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Some history

Chris Paige, Anne Greenbaum, the Lanczos process

Following his seminal PhD thesis (Paige, 1971), Chris Paige published a
sequence of papers (Paige, 1972; Paige, 1976; Paige, 1980) on the error
analysis of the finite-precision behavior of the symmetric Lanczos process.
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Following his seminal PhD thesis (Paige, 1971), Chris Paige published a
sequence of papers (Paige, 1972; Paige, 1976; Paige, 1980) on the error
analysis of the finite-precision behavior of the symmetric Lanczos process.

His results form the basis of Anne Greenbaum’s celebrated “backward error
analysis” (Greenbaum, 1989) of the finite-precision symmetric Lanczos and
CG methods, compare with (Greenbaum and Strakos, 1992).
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Some history

Chris Paige, Anne Greenbaum, the Lanczos process

Following his seminal PhD thesis (Paige, 1971), Chris Paige published a
sequence of papers (Paige, 1972; Paige, 1976; Paige, 1980) on the error
analysis of the finite-precision behavior of the symmetric Lanczos process.

His results form the basis of Anne Greenbaum’s celebrated “backward error
analysis” (Greenbaum, 1989) of the finite-precision symmetric Lanczos and
CG methods, compare with (Greenbaum and Strakos, 1992).

For an introduction and a general exposition especially on the finite-precision
symmetric Lanczos and CG methods see also (Meurant, 2006; Meurant and
Strakos§, 2006).

Thus far, this is maybe the only successful error analysis ever carried out for a
perturbed short-term Krylov subspace method.
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An example: Lanczos’ method

We used the diagonal matrix
A =diag([linspace(0,1,50),3])

and the starting vector
e =ones (51,1)

in an implementation of Lanczos’ method in MATLAB on a PC conforming to
ANSI/IEEE 754 with machine precision eps (1) =272 ~ 2.2204 - 1071,
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A =diag([linspace(0,1,50),3])

and the starting vector
e =ones (51,1)

in an implementation of Lanczos’ method in MATLAB on a PC conforming to
ANSI/IEEE 754 with machine precision eps (1) =272 ~ 2.2204 - 1071,

At step 10 the first Ritz value has converged (up to machine precision) to the
eigenvalue 3, at step 27 the second one has converged. Detoriation reaches
a maximum at step 19 = [(10 + 27)/2].
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An example: Lanczos’ method

We used the diagonal matrix
A =diag([linspace(0,1,50),3])
and the starting vector
e =ones (51,1)

in an implementation of Lanczos’ method in MATLAB on a PC conforming to
ANSI/IEEE 754 with machine precision eps (1) =272 ~ 2.2204 - 1071,

At step 10 the first Ritz value has converged (up to machine precision) to the
eigenvalue 3, at step 27 the second one has converged. Detoriation reaches
a maximum at step 19 = [(10 + 27)/2].

Eigenvalues and eigenvectors are computed using MRRR, i.e., LAPACK’s
routine DSTEGR, since MATLAB’s eig (using LAPACK’s DSYEV, i.e., the QR
algorithm implemented as DSTEQR) fails in delivering accurate eigenvectors.
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An example: Lanczos’ method

We used the diagonal matrix
A =diag([linspace(0,1,50),3])

and the starting vector
e =ones (51,1)

in an implementation of Lanczos’ method in MATLAB on a PC conforming to
ANSI/IEEE 754 with machine precision eps (1) =272 ~ 2.2204 - 1071,

At step 10 the first Ritz value has converged (up to machine precision) to the
eigenvalue 3, at step 27 the second one has converged. Detoriation reaches
a maximum at step 19 = [(10 + 27)/2].

Eigenvalues and eigenvectors are computed using MRRR, i.e., LAPACK’s
routine DSTEGR, since MATLAB’s eig (using LAPACK’s DSYEV, i.e., the QR
algorithm implemented as DSTEQR) fails in delivering accurate eigenvectors.
Additionally, we heavily used the symbolic toolbox, i.e., MAPLE.
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Some history

The finite precision behavior

comparison of 29 steps of symbolic and floating point Lanczos
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Hessenberg matrices Hessenberg decompositions

Outline

Hessenberg matrices
Hessenberg decompositions
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Hessenberg matrices Hessenberg decompositions

Hessenberg decompositions

Essential features of Krylov subspace methods can be described by a
Hessenberg decomposition

AQi = Qi1 H, = QuH; + quy 1 /i1 4€) - (1)

Here, H; denotes an unreduced Hessenberg matrix.
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Hessenberg decompositions

Essential features of Krylov subspace methods can be described by a
Hessenberg decomposition

AQi = Qi H, = QHy + Qk+1hk+1,kez- (1)

Here, H; denotes an unreduced Hessenberg matrix.

In the perturbed case, e.g., in finite precision and/or based on inexact
matrix-vector multiplies, we obtain a perturbed Hessenberg decomposition

AQi + Fi = Qi 1 Hy = QuHy + qur /i1 ey (2)
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Hessenberg matrices Hessenberg decompositions

Hessenberg decompositions

Essential features of Krylov subspace methods can be described by a
Hessenberg decomposition

AQi = Qi1 Hy = QuH; + gy 1/t i€y (1)

Here, H; denotes an unreduced Hessenberg matrix.

In the perturbed case, e.g., in finite precision and/or based on inexact
matrix-vector multiplies, we obtain a perturbed Hessenberg decomposition

AQi + Fi = Qi 1 Hy = QuHy + qur /i1 ey (2)

The matrix Hy of the perturbed variant will, in general, still be unreduced.
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Hessenberg matrices Hessenberg decompositions

Hessenberg decompositions

In (Z, 2007) we did consider in an abstract manner the matrix equation

AQi + Fi = Qui1Hy = QuHy + Qg 1/ir 1 ef ()
and came up with polynomial expressions in A for

» the basis vectors q;,

» the Ritz vectors y; := Qus;, where s; is an eigenvector of H; to the
eigenvalue 6;,

» and the angles between Ritz vectors and eigenvectors of A.
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Hessenberg matrices Hessenberg decompositions

Hessenberg decompositions

In (Z, 2007) we did consider in an abstract manner the matrix equation
AQi + Fi = Qi Hy = QeHi + Qi 1hir 1 cef )

and came up with polynomial expressions in A for

» the basis vectors q;,

» the Ritz vectors y; := Qus;, where s; is an eigenvector of H; to the
eigenvalue 6;,

» and the angles between Ritz vectors and eigenvectors of A.

The results were based on eigenvalue—eigenmatrix relations (Z, 2006).
This talk: Application to the (symmetric) Lanczos process (in finite precision);

Aim: generalize (Paige, 1971; Paige, 1972; Paige, 1976; Paige, 1980) to the
general (non-symmetric) Lanczos process (with general perturbations).
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Hessenberg matrices Hessenberg decompositions

Hessenberg decompositions

In case of the symmetric Lanczos process we have

AQ; + Fi = Qi T, = QuTy + qur 1 fiey], (4)
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Hessenberg matrices Hessenberg decompositions

Hessenberg decompositions

In case of the symmetric Lanczos process we have

AQ; + Fi = Qi T, = QuTy + qur 1 fiey], (4)
where

» A =AM € C"*" is Hermitean,
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Hessenberg matrices Hessenberg decompositions

Hessenberg decompositions

In case of the symmetric Lanczos process we have
AQ + Fr = Qi1 Ty = QuTi + g1 5eef
where

» A =AM € C"*" is Hermitean,
» Ty = T] € Rk is unreduced tridiagonal symmetric,
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Hessenberg matrices Hessenberg decompositions

Hessenberg decompositions

In case of the symmetric Lanczos process we have

AQ; + Fi = Qi T, = QuTy + qur 1 fiey], (4)
where

» A =AM € C"*" is Hermitean,
» Ty = T] € Rk is unreduced tridiagonal symmetric,
> F, € C™* is “small”.

The elements of the tridiagonal matrix T, are denoted by

ap B

.= |% @2 , B>0 VI<j<k (5)
e T B

ﬂkfl [e73
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Hessenberg matrices Hessenberg decompositions

Hessenberg decompositions

In case of the symmetric Lanczos process we have
AQ + Fr = Qi1 Ty = QuTi + g1 5eef (4)

where

» A =AM € C"*" is Hