {X € C: minspec (Mmm (A= A)M, w (A= X)) M n) <},

X X
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From (4.4), the definition of I'?(A) and (4.5), applied to B = A — \I, we

immediately get the following lower bound on spec.A :

Theorem 4.2. Ife > 0,n € N and A € B((*(Z)) then

I'*(A) C spec A. (4.7)

With very much similarity to Theorem 3.2 and Theorem 3.13, we can

accompany the lower bound (4.7) on spec.A by the following upper bound.

Theorem 4.3. Ife >0, ne€ N, w; >0, forj=1,...,n and wy = wy4+1 =0,
then
spec.A C I'Y, 4, (A),
where
T,
Fn) = (el +17lee) 4/ 5

n n—1
with S,, = Z wf and T, = w} + w? + Z (wit1 — wi)2.

i=1 i=1
Proof. Let X\ € spec.(A). Then either there exists z € (*(Z) with ||z]| = 1
and || (A — M )z| < g, or the same holds with A — AI replaced by its adjoint.
In the first case, let y = (A — X )z, so ||y|| < e. For i,k € Z, define egk), E},
and E;; as in the proof of Theorem 3.2.

For k € Z, let
Pk = ||(A — )\])Me(k)l'H .

Let Qg := || M x||. We will prove that P, < (e + f(n))Qx, for some k € Z,
which will show that v ((A -\ ) < e+ f(n), so that A € ’ygff(n) (A) C

T2 i (A).

M,
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Note first that, using (3.6) and (3.7),

P;? = ‘7k+1€](§?1xk+1 + ’yk+1€](g]21 — Oékxkel(clfgl + ’7k+2(€l(:21 - 61(21)1’%2 i

ktn—1 )

+ Z ‘yz + oy (ef! 9 - egk))l’z‘—l + %‘+1(€§i)1 - egk))xm
i=k+2

+ |Yk+nWn + ak—i—n—l(el(c]?n 1 el(c?n)xk-i-n 1— 'Vk—&-n—&-ll'k—&-n—&-le]g?n i + ’%m@@nxmn ;

k+n 2

< 37 (Il el + ol B bl + il Bl

i=k+1

+|%+1|2( ) |21 |* + [sn | ( k+n+1k) |Zhn]

So, for all > 0 and ¢ > 0, by Lemma 3.1,

k+n

®)? 1
P < Z (1+6) <|yi’6i ) +(1+0 )(\al 1|E1k|$z 1| + i | E k|x2+1|)
i=k+1

+”Yk+1\2( ) ‘xkﬂ‘ +’@k+n’ ( k+n+1k) ’$k+n’2
k+n+1

< Z [1+9 (|yi|e§’“>)2+<1+e—1> (14 0) ol (Bi)” b

_ 2 2 _ 2
+ (L4 ¢7) i) (E:rk) |xi+1‘2)] + g | (El:rk) (@] + [hn]® (Ek+n+1,k) |Thin]

Thus

2
SR <40 wl Y ()
keZ €L keZ

2
(1407 [<1 +0) llalZ { () + (Bra) -+ (B ) + () }
2
PO+ A () + (B + (o) + 4 (Bln1)” + (62, }]

<1+ Il Su+ (1467 (ol + W) VT)
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n
Moreover, Y- Q% = 33" w? |eiuf = S, Thus, and since [Jy]| < =,

keZ keZ =1

Sorz< a0+ 1407 (ol + b0 VE) 5] 50

keZ

<[A+0)E+ 1+ [f(n)]*] > Q.

kEZ
Applying Lemma 3.1 again, we see that
inf [(1+60)e" + (1 +07)[f ()] = (e + /(n))%,

so that

YR <(e+fn)*) QL

keZ keZ
Thus, for some k € Z,

P, < (e + f(n)) Q.
In the case that there exists € ¢* (Z) with ||z|| =1 and ||(A — X)*z|| < ¢,
we can show similarly that, for some k € Z, v ((A — A" ‘XW> < e+ f(n),
so that A € 'y:jrkf(n) (A)CTI™ (A). Thus the result is proved. m

e+f(n)
o Ty I
In order to minimise f(n) = (|||l + [|7ll) g e need to minimise R

where

T, = wi + (wy —wy)* + -+ (W — wp_1)? + w2,

S, =w?+wi+-+w?

n’

i.e. we need to minimise

T, _ |Bu|
Sn lwl]
where
1
-1 1
B = ,
-1 1
-1 1

(n+1)xn
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and w = (wy,wy, ..., w,)T.
Note that
Bu|? Bw, Bw)g,
inf —" = inf [1Buwlf w! = in (Bw, BU)gnis
lwl#0 Sy llwl#0  ||w]| loll#0 (W, w)gn
B*B il
= inf ( QU,UJ)R : :)\min (BTB)>
lwll20 (W, w)gn
where
2 -1
-1 2 -1
BB =
-1 2 -1
-1 2
nxn
We know that ) is an eigenvalue of BT B with eigenvector v = (v, va, ..., v,)T
iff BTBv = \v. i.e.
(2 - )\)1)1 — Vg = O, (48)
—Ui_1+(2—)\)7ji—vi+1:0 i:2,...,n—1, 49)
—Up_1+ (2= XN)v, =0. (4.10)
Set vg = v,+1 = 0, then the above equations can be written as
—Ui—1 4+ (2 = N)v; — v = 0,
for i = 1,...,n. As in the discussion before Corollary 3.6, we see that the

general solution is

v; = Ccos(j#) + Dsin(j0), j=1,...,n+1,

with 6 € (0,7) and 2cosf = 2 — \. Let D = 1. Since vy = 0, it follows that

C=0,i.e.
v; =sin(j0), j=1,....,n+ L

Since vp41 = 0 it follows that (n + 1) = kx for some k£ € N, so that

k
0, = —W, k=1,...,n. From 2 — \;, = 2cos f, we conclude that
n+1
) k
)\k:2(1—COS9k):4SiH2§k:4Sin22(n—_7::1>, kzl,...,n.
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It follows that Api, = A; and hence the minimal value for f(n) is

) = e+ 171 2 = (e + 1) VR

s
= 2s8in —.
(I + I) 2580 577

This minimum is realised by the choice w = (sin ]:1) for the weight
n .
J=1
vector w in Theorem 4.3.

Corollary 4.4. If ¢ >0, n € N | then
spec gA g F?—l—f(n) (A),

and
spec A C I}, (A).

where

) = 2sin (575 ) (ol + ), (a.11)

4.2 How to implement a program to approx-

imate the spectrum of an infinite matrix

A?

We are considering in this section how to compute I'?(A). Let (e(j))jez be

the canonical basis for £2(Z), i.e.,
€(j) = (Sija 1€Z

Note that, for x € (*(Z).

JEL
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k+n

where Ay = aj_l5m7j_1+ﬁj5m7j+'yj+15m,j+1,m,j € 7. For ¢ = Z que(j) S

Xk, the action of A |Xn,k : X — 2 (Z) is given by

k+n
(A ‘Xn,kqs)m = Z amj¢j, m e Z7
j=k+1
and, for ¢ € X, 1,
k+n
(A= XD |x,, 8),, = D (amj—Nomj) &,  meL
j=k+1

Further, for ¢ € (?(7Z),

(Mo (A= A" ) = (TG — Abjm) by, m=k+1,...

JET
Thus, for ¢ € X, and m=k+1,...,k +n,

(B 18)m = (Myimwy (A= XI)* (A= X) My )

= Z (@im — Aoim) ( Z (ai; — Adij) ¢j)

=/ J=k+1
k+n .
— Z Z (aim — )\(Zm) ((ai; — A6ij) ¢5)
1€Z j=k+1
k+n

j=k+1

Jk+n.

= Z Z (‘)\|2 5@m513 — X&;malj — )\CLJ_m(SzJ + MQU) ¢j

i€Z j=k+1
k+n

= Z ®; Z (’)\|2 dimOij — Xaz‘maij — XNaim0ij + maij)

j=k+1 i€z

k+n _ m+1
= Z (’)‘|25mj — Mmj — A@jm + Z mw) ¢;.  (4.12)

j=k+1 i=m—1

Let

J X X

O\ = (M iy (A = XD (A= X) M 00 ®)ys T =1

Sy,
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T
and let 0 = (v ol ufl,) and ¢ = (Gt duizs s drrn)
Then (4.12) implies that

6O = [N L = XM = MG+ A A 0,
where A, is given by (3.5) and

Vk+1
5k+1 V42

41 Br+2 Vk+3

Qhtn—3 Brtn—2 Vhtn—1
Qin—2 Brin—1 Ve+n

Ofgn—1 5k+n

(0%
ktn (n+2)xn

Similarly, we can show that if we let

O = (M iy (A = AI) (A= \I)* M. 00) e J=1.m,

J X X

T
2 2 2
and 9@ = <¢,(€J21,¢,(€J22, L ,w,ﬁjn) then

PP = [|>\|2 Ly — Mup — M, + A;,kﬁn,k} ¢

where
ay
ﬁkﬂ Opt1
Yere Brte  Okgo
An,k_

Ve+n—4 ﬁk-l—n—?) Qtn—2
Vitn—3 Bitn—2 Qkin—1

Vk+n—1 Br+n

Thtn+1 (n+2)xn

Define the n X n matrices C’ik by

+ _ AH jH
Cn,k - 1411,!@‘4717’C



CONVERGENCE OF ONE-SIDED TRUNCATION METHOD 110

and
CT;/C - /ii{kﬁn7k.
Setting
DE, = M’ I, — Nux — ML + CF (4.13)
clearly

min spec D}, = minspec (Mx(n,k) (A= XI)" (A= M) M, () |X k)
= minspec B, (4.14)

and

X

minspec D, = minspec (Mx(n,k) (A= X)) (A= XI)" M |X k)

= minspec B, ;. (4.15)

Recalling Definition 4.1, we see that, for ¢ > 0 and n € N,

I"(A) = {\ € C: &u(A— \) < &} (4.16)

3
where £,(A — \I) = {]iﬂné (min spec D, min spec D;k)} :
E b b

In the numerical results that we show in section 4.4 we compute the

inclusion sets I'; ) (A) for spec A using equation (4.16)

4.3 Convergence of One-Sided Truncation Method

From Theorem 4.2 and Theorem 4.3 we get
spec.A C T, 1, (A) Cspecey A (4.17)

for alle > 0,n € Nand A as in (3.1).

From Theorem 2.32, it follows that the set spec.A depends continuously

(in the Hausdorff metric) on € > 0, i.e.

en—e>0 = dy(spec. A, spec,A) — 0.
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By (4.11) it follows that f(n) — 0 as n — oo, so that
dy (spec€+f(n)A, speCEA) — 0, n — oo.
But from (4.17) it follows that
dy (F?H(n)(A), spec,A) < dy (spec€+f(n)A, spec,A) — 0,
as n — 00, so that

FTL

et f(n) (A) — spec_A and F}Z(n)(A) — spec A

in the Hausdorfl metric as n — oo.

4.4 Numerical Examples for Method 2

4.4.1 Shift Operator

As an example of Corollary 4.4, we will apply method 2 to the right shift
operator (3.41) and compare the result to the previous methods. Note that

for n € N, k € Z, the matrices Ank and gnk from Section 4.2 are in this case

o O =
S =
—_

_ o O
o O
o

Ang = and A, =

o O =
= o O

(4.18)
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Both matrices are of size (n + 2) x n and are independent of k. From (4.13)

we get that

D:;k:D;k:Dn =

Let w := 1/A/X. We can show that

G (D, - (N + 1)) G

where

We have already shown in Chapter 3 that the spectrum (eigenvalues) of

the matrix A,, of the form (3.48) is the set {2 oS (

It follows that

IA?+1
-\

A +1

—-A

-2

0
R

A
AP+1 =\
X PP+ =
X AP+
Al
0 [l
AL 0 A
AL 0 [A]
A0
(4.19)
n—1 0
0 w
nxn

spec (D, — (I + 1)1,,) = spec (—|A| A,)

{ran

mm

n +

mm
m=1,...,n,.
n+1> }

From (4.19), we have that (D,, — (I + 1)I,,) is similar to the matrix — [A| 4,.

mzl,...,n}.

nxn
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Therefore

spech—{])\|2+1—2|)\]cos<ﬂ> : m—l,...,n}.
n+1

minspec D, = A4+ 1 — 2|\ ¢,

and

[

En(A—=N) = Eup(A— M) = (AP +1-2]Ne,)?,
for all k € Z where ¢, := cos <nL—|—1> Consequently, by equation (4.16),

IPA)={ e C:&(A-N) <e}
={AeC: (N +1-2[)Nec,) <&}
={AeC: (N —-c)’ <+ -1}

From Corollary 3.15 we get that spec A C F;}(n)(A). So if we put € = f(n) in

the above computations, we get from (4.11) that

% (A) = {A € C: (|A = cn)” < 4sin® (Q(nz— 1)) te 1}
— (A eC:(MN—c)?<2(1—c))+E—1}
— (A eC: (N - )< (en— 1))
={AeC: A —cal <len—1=1—cu}
={AeC: |\ €26, —1,1]}

Thus, we have shown that

7 (A) = {A e C: A € 26, — 1,1},

so that our inclusion set for spec A is an annulus with center 0, outer radius
1 and thickness

71_2

2(1 —¢,) = 4sin® <ﬁ) <o
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f

uy’

L L

Figure 4.3:  Plots of the sets X%, (A),II%,,(A) and I'},(A) which are in-

clusion sets for spec A, where f(n) is given as in Corollary 4.4, where A is
the shift operator, Vi, with spec A = T. Shown are the inclusion sets com-
puted from methodl (column 1), method 1* (column 2), method 2 (column
3) when n = 4,8 and 16.

Thus
n _ 102 T
dy <Ff(n)(A),spec A> = max (4sm <—2(n n 1)) ,0)

2
— 4sin? il T 0
o (2<n+1>) CEE

as n — oo. Therefore, F?(n)(A) — spec A as n — oo in Hausdorff metric, as

shown already in section 4.3. Now we have a rigorous analytical description

for all of the images in Figure 4.3.
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4.4.2 3-periodic Bi-diagonal Operator

As the second example, Let us consider the case when when A is the bi-

diagonal matrix,

, (4.20)

with only the main diagonal and the first superdiagonal non-zero, and both

of these periodic with period 3.

We can compute explicitly that
spec (A) ={A€C: N =N+ A+ 1=2¢"0¢€ [-m,7]}.

From Figure 4.4, we can see that, when n is getting larger, the inclusion set
W is converging to spec A faster than W of method 1* which uses
the periodised submatrices. We would not compare method 1 to method 2
because we believe that they converge to different sets. However, from the
numerical results, this seems to convince us that method 2 produces the

inclusion sets which give us the fastest convergence to spec A.
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N \
( ( [
\ / \ \ J
™
: N
-
( ¢ ol | [ |
_—
) [ ) ) (N )
\ \ / )
S
‘ = ——
i N~ ) —
\ , \ ) \ /)
‘ — ~—
Figure 4.4: Plots of the sets X%, (A),1I%,,(A) and I'}(A) which are

inclusion sets for spec A, where f(n) is given as in Corollary 4.4, where
A is the periodic bi-diagonal operator which has «; = 0 for all i, (3;) =
(..,1,-1,1,1,—-1,1,...) and (o) = (...,1,1,2,1,1,2,...). Shown are the
inclusion sets computed from methodl (column 1), method 1* (column 2),
method 2 (column 3) when n = 8,16, 32 and 64.



Chapter 5

Spectral Properties of a
Random Tridiagonal Matrix
Arising in Non-Self-Adjoint

Quantum Mechanics

In this chapter, we will investigate the spectral properties of our infinite

tridiagonal matrix of the form

0 1
by 0 1
Ab = by 0 1 ,
by 0 1
by 0

where b = (b;) € {£1}%, which is a non-self-adjoint tri-diagonal matrix. We
will be particularly interested in the case where the entries b; are chosen
randomly. In the first section, we will discuss some related research work

which gives us some inspiration.

117
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Figure 5.1: A picture of spectral plot from a talk of A. Zee at the Math. Sci.
Research Institute, Berkeley in 1999.
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5.1 Background and Motivation

Recently, there has been a great deal of work on the spectrum and pseu-
dospectrum of doubly- (and singly-) infinite random tridiagonal matrices
and their finite sections (e.g. [1, 5, 6, 11, 16, 17, 19, 20, 23, 24, 25, 29, 37, 39,
40, 45]). In 2001, Trefethen, Contedini and Embree [48] studied the spectra

and pseudospectra of random bidiagonal matrices of the form

Tn
nxn

where each z; is a random variable taking values independently in a compact
subset of C, from some distribution X. If the entries on the main diagonal
generate from X = [—2,2] with uniform probability, this random matrix A
is associated with the “one-way-model” by Brezin, Feinberg and Zee [5, 16,
17], when the entries on the main diagonal generate from {1}, then they

obtained the following matrix

1 1
+1 1

1 1
+1

nxn

In order to prove the main result, they started characterising the spectra,
pseudospectra and numerical range of the finite matrix A,,. The main idea of
the proof is to show that for every A € C they have conditions on the norm
of resolvent (A, — A\I)~! which guaranteed the exponential growth, guaran-
teed almost sure exponential growth, guaranteed almost sure subexponential
growth and guaranteed boundedness as n — oo. It follows that the set of

complex numbers has been divided into 4 regions according to the behaviour
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of (A, — XI)™1, i.e. delocalized (surely), delocalized almost surely, localized
almost surely and localized (surely). Note that (A4, — AI)~! is said to be
localized if the entries of the colums in (A, — A\I)~! decay exponentially with

distance from the diagonal and delocalized if they do not.

Then they proved results for the case of infinite bidiagonal matrices, finite

periodic matrices and bi-infinite bidiagonal matrices A of the form

1 1
+1 1

+1

respectively. The main result for a random bidiagonal doubly infinite matrix
case is, with probability 1, spec A is the union of the regions which are
delocalized almost surely and localized almost surely. Precisely, spec A is the

union of the two closed unit disks centred at 1 and -1, respectively.

In 2008, Lindner [35] generalizes the above result for the case of one
random and one constant diagonals to the case of two random diagonals, so
that

o_1 T
0o 70
01 T

02

where o}, € ¥ and 7, € T are taken independently from a random distribution
on X and 7, which are arbitrary compact subsets of C, respectively under
the condition for every e > 0,0 € ¥ and 7 € 7, that Pr(|oy, — 0| <€) and
Pr(|m, — 7| < €) are both non-zero. This is a proper generalization of [4§]

because the set 7 may contain zero. For every ¢ > 0, define
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X = U U.(0) and X = ﬂ U.(0)

oEY >
where U.(0) = {A € C: |\ —0| < €}. He then proved the following nice

result:

Theorem 5.1. If A is the random matriz shown in (5.1) then, almost surely,
spec A = spec,, A = X1\ ¥
where T'=max{|7| : 7 € T} and t = min{|7| : 7 € T }.

If all entries on the main diagonal and on the upper diagonal take values
independently from the sets ¥ = {+1} and 7 = {1}, respectively, then it
is obvious from Theorem 5.1 that the spectrum of that infinite bi-diagonal
matrix is the union of the two closed unit disks centred at 1 and -1, respec-

tively.

Moreover, Lindner computed the spectrum of doubly infinite random ma-
trices of the form (5.1) where (0;) and (7;) are pseudo-ergodic +1-sequences,
by looking at the union of spectrum of finitely many limit operators. Since
the set 0°P(A) is very large and very difficult to compute, he computed the
spectrum of bi-infinite random 4+1-sequence matrix by considering only pe-
riodic limit operators. He approximated the spectrum of the infinite matrix

by the union of all eigenvalues of every possibility n-periodic limit operators,

o0

Spec per A 1= U U SPECpoint B |
n=1 \ BEP,(A)
where P, (A) C 0°®(A) denotes the set of all limit operators of A with

n—periodic diagonals. Then he proved that spec ;A is dense in spec A.

There are some difficulties to study the spectrum of A’ and to find the
explicit form of eigenvectors. First of all, the eigenvalues of the finite section
matrices of the infinite bidiagonal random matrices can be found more easily
than those of the finite section matrices of the infinite tridiagonal random

matrices since the eigenvalues of the finite section matrices of the infinite
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bidiagonal random matrices are already the entries on the main diagonal of

those finite submatrices.

Moreover, computing the spectra and pseudospectra of infinite bidiagonal
random matrices is a lot easier than computing the spectra and pseudospectra
of infinite tridiagonal random matrices. The reason is, to find the eigenvectors
of bidiagonal matrices we need to solve 2-term recurrence equations which is
less complicated than finding the eigenvector of infinite tridiagonal random

matrices which satisfy a 3-term recurrence relation.

In 1999, to the best of my knowledge, leading quantum physicists includ-
ing Anthony Zee, Joshua Feinberg started studying to describe the propaga-
tion of a particle hopping on a 1-dimensional lattice. Feinberg and Zee [16]
studied the equation

Va1 + Th—1Vk—1 = AUg (52)

where the real numbers r; are generated from some random distribution and
A is the spectral parameter. Zee and Feinberg studied the distribution of the

eigenvalues of the n x n matrix A% defined by

0 1
b0 1
o b 0 1
bz 0 1
bur 0

which is obtained from (5.2) when vy = v,11 = 0 and each by, is £1, randomly.
They noticed that when n was large, the spectrum has a complicated fractal-
like form. The matrix A” is obtained from one of the simple models suggested
in [28]. They studied the eigenvalues of the finite section matrix A% and

rewrite the equation (5.2) into the transfer matrix form

<$k+1> —T._, ( Tk )
Tk Tr—1
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A —b
T —
Let P = [p11  pi2] be a vector defined by P := T,_;---T5T). Then they

determined the eigenvalues once they solved the equation Ap;; + p12 = 0.

where T} defined by

They had also noticed that when they considered a large finite subsection,

the spectrum has a complicated fractal-like form.

In 2002, Holz, Orland and Zee [28] studied the spectrum of the infinite
random matrix A® for all 6 possible cases with a 4-periodic sequence. They
found that the spectrum for each of these 6 patterns corresponds to a certain
curve. In this paper, they stated some open questions on the spectrum of the
infinite random matrix e.g. does the spectrum contain a hole in the complex

plane or not? Is the spectrum of the operator localized or delocalized?

In 2010, Chien and Nakazato [10] studied the numerical range of tri-
diagonal operators A defined by Ae; = e;_1+717e; 1, where r € R, j € N and
{e1, €9, ..} is the standard orthonormal basis for £*(N). In the third section
of this paper, they emphasised the case r = —1 and they showed that

W(A)={2€C:—-1<Re(z) <1,-1<Im(z) <1}
\ {1441 —d,—1+i,—1—i}.

5.2 The Initial Investigations

Consider the n x n finite section matrix of the form

0 1 0
by 0 1
Al = by (5.3)
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All eigenvalues \ and eigenvectors (or eigenfunctions) = of A% satisfy
Abx = \r.
Taking norms on both sides, we have
Azl = lIAz] = [[Anz|| < [[An] ll]

le.
Al < [J4a]-
In particular

4 = ms 3 el =2,
n

Also for the infinite case, HA%H = 2, so |A] < 2. Further, from the basic
property of Toeplitz operators (see [4]), we know that

9}

has symbol a(t) =t + ct~! where t € T = {t : |t| = 1}. If c = 1, it follows
that

spec A= {e? 4+ e .0 cR} ={2cos0: 0 € R} =[-2,2] (5.4)
and if ¢ = —1,

spec A= {e —e7 .0 c R} = {2isinf: 0 € R} =i[-2,2]. (5.5)
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Figure 5.2: The plot of all eigenvalues of all possible finite matrices of order
n=2,3,4 and 5.
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5.2.1 The Symmetry of spec A”

From Figure 5.2, we can see the symmetry of spec A%. This suggests us

to prove rigorously the symmetry properties of spec AZ;L and spec Ab, respec-
b

n’

tively. To study the symmetry of the spectrum ofA?, we need to prove the

following proposition:

Proposition 5.2. Let n > 3. The characteristic polynomial of A® is an odd
function if n is odd and it is an even function if n is even. Moreover, for
n >3,

Dy, :=det(AY — XI) = —AD,_1 — by_1D, 5.

Proof. We are proving this statement by using mathematical induction on
the size of the finite section, n.

Basis Step : If n = 3 we consider the matrix

0 1 0
As=1b 0 1
0 by 0

The characteristic polynomial for Az is det(Az—AI) = —A3+ (b +by) A which

is an odd function no matter what by, by are.

If n = 4 we consider the matrix

01 00
b 0 10
A=
0 b 0 1
0 0 b3 0

The characteristic polynomial Dy is
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Dy = det(A4 — \I) =

127

_b3

by =\

Since Ds is an odd function, it follows that D, is an even function. In

addition,

Dy = (=\)Ds — (b3)Ds.

Inductive Step : Let k be any integer such that for every [ < k, then
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is an odd function if ! is odd and is an even function if [ is even. Consider

X1
by —A 1
by —XA 1
by —\ -
det(Ap1 — M) = ’ (5.6)
S
bes —A 1
beoi —A 1

-\ 1
by - 1
by -\ 1
det(A2; — M) = (=)) - by —A
1
bees —A 1
bt —A
-\ 1
by —A 1
by —\ 1
— (1) by —A
1
bros —X 1
0 by
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A1
b 1
by —A 1
= (=\)- by —A
1
s —A 1
b1 —A
A1
b 1
by —A 1
= () by —A
1
bes —A

= (—A)Dk — kak—1~

By the induction hypothesis, we can see that, if k£ is odd then Dy is odd
and Dj_q is even i.e. Dy is even and if k is even then Dy is even and Dy

is odd i.e. Dy is even as desired. m

Note that every odd function satisfies f(0) = 0. As a result, if n is odd
then det(A% — A1) can be factorised as det(A2 — AI) = X-m()\), where m(\)

is an even function. As a consequence, if A is a root of the characteristic

equation, so is —A.

Because all coeficients of D,, are real, all its complex roots come in con-

jugated pairs, so that with \ also \ is a root of D,,.

In the next subsection we are proving the symmetry property of spec A°.

5.2.2 The Symmetry of spec A

From the results in the subsection 5.2.1, we have already shown that the
spectra of the finite submatrices of A’ are symmetric about the z—axis,

y—axis and 90° rotation around the origin. This suggests us to show that
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if A € spec A’ then —\ and X also belong to spec A®. We need to recall the
definition of pseudo-ergodic in our case. A sequence (b;) € {+1}” is said to
be pseudo-ergodic iff every finite pattern of +1’s can be found somewhere in

the sequence 0.

Proposition 5.3. If b is pseudo-ergodic then,
oP(A") = {A°: c e {£1}7}.
Proof. This follows from A” = M,V; + V_; and Proposition 2.55. m

Proposition 5.4. Ifb € {jzl}Z is pseudo-ergodic (which holds almost surely

if b is random ) then

1. It holds that

spec A® = spec, A" = U spec A° = U SPeCpoins A%, (5.7)

ce{+1}2 ce{£1}?
so in particular,
SpecperAb = U specgerAb C spec A (5.8)
neN

(see Fig.5.3, Fig.5.4 and Fig.5.5), where

per point

spec” AP = U specoo..i A (5.9)

ce{£1}~ n—periodic

2. spec A® is invariant under reflection about either azis as well as under

a 90° rotation around the origin.
Proof.

1. By Proposition 2.53, i.e. for any A € W,

SpeCy A = U spec B = U SPECpoint B,
Beoor(A) Beo°or(A)
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and Proposition 5.3, i.e. 0°P(A%) = {A°: c € {£1}*}, we will get that

specy, A’ = U spec A® = U SPECpoings A
ce{+1}2 ce{£1}Z

Moreover, we can see that spec A® C U spec A = spec  A°. On
ce{+1}%
the other hand, of course spec,,, A® C spec A°. Therefore we obtain the

desired result as in the proposition.

2. we let A € spec A® = U spec™. A° ie. A\ € spec. . A? for some

point point
ce{+1}%

d € {£1}%2. Hence we have that A% = \v. Now we will show that

—\ € spec A°. Choose a vector © where 0, = (—1)*vy, then

A% = M e dy_qvp_1 — Moy + Vks1 =0
& oy (D opr) = A (Do) + (=1)F oy = 0
& dit (1) opr) + A (1) o) + (=) oy = 0
& A% = —\b

& —\ € spec®. AL

point

We are now showing that if A € spec A® then \i € spec A°. Choose a

vector v’ such that v}, = ifuy.

A% = e dj_jvp_1 — Mg + Vky1 =0
S di g (ik“vk,l) Y (ik“vk) + iy =0
& —dj_y (IF o) = i (Fop) + o =0
& ep_1Vy_q — Niv, + v =0
& A% = i

< \i € specoo. A

point

where e = —dj, for all k € Z, so that also e = (e,) € {£1}% and hence

i € spec A®. Moreover, we know

(4 -an7)

we can conclude that A € spec A°.

e =307 <]
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Hence, —\, \, \i € U SPECpoin; A° = spec A®. Therefore, spec A? is invari-
ce{+1}%
ant under reflection about either axis as well as under a 90° rotation around

the origin. m

5.2.3 Numerical Range of A°

In this section, we will show that the numerical range of A’ is equal to

D={a+iy:zyeR lz +]yl <2

Proposition 5.5. If b is pseudo-ergodic, then

D C W(AY,

and
D C W(AY).

Proof. Let A\ € D = {z+iy: z,y € R, |2|+]|y| < 2}, which is the square with

2,—2,2i and —2i as its corners. From (5.4), (5.5) and Proposition 5.4, we

know that [—2,2] U [—24,2i] € U spec A° = spec A”. Note that T (A
ce{+1}2

is convex and spec A> C W(AP) by Theorem 2.28, it follows that the line

segments [—2,2],[—24,2i] and {(x +yi) € C: |z| + |y| = 2} are in W(A?).

From the convexity, it is implied that A\ € W (A?).

Now, we are proving that D C W(A®). Let u € D. Since D is an open
set, there exists e > 0 such that B, (u) € D. We claim that p does not
belong to the boundary of W(A®). Suppose not, it also means u belongs

to the boundary of W (A?), i.e. for every ¢ > 0, B.() N W(A?) # ¢ and
_____\C
B.(n) N (W(Ab)) # ¢, where A® is the complement of a set A. Since

D C W (AP), there exists ¢ € B, () such that ¢ ¢ D which contradicts the
fact that B.,(u) € D. That means the supposition is not true. Therefore,
DCW(AY). m

Lemma 5.6. Vz,y € (*(Z), (z,y) = (T,7).
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Proof. Let x,y € (*(Z). Then

Lemma 5.7. If A € W(A?) then X € W(AY) and —\ € W (AY).

Proof. Let A € W(A?). So, there exists a unit vector v € ¢?(Z) such that
A = (A%, v).
Claim \ € W(AY).

A= (Abv,v)
since (z,y) = (z,7),
— (AP, )
since every entry of A° is real,
= (Ab9, D).

Since ||o]| = ||v|| = 1, it follows that A € W (A?).
Claim—\ € W(A®).
Since
—A = —(Abv,v) = (Avi, vi),
and |[vi| = |Jv|| = 1, it follows that —\ € W (A°). m
From Lemma 5.7, we know that if a + bi € W (A®) then a — bi € W (A®).

Therefore, W (A®) is symmetric about the real axis. Since we know that a —bi
belongs to W(A®) if a + bi € W(A?) and —(a — bi) also belongs to W (A®).
Thus, —a + bi € W(A?) if a + bi € W(A?). As a consequence, W (A?) is

symmetric about the imaginary axis



5.2 THE INITIAL INVESTIGATION 134

For the next lemma, we will show that W (A%) € D. We need to show

some facts about the real part of the numerical range as following :

%[(Av, v) + (Av, 0)]
_ %[(Av,v) + (v, (A) )]

= %[(Av, v) + (A, v)]

Re(Av,v) =

= (Bv,v)

where A € B({*(Z)) and B = (A + (A*) is self-adjoint. This is very helpful.

1
2
Lemma 5.8. Re(e's (A, v)) < v/2, for all v € 2(Z) with |jv| < 1.

Proof. Since A® = MV} +V_; and (A®)* = V_ M, + Vi, it follows that
eTAb = M i Vi + eTV_ 1 and (eT Ab)* = VoM i + e~ TV,, and let

1

Br i— 5(6%4’ + (e%Ab)*) = (MVL +V_1M,),

LE}

where ¢ = 5(8%5 + e_%), ie., |lc]|, = . From the previous statement

Sl

before this lemma, we know that
Re e%(Abv,v) = Re (e%Abv, v)
= (Bzv,v)
= (M Viv,v) + (Vo1 Mzv,v)
< el o (Viw,w) + (Voqw,w))  where w; = |v;].

Claim 1. Vjw # mw for every constant m. Suppose Viw = mw for some
constant m. We have ||Viw|| = ||mw]|. Since V; is an isometry, 1 = ||V} =
|m|. Tt follows that |w;| = |w;41] for every i. That means, the sequence
w = (w;) ¢ ¢*(Z), which is a contradiction. Therefore the supposition is not
true.

Claim 2.|(Vijw,w)| < 1 and |(V_ w,w)| < 1.

By Cauchy-Schwarz Inequality and Claim 1. we know that the equality

doesn’t hold in any case, i.e.

|(Viw, w)| < [Viw]] Jw] = 1.
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: %
f

12 13
Figure 5.3: This figure shows the sets U spec” A® and U spec™ A’ | as

per per
n=1 n=1

defined in (5.9).

Similarly, we can show that |(V_jw,w)| < 1.
Hence, |(Bzw,w)| < |lc], (I(Viw,w)| + |(Vow,w)]) < (=5)2 = V2. It

follows that Re eT (AP, v) = Re (Bzw,w) < V2. m

Consequently, by proposition 5.5 and lemma 5.8 we have the following

result:

Theorem 5.9. Let D = {z +iy : x,y € R, |z| + |y| < 2}. If b is pseudo-
ergodic then D = W (A?).
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Figure 5.4: This figure shows the sets spec”  A°, as defined in 5.9, for n =

per

1,...,15. Note that each set specgerAb consists of k analytic arcs, where

2"/n < k < 2" Recall that Fig.5.3 shows the union of the first twelve

pictures and thirteen pictures, respectively, of this figure.
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Q
222
L

Figure 5.5: This figure shows the sets SpecperAb, as defined in 5.9, for n =

16,...,30. Note that each set specperAb consists of k analytic arcs, where
2" /n < k< 2™
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o« o e e o o ee e o o . e o o e com mne cmece woonss samomee

Figure 5.6: This figure shows the union U spec A7 of all n x n matrix
ce{£1}n-1
eigenvalues forn = 1,...,15. Note that the first picture we have used heavier

pixels for the sake of visibility.
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%o
000
o0

Figure 5.7: This figure shows the union U spec A; of all n x n matrix
ce{£1}n-1

eigenvalues for n = 16, ..., 30.
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5.3 Spectral Theory of Periodic Matrices

Recall from Proposition 5.4, if b is pseudo-ergodic, we have the following
result:

spec (A°) = spec,,, (A?) = U specoimt (A°). (5.10)

ce{£1}2

Generally it is difficult to evaluate the rightmost term in (5.10) since it
would be a very large computation and the point spectrum of A€ is some-
times difficult to determine. We are presenting the approach which has
been used by Davies and co-workers which is to look at a large number
of periodic limit operator of A®. More precisely, one look at the subset

U specte. B of spec A for large values of n € N. We know (see

point
Beo°P(A),n—periodic

e.g. Lindner [36, Theorem 5.37]) that spec B = spec2. . B if B is n—periodic

point

and its computation reduces to the computation of the spectra of certain fi-
nite matrices by treating B as a block Laurent matrix with n xn block entries
( see Section 5.3.2 and 5.3.3 for the known related results).

5.3.1 The Point Spectrum of the Matrix A°

In this section we will discuss about the point spectrum of A® when b is
N-periodic. Let A be an eigenvalue of A” with a corresponding eigenvector

x € (*(Z). Then Abx = Az, \ # 0, i.e.

bjxjfl - )\l‘j + T = 0, ) E L

Y am (), ez
Tj+1 Ly

1
)\) . Note that M; y = M; for every j € Z. Then

1.e.

0
where M; = (

J

TmN-1 :]T/[/ T(m—-1)N-1 ’ m e
TmN T(m—-1)N
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where

Thus,

(me—l) — M (“T‘l) ., mez. (5.11)
TmN Zo

Lemma 5.10. If C' is an wnwvertible 2 x 2 matriz and v is a non-zero 2 X 1

vector and (C™v),ez is a bounded sequence, then C has an eigenvalue pi with

|l = 1.

Proof. Let C = XDX ™! be the Jordan normal form of C' with

either D = a0 or D= a0
0 b 1 a

depending on whether C' is diagonalizable or not. If there exists a nonzero

vector v € C? such that C™v = X D™X v remains bounded as m — 400

. B T
then there is also a nonzero vector w := X ‘v € C?, say w = , such

Yy
that D™w = X ~1C™v remains bounded as m — 4o0.

Case 1. (Diagonalizable case). If D is the first one of the two matrices

7e=(v ) ()= ()

Since this is bounded as m — +o0o we know that both |a™xz| = |a|™ |x| and

above then

|b™y| = [b]"™ |y| remain bounded and hence (|a| =1orz =0 )and (o] =1
or y =0 ) hold. Since w # 0, not both x and y are zero and at least one of

la| and |b| has to be equal to 1.

Case 2. (non-diagonalizable case). If D is the first one of the two

matrices above then

m a™ 0 x a™x
D™ = = .
ma™t a™) \y ma™ o + a™y
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Since this is bounded as m — £o0o we know that the first component |a™z| =

la|™ || is bounded as m — +oo. This implies that |a| = 1 or z = 0. If
la| = 1 we are finished and if z = 0 we get from the boundedness of the
second component |ma™ 'z + a™y| = |a™y| = la|™ |y| that |a| = 1 since

y#0byw#0. m

From Lemma 5.10, we know that M has an eigenvalue o with o] = 1.
h
Let (k) be the corresponding eigenvector. Define the sequence z = (z;);ez

by
z_1=h and zy=k

which is satisfied
bjzj—l — >\Zj + Y1 = 0, j € 7.

From (5.11), for m € Z,
ZmN—-1 Y Z-1 — " Z-1 .
ZmN 20 20

2N Z_
So, it is easy to see that z € ¢>°(Z). In particular, ( N 1) =« ( 1) .

ZN 20
Thus
-A 1 0 ... ba! 20
bp =X 1 ... 0 %
: bo : =0
0 ... . =A 1 ZN-2
a 0 by_1  —A ZN-1
i.e.
20
21
(A% +Byoa—AD)| + | =0
ZN-2

ZN-1
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where, for N > 2

0O 1 O
by 0
Aljjv: Dby
0
0 by-1 O
and
b

0

Bno = 0
0O ... .0 0
a 0 ... 0 0

By, can be written in the form (By )i = 0;10; sboa™" + 8; y0j 1. This is
an excellent way to write it because it works even for the periodicity N =1,

provided we set A; = 0. Let
Al o =AY + By
We have shown that, if A € spec?; . (A%) then A € spec Ay, , for some o with

la| = 1.

Conversely, let A € spec (4% ) for some a with || = 1. So, there exists a
bounded non-zero vector z = [zg, 21, ..., xy-1]" such that (A% , —AI)z = 0.
Then, defining xy = axg and x_1 = a txy_1, it follows that

bj.%j;l — )\xj + Tjy1 = O,
for 0 < 7 < N—1. Define the bounded sequence y by y, = a™x; if k = mN+j
for some m € Z and some j in the range 0 < 7 < N — 1. Then, for k € Z,
biYr—1 — AUk + Ypy1 = a"bjj1 — o™ Az + aMwjp =0,

i.e. there exists y = (yx)rez such that (A° — XI)y =0, i.e. X € spec®, . A°.

point
Then, we have shown the following result.

Theorem 5.11. If b is N-periodic with N € N then

spec A* = spec,, A’ = spec®, A = U spec Alj’vja.

point

|laf=1
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Example.
Case 1 the period N =1 (Laurent Operators)

spec (A% o) = {A : det(AY , — AI) = 0}
={A:ba ' +a— =0}

Therefore

spec®, (A% = {bpa ' +a: |a| = 1}.

point

In particular, if by = 1 then

spece (A ={a ' ta:|a=1}={*+e s € R} =[-2,2],

point

and if by = —1 then

spece (A ={a' —a:|a| =1} = {* — e : s € R} = [24,2i].

point

Case 2 the period N = 2.

—A boCY_l +1
b1 + o —A
={A: A — (b +a)(bpa™t +1) =0}
= {\: X2 — (bobya™t + by + by + ) = 0}

spec (A ) = {\: =0}

bob
= {A: A= 2% by + by + a}

0[2 + (bo + bl)O{ + b0b1
(e

={\: N\ = }.

Therefore,

spec (Ab) = {i\/<b0 i Oé)a(bl +) s al =1}

point

144
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In particular, if by = 1 and b; = —1 then

point

spec, (AY) = {i\/(a i 125()[ —b el =1}

a? -1
:{j:

={£Va—al:|a| =1}
= {£V2isinf : § € R}
= {+eT\p: —2i <p <2}

= deT[—V/2i,V2i).

el =1}

Case 3 the period N = 3.

-2 1 b()O./il
spec Ay, ={A:|by -\ 1 |=0}
(0% bQ -

= {\: =A% —a — bobibya ! 4 boA + byA + byA = 0, where |a| = 1}
={A: =X\ + (by + by + bo)A — (a + bobiboa™t) = 0 where |af = 1}.

If b, € {1,—1} for every i € Z, it follows that

spec®. (AP = {X: =X 4 (bg + by + by)A — p = 0, where p € [—2,2] U [—2i,2i]}.

point

In particular, if b = 1,by = —1 and by = —1 then

specoi (A”) = {A: =A% = XA — p =0, where p € [-2,2]}
={\:2< - -A<2}
={\:-2< N+ 1<2).

In the next section, we will prove the same Theorem 5.11 by a different

technique.
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5.3.2 Computing the spectra by using Floquet-Bloch

Technique.

As we noted at the beginning of section 5.3 the characteristic of the spec-
tra of A is Theorem 5.11 is not new, but is known as a standard part of
Floquet-Bloch theory. In particular, it can be derived from the following
result [Theorem 4.4.9, [13]]

Theorem 5.12. Let K be a finite-dimensional inner product space and let

H = (2(ZN,K) be the space of all square-summable K valued sequences on

ZN. Let A:'H — 'H be defined by

ANM) == 3 o

mezZN

where a : ZV — L(K) satisfies Z lla,|| < oo. Then

nezZN
spec (A) = spece,, (A) = | spec (b(6))
oel—m,m|N

where

for all 0 € [—m, m]N.

Let us show how this theorem implies Theorem 5.11. In fact we shall

show a slightly better result.

Let A be a bounded operator on (*(Z) with a tridiagonal matrix [A] =
[@mn)mnez, 1.€. one that satisfies a,,, = 0if [m —n| > 1. Suppose also that A

is periodic with period N in the sense that a,,+nntN = @y, for all m,n € Z.
Let o : Zx{0,1,..., N—=1} — Z be the map o(m, j) := Nm+j. It is easy
to show that o is injective, and by using Division Algorithm, we can show that

o is surjective. Therefore o is bijective. Since 0 : Z x {0,1,..., N -1} = Z
is a bijection, clearly, the mapping f : ¢*(Z,CY) — (*(Z) defined by

flz) =z,
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for x € (*(Z,CY), where 7 € (*(Z) is defined by f(x)(o(m,j)) = (x(m)); or
z(o(m,j)) = (f~Yx)(m)); ,m € Z, j€{0,1,... N —1} is a bijection and it
is also isometric !, and so an isometric isomorphism. Thus (%(Z) = ¢*(Z,CN).
For g € (*(Z),
(Ag)(m) = Zamngn, m € Z.

nez

Let A € L((*(Z,CN)) be defined by
A= fLAT.
Then, for every A € C,
A=A=fTA=A)f

SO

spec (A) = spec (A).
Moreover, for x € (*(Z,CN), m € Z,i € {0,1,...,N — 1}

((Az)(m)); = (fAz)o(m, i)
= f(f "Afx)o(m,q)

= AZo(m,1)

- E Qg (m,i)nTn

nel
N-—1

= Z Zaa(m,i),d(nyj)ja(”vj)

J=0
1

N-1 N-1
! Since |1/(@)] = J > lalo(m. i) = J >3 wm)f =
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where C,, € L(C") has matrix representation (Cp)ij = Go(mi)o(0)) =

Qg (m+N,i),0(N,j)-
Since @y, = 0 if [m —n| > 1, it follows that Y [|Cyll = [|C_1]| + [|Col| +

neL
I|Cy ]| < o0.

Then, from Theorem 4.4.9 in [13],

spec (A) = spec (A)
— U spect®))
oe[—m,x]
= U spec (C_1a + Cy+ Cra™)
|a|=1
define a; := a;;41,b; = a4, ¢ := a;11; and let Cj, = C_ja + Cy + Cra™t,

1.e.

0 0 bo a; O
0 ... 0 g by as
CNa=1: 0 . . ‘la+]|: c
O ... . 0 0 0 ... . byoo an-—
a 0 ... 0 O 0 0 ... ecy—1 by
0 0 ¢
0 0 ... 0
+ 0 at
0
0o ... 0
bp a1 O coor™ !
i by oay ... 0
= Co
0 ... "-. by_a an_1
ace 0 ... cy_1 by_a

We have shown the following result:
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Theorem 5.13.

spec (A) = U spec (Cn,a),

where Cy o = Cn + DY, such that

b1 aq
cy by
C3
0

=1

0

a2

bn-1

CN

— -1
and (D?\é[>mn - m,lén,Ncoa + 5m,N5n,1a0a-

Clearly, Theorem 5.11 follows from the result which implies that

aN-—1

b

spec (A°) = U spec (A% 4)-

laf=1

5.3.3 An alternative view point

149

From the view point of S. Préssdorf and B. Silbermann [41], by using the

concept of isomorphism to rearrange the entries of the matrix A®, we can

consider our matrix as a finite matrix with each entry is Laurent.

Then

we can compute the spectrum by using the concept of symbol of Laurent

operators.

with b = (b;);ez periodic, i.e. by =

0
b1

2(Z) — ((*(Z))N, defined by

1
0
bo

1
0
b

1
0

by

1
0

bj,j € Z. Since the mapping f :
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T_1
T

Zo — )
TN+1

X

TN42

is a bijection and also isometric?, hence (2(Z) = ((2(Z))". Let A =

fAYf~! be defined by

l‘(]_) A~11 A~12
Ab .73'(2) B A21 AQQ

Ay
Aon

Ann

cach A;; is Laurent then A" : ((2(Z))N — ((*(Z))N.

(1)
(2)

z(N)

From [41, section 4.98], we know that, if A is a Fredholm operator, then

(detsmb A)(t) #0 for all t € T
ftN=2

—A 1
)\ 1 1
)\ 1 1
Ab N\ =
11 )\
11 )\
1 )\

N—-1
2 Since ||f($)H = IZ ‘LL']'|2 = \l Z Z ’xa(m,i)’Q =
JEZL 1=0 meZ

N—-1
$ Y llz(@)I* = |z
i=0
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We have then that

smb (AP — \I) = ( A 1_t>.

1+1 A

If N > 3, then we have

-2 1 0 - ... apt
a —A 1 . .. 0
~ 0 ay —A 1 0 1
smb(A—A) =~ . .| = Al =M for o= Z)'
0 anN—2 —A 1
% Ce anN-—1 -

Since spec (AY) = spec (AY) and from Theorem 5.11, it follows that

{\ € C: Ab — M is not invertible } = spec (A?)
— spec (A?)

= | spec (44 ,)
|a|=1
= [ J{reCidet(Ay, — M) =0}

laf=1

= {\ € C: det(smbAb — X\I) = 0 for some ¢ € T}.

In the next section, we will construct a sequence b € {+1}% for which

specio;: A° contains the open unit disk. As a consequence of (5.7) and the

closedness of spectra, this shows that spec A” contains the closed unit disk.

5.4 Eigenvalue Problem meets Sierpinski Tri-

angle

Fix A € C. In this section we are looking for a sequence b € {4-1}Z such that

A € specpy, A% that is, there exists a non-zero v € (*°(Z) with A’v = Av,
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K L I I L I L L I L
2 18 1.82 1.84 1.86 1.88 19 1.92 1.94 1.96 1.98 2

Figure 5.8: This figure illustrates a zoom into the set U spec A5, i.e.
ce{+1}24
the 10th picture of Fig.5.7

1.e.

v(i+1) = Av(i) — b(i)v(i — 1) (5.12)
for every 1 € Z.

Starting from v(—1) = 1, v(0) = 0 and v(1) = 1, we will successively
use (5.12) to compute v(i) and b(i) for i = 2,3,... (an analogous procedure
is possible for i = —2,—3,...). Doing so we get b(0) = —1, v(2) = A,
b(1) =1, v(3) = A2 + 1, etc. In general, v(i) is a polynomial of degree i — 1
in A\. Since we want v to be a bounded sequence, we are trying to keep the
coefficients of these polynomials small. So our strategy will be to choose
b(2),b(3), ... € {1} such that each v(7) is a polynomial in A with coefficients
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in {—1,0,1}. The following table, where we abbreviate —1 by —, +1 by +,

and 0 by a space, shows that this seems to be possible.

j — coefficients of M~! in the polynomial v(7)
tlb(¢y)|]1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
1 + |+
2| — +
3| + |+ +
I - +
5| + |+ + +
6| + + +
7T — | — - +
8| + +
9| — |+ + - +

10| — + + -

11| + |+ + + + +

12| + + +

13| — | - - - - +

14| + - - +

15 — |+ + - +
16 | + +

(5.13)

For i,j7 € N, we denote the coefficient of A’~! in the polynomial v(i)
by p(i,7). Then the right part of table (5.13) shows the values p(i,j) for
i,7=1,...,16. From (5.12) it follows that

pi+1,5) = p(i,j—1) — b(i)p(i —1,7) (5.14)
holds for i = 2,3, ... and j = 1,2, ...,4 with p(¢,j") :=01if 7/ < 1or j/' > 7.

If, for some 4, j, one has that p(i,j — 1) # 0 and p(i — 1, ) # 0 then, by
(5.14) and p(i + 1, ) € {—1,0,1}, this implies that

b(i) = p(i,j —1)/p(i —1,j) = p(i,j —1)-p(i —1,j) (5.15)

since otherwise p(i+1,j) € {—2,2}. As an example, look at p(15,1) = 1 and
p(14,2) = —1. For b(15) = 1, we would get from (5.14) that p(16,2) = 2 ¢
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{—1,0,1}, so it remains to take b(15) = —1 = p(15,1) - p(14,2). The same
value b(15) = —1 is enforced by p(15,9) and p(14, 10), as well as by p(15,13)
and p(14,14). We will prove that this coincidence, i.e. that the right-hand
side of (5.15) is (if non-zero) independent of j, is not a matter of fortune.
As a result we get that the table (5.13) continues without end, only using
values from {—1,0,1} for p(4,j) and from {£1} for b(7). To prove this, we
employ a particular self-similarity in the triangular pattern of (5.13); more
precisely, it can be shown that the pattern of non-zero entries of p(-,-) forms

a so-called infinite discrete Sierpinski triangle.

Proposition 5.14. For every i € N, there exist b(i), c(i) € {£1} such that

(i) it holds that

(10 o
(P(?i—1,2j—1) p(2¢_1,2j)) _ p(”)<o 1> iy even,

0i 97 1 9.2 1
(24, 2] ) p(2, 25) C(i)p(i—Lj)(O 8) if 14 j is odd

for every 7 =1,...,1, and
(i) p(i,7—1)-p(i—1,5) € {0,b(3)} forall j =2,..i— 1.
So in particular, by (i), all values p(i,7) are in {—1,0,1}.

As an immediate consequence we get the following result for which we
note that the table (5.13) can be extended to negative values of 7 in a similar

fashion.

Corollary 5.15. For the sequence b € {1}% from Proposition 5.14, it holds
that the closed unit disk D := {z € C : |z| < 1} is contained in spec A’
Consequently, for every pseudo-ergodic ¢ € {+1}%, one has D C spec A°.

Proof. Let A € D := {z € C: |z|] < 1} and let b be the sequence from
Proposition 5.14. Then, for every @ € Z,
l4] Il 1

v = |3 eV S 3@V S YT =
i=1 j=1

J=1
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showing that v € (*°(Z), and, by our construction (5.12), Abv» = \v. So
D C spec2;, A” C spec AP, Since spec A” is closed, it holds that I C spec A”.
The claim for a pseudo-ergodic ¢ then follows from spec A® C spec A¢. m

Proof of Proposition 5.14 Firstly, it is easy to see (by (5.13), (5.14)
and induction) that p(i/,j) = 0 if i’ 4+ j" is odd, whence p(2i — 1,2j) =0 =
p(2i,25 — 1) for all 4, j.

We will now prove (i) and (éi) by induction over i € N. Therefore, let
() be satisfied for ¢ = 1, ..., k, and let (i7) be satisfied for i = 1,...,2k. (The

base case is easily verified by looking at table (5.13)). We will then prove (4)
for i = k4 1 and (i) for i = 2k + 1 and 2k + 2.

Part (7). We let i = k + 1 and start with the case when ¢ + j is even. By
(5.14), we have that

p(2i— 1,27 —1) = p(2i—2,2j—2) —b(2i —2)-p(2i — 3,25 — 1)

= p(2(i—1),2(j - 1))
—b(2i —2) - p(2(i —1) —1,2j — 1), (5.16)

where, by induction (and since i — 1+ j — 1 is even), p(2(: — 1),2(j — 1)) =
p(i—1,7—1)if 5 > 1 and it is 0 if j = 1. Also by induction, p(2(i — 1) —
1,27 —1)=c(i—1)p(i — 2, j) since i — 1 + j is odd. To determine b(2i — 2),
take J € {1,...,2i — 4} such that p(2i — 2, J) # 0 (whence J =: 2’ has to be
even) and p(2i —3,.J + 1) # 0 (if no such J exists then we are free to choose
b(2i — 2) in which case we will put b(2i — 2) := ¢(i — 1)b(i — 1)). From (i)
and 0 # p(2i —2,J) = p(2(i — 1),25') it is clear that ¢ — 1 + j" is even and
i—1+ 7 +1is odd. Now, by (ii) and (i), we have that

b(2i—2) = p(2i—2,0)p(2i —3,T+1)
= p(2(i = 1),2)p(2(i = 1) = L,2(j' +1) = 1)
= pli—1,7)c(i—1)pli—2,5"+1) = c(i—1)b(i —1).
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Inserting all these results in (5.16), we get that

p(2i—12—1) = {p(il,jl)c(il)b(il)c(il)p(i2,j) if j > 1,

0 — (i — D)b(i — V(i — Dp(i — 2, §) itj—1
iy b pli-2g) i)
N “b(i — )p(i — 2, 9) itj=1 [ P

We already saw that p(2i — 1,25) = 0 = p(2i,25 — 1) for all 4, j; so we are
left with

p(2i,25) = p(2i—1,25—1)=b(2i—1)p(2i—2,2j) = p(4,j)—b(2i—1)0 = p(i, j).
Now suppose ¢ + j is odd. Then, almost exactly as above,
p(2i —1,2—1) = p(2i —2,2j —2) —b(2i — 2)p(2i — 3,25 — 1)
= 0—c(i=1)b(i = )p(i = 1,5) = c(i)p(i = 1,J)
with ¢(7) := —c(i — 1)b(i — 1), and
p(24,25) = p(2i —1,25 —1) —b(2i — 1)p(2t — 2,25)
— c(i)pli — 1,7) — b(2i — Dp(i — 1) (5.17)

since i — 147 is even. To determine b(2i—1), we again take J € {1, ...,2i —3}
such that p(2¢—1,J) # 0 (whence J =: 25’ —1is odd) and p(2i —2, J+1) # 0
(if no such J exists then we are free to choose b(2i — 1) in which case we will
put b(2i — 1) :=¢(i)). From (i) and 0 # p(2i —2,J 4+ 1) = p(2(i — 1),2j') it
is clear that ¢ — 1+ j' is even and i+ 5’ is odd. Now, by (i) and (i), we have
that

b(2i—1) = p(2i—1,0)p(2i —2,J+1) =p(2i — 1,25’ — 1) p(2(i — 1),2§")
= c(@)p(i —1,j)pli = 1,5') = c(i).
Inserting this into (5.17), we get that

p<2172]) = C(Z)p(l—l,j)—C(’L)p(l—l,j) = 0.

Part (ii). Let i = 2k + 1 and suppose j € {2,...,2k} is such that p(i,j —
1) # 0 (whence i + 7 — 1 is even, i.e. j =: 25" is even) and p(i — 1,7) # 0. If
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no such j exists then the product in (i7) is always zero and there is nothing
to show. From 0 # p(i — 1,j) = p(2k,2;') and (i) we get that k + j is even
and k + 1+ 7' is odd. Now we have that

p(i,j —1)pi —1,7) = p2k+ 1,25 —1)p(2k,25")
= p2(k+1) —1,25" = 1) p(2k, 2j")
= c(k+1)plk,j)p(k,j') = c(k+1) = bi)
is independent of j. Now let i = 2k + 2 and suppose j € {2,...,2k + 1} is
such that p(i,7 — 1) # 0 (whence ¢ + j — 1 is even, i.e. j =: 2j' + 1 is odd)
and p(i—1,7) # 0. (Again, if no such j exists then there is nothing to show.)
From 0 # p(i,j — 1) = p(2k + 2,25") = p(2(k + 1),25") and (i) we get that
k+1+4j iseven and k+ 1+ 7'+ 1 is odd. Now we have that
pli,j = pli—1,5) = p(2k+2,25")p(2k+1,25" + 1)
= p2(k+1),25)p2(k + 1) = 1,2(" +1) — 1)
= plk+1,5)clk+1)p(k,j" +1)
= ck+1)bk+1) = b(i)

is independent of j.

5.5 The Relationship between the Spectrum
of Singly Tridiagonal Random Matrices
and the Spectrum of Doubly Tridiagonal
Random Matrices.

In this section, we are going to prove that the spectrum of one sided infinite

matrices, Ai is equal the spectrum of two sided infinite matrices, A®. Let

us introduce A%¢ as a new notation for an infinite tridiagonal matrix of the
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form

bg 0 Co (518)

where b, ¢ € (*(Z).
Theorem 5.16. If b is pseudo-ergodic then

b b
spec A” = spec A7,

where
0 1
by 0 1

bs 0

Proof. (C) Let us consider this infinite dimensional block matrix

0| 0O
0] A,

i

We have then that spec A]’r = {0} Uspec A% = spec A%. In the next step,
we are investigating the behaviour of the essential spectrum of Ai. Since b

is “4—pseudo-ergodic”, from [8], we have

SPeCe A% = U spec B. (5.19)
BEJOP(AZ)

Since 0°P(A%) = {A°: ¢ € {£1}*}, it follows that

SPEC s Ai D spec A°.
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Hence

spec A® C spec Ai.

D) Let X € specA%. If A € spec,, A% then \ € spec A® by (5.7) and
+ ess +

(5.19). So let A € spec A% \ specy, A%. By Theorem 2.12, X is an eigenvalue

of A%, ie., A% — A is not injective or A is an eigenvalue of (4%)", ie.,

(AlfF — )\I)* is not injective, since the range of (A’jr — )\I) is closed if A ¢

b
SPECegs A7 .

If X is an eigenvalue of A% with the corresponding eigenvector (xo, z1, z2, . ..)7,
then

A 1 Zo
by =X 1 1
Abz — Az = by —A 1 x| =
bs =\
Then
—-A b2 i)
1 —A b1 T1
1 —A 1 Zo
-1 -2 1 0 =0,
1 - 1 o
b1 —A 1 T
b2 -\ . o)
i.e.
(4% =Ar)3 =0
where

1 ifi<—2ori=0,
G={ -1 ifi=—1 ,
b, ifi>1
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S if i >0,
) by ifi< -1 ]

and
f.fi = T_;—2 if 4 S —2
0 ifi=-1

Then we have ¢,d € {+1}%, so that Add ¢ o°P(A%?) if ¢, d are pseudo-

ergodic &1 sequences. We have then that A € specyy; Asd C gpec A4 C

spec A°.

Note that from A € spec A’, we obtain, by (5.7) and (5.19), X € spec,y, A%,
which contradicts our assumption, implying that this second case is impos-

sible. Therefore spec Ai = SPECoys Aﬁ_ = spec A’ = SP€Cess A m

5.6 Lower Bound on spec (A°)

As an auxiliary step, we will study matrices of the form A% with b, c € (*°(Z).
It can be noticed that, for every x € ¢>°(Z) and for each i € Z

(Ab’c.f)i = bi.fﬁi_l + CiTit1
= bz (Vil’)z + C; (V_ll‘)i
= (MyViz); + (M V1),

So,
A = MVy + MV_4.

Lemma 5.17. If b,c € {+1}”, then

spec A% = spec A°,
where e = bVic € {£1}%.
Proof. Choose a € {£1}” such that

Aj+1 = QiCy, 1E€ZL
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i.e. so that
V_ia = ac.
( E.g. choose ag = 1, and set
;41 ‘= A;C i:O,l,Q,...
and
a; ‘= a;4+16, 1= —1,—2,)

Then, noting that M, ! = M,,

M,AP Mt = M, (MyVy + M.V_y) M,
= MupViMq + Mo V_1M,
= MapviaVi + Macv_,aV-1
=MV +V_; = A%,

since Myev_1a = Mae2 = I, where e := abVia = bVic, since ViaVic = a, it

follows that Via = aVjc. Therefore spec A»¢ = spec A°. m

Corollary 5.18. If b,c € {:I:l}Z and A%¢ is symmetric, i.e. b = Vic, then
spec A% = [-2,2].

Proof. Note that A€ is symmetric if
bz‘ = Ci—1, 1€ Z

1.e.

b= Ve

It follows that,
(bVie); = bi(Vie); = biciy =1 for every i € Z.

Hence, spec A» = [-2,2]. m
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We agree to call the pair (b,c) € {*1}2 x {£1}Z pseudo-ergodic if
o%P(AbC) = {A% : d,e € {£1}?}, which implies that both b and ¢ are
pseudo-ergodic sequences but also means that they are so, roughly speaking,

independently of each other.

We are now proving some results on the resolvent norm of the infinite
matrix. Then we will prove the result of the inclusion sets of the spectrum

of periodic matrices.

Lemma 5.19. If b and c are pseudo-ergodic then ||(A® — XI)7Y| = ||(A¢ —
M)~ for all X € C.

Proof. This follows immediately from Theorem 5.12 (ix) in [9] and the fact

that A° is a limit operator of A¢, and vice versa. m

Corollary 5.20. If b and ¢ are pseudo-ergodic then spec A® = spec A¢ and
spec, A’ = spec_A¢ for all e > 0.

Remark 5.21. a) Note that both claims also follow immediately from
Theorem 6.28 (v) and (vi) in [9].

b) Lemma 5.19 and Corollary 5.20 show that, from the (pseudo)spectral
point of view, we can talk about “the pseudo-ergodic operator A*” without
having a particular pseudo-ergodic sequence b in mind since residual norm,
spectrum and pseudospectrum of A’ don’t depend on b — as long as it is

pseudo-ergodic. O

Note that for all A € C, if (b, ¢) and d are pseudo-ergodic then by Lemma
5.19,

1A% =MD = [ Ma(A™ = AD)TIM| = [[(MA™MH = A1)
= (A= AN = 1A = AD 7, (5.20)

where a;,1 = a;c; and e = bVjc as defined in the proof of Lemma 5.17.
Corollary 5.22. If (b,c) and d are pseudo-ergodic then

spec A% = spec A? and spec, A" = spec_A® Ve > 0.
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Theorem 5.23. Ifb € {£1}% is a pseudo-ergodic sequence and n € N, then

spec A C spec A°.

Proof. Let X\ € spec A® and x = (9,71, ...,7,_1)7 such that A’z = \z. So,

-2 1 Zo
bi =X 1 X1
4 ) by =X 1
bn_g —-A 1 Tn—2
bp—1 —A nxn Tn—1

But then, by using a simple reflection technique, we get

If we call this new infinite matrix A%¢ — Al then we have ¢de {—1,1}%, so
that A% € o°P(A%9) if ¢,d are pseudo-ergodic +1 sequences. But we have
just seen that

A € Specgin A% C spec A% = spec A°.

The fact that the RHS of the inclusion spec A% C spec A® does not de-
pend on the pseudo-ergodic sequence b (see Corollary 5.20), whereas the LHS
clearly does, shows that this formula can be easily improved. In fact, we can
say something about the RHS without looking at the actual entries of the
sequence b (see Remark 5.21 b):
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Corollary 5.24. If b is pseudo-ergodic and n € N then

U spec A¢ C spec A”.

Clyeeey Cnfle{:tl}

Proof. This easily follows from Proposition 5.23 and spec AS C spec A° =
spec A for all pseudo-ergodic ¢ € {£1}%, by Corollary 5.20. m

We now carry on with the analogues of Proposition 5.23 and Corollary
5.24 for pseudospectra. In fact, we have the following inequality for resolvent

1norms.

Proposition 5.25. If b is pseudo-ergodic and n € N then, for all A € C,
I(A7, = ML) 7Y < [I(A” = AD) 7],
independent of the parameter p € [1,00] of the underlying space (P(Z).

Proof. Put M := |[(A% — X\I,,)7!||, which we will understand as M = oo if
A € spec A®. From Proposition 5.23 we know that in this case A € spec A°,
so that also the RHS is oo and, in this sense, the inequality holds. So we
are left with M < oo, i.e., A ¢ spec A%. Then, for every § > 0, there exists
an r = (z1,...,7,) € C" such that ||z|]] = 1 and y := (A’ — A\[,,)z has
lyll < A Now put ¢,d € {£1}% such that A%? is the matrix that

we studied in the proof of Proposition 5.23. Here our current proof has to

bifurcate depending on p € [1, o0].

Case 1: p =00

Define z € (*°(Z) exactly as in the proof of Proposition 5.23. Then y :=
(A% — XI)7 is of the form y = (--- ,y",0,(Joy)",0,97,0, (Juy)',---)" €

((Z) and [, = yll. as well as ], = 2], so that

Wl Nyl
Case 2: p< o0
For any m € N, let Z'™ be the sequence 7 from case 1, but with all entries of

index outside {—m(n+1),...,m(n+1)} put to zero (where we suppose that
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at index zero there is one of the 0 entries of 7). Then ™ := (A% — \I)z(™)
is the same as y from Case 1 for entries with index between —m(n+1)+1 and
m(n—+1)—1, it is zero outside {—m(n+1)—1,...,m(n+ 1)+ 1} and it has
7™ (—m(n+1)) = xy if m is even and z,, if m is odd, ™ (m(n+1)) = —x,

if m is even and —xz,, if m is odd.

As a result, we have

2|z1 P if m is even,

~(m)p p ~(m)||p _ P
T =2m |z and =2m +

1

From ||z]|, = 1, ||y,]| < and |z1|, |z,| < ||z][, = 1 we hence get that

M—5
Hgg(m)H = 2m and Hj]“g < QmW + 2, so that
15[ Gi—ey T2 7oy T m

In either case, since these inequalities hold for all § > 0 and all m € N, we
get that ||(A% — XI)7L|| > M = ||[(A® — AI,,)7!||. The claim now follows by
choosing (e, f) pseudo-ergodic and noting that

A8 = A0 = A =0 2 (A = AD | (4% = 3|

by (5.20) and the fact A% is a limit operator of A%/. m

Similar to the discussion before, the RHS of the inequality in Proposition
5.25 does not depend on the pseudo-ergodic sequence b (by Lemma 5.19),

whereas the LHS does. So, we have the following strengthening:

Corollary 5.26. If b is pseudo-ergodic and n € N then, for every e > 0,

sup I(A% = ADTH < (A = AD 7L

€1,C2,yCn—1€{E1}
Proof. For any n € N and pseudo-ergodic ¢, we have
1(AS = ML) < (1A= AD T = [I(A° = AT,

by Proposition 5.25 and Lemma 5.19. m
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Corollary 5.27. If b is pseudo-ergodic and n € N then, for every e > 0,
U spec,AS C spec A’
€1,C2yeeyCn—1€{£1}

and in particular

spec. A’ C spec_A”.
We may regard Corollary 5.27 as a generalisation of Corollary 5.24 from

the case e =0 to ¢ > 0.

So far in this section we have established lower bounds on spectrum and
pseudospectrum of A’ in terms of the same quantities for the finite matrix
Al We will now look at upper bounds on spec A® and spec_A” in terms of

certain pseudospectra of the finite matrix.

5.7 Computing the Inclusion sets using Method
1 and their numerical results.
In this section, we are now applying Corollary 3.3 and Corollary 3.9 to the

infinite random tri-diagonal matrix A?, to approximate the spectrum of this

operator. Then we have

Corollary 5.28.

specAbQ U specf(n)AfL
be{+1}%

f(n) = 4sin (g) ,

T T
n+1'n+1

2sin (%) cos ((w%) t) 4 isin((n— 1)) = 0.

where

and 0 is the unique solution in the range [ ) of the equation



5.7 NUMERICAL RESULTS 167

Firstly, we have considered the plots of the finite subsection for the ev-
ery possible £+1- sequences. The following pictures show us the spectrum

(eigenvalues) of the finite n x n matrices,

0 o ... 0
bp 0 1 ... 0
AZ: Dby s
0 1
bp—1 0

where n =1, ..., 30.

We are now showing the convergence of the inclusions set for spec A® using
method 1, i.e., the union of pseudospectra of n x n principal submatrices of

A’ We start off by letting X, = U spec ¢(n)A;,. Then we know that
ce{£1}n-1

— 3y b
Yp = Zf(n)(A ).
From Corollary 3.3 and Corollary 5.27, we can see that
spec A C 3, C spec ) AL.

Then, by Corollary 2.34, we have the following corollary to see the conver-

gence when we apply method 1 to the operator A°.

Corollary 5.29. If b € {+1}2 is pseudo-ergodic then
¥, — spec A®
as n — oo in the Haussdorff metric.

Fig.5.9 illustrates the spectral inclusion sets X, (the black area) where
n = 2,...,18. The red area is the closure of the numerical range of the
operator A’ and the blue area is the union of all lower bounds on spec A°.
In order to demonstrate that X,, does not converge to the numerical range

W (AP), we have some numerical evidence to show that eventually ¥, invades
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the numerical range at the point A = 1.5+ 0.5, starting from n = 34, so that
1.5+ 0.5i ¢ Y34. Therefore A cannot be part of spec A° but it’s numerically
too expensive to compute and draw a whole image of ¥34. Then, we have a

conjecture on the picture of the spec A® as in the Fig.5.10.
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Figure 5.9: Plots of the sets ¥,,, which are inclusion sets for spec A®, where
f(n) is given as in Corollary 5.28. A’ is the ordinary finite submatrix given
by (5.3) of the operator A* = MV, +V_;, when b € {£1}% is pseudo-ergodic.

Shown are the inclusion sets when n = 3,4, ...,18.
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Figure 5.10: This figure shows the conjecture for spec A°.
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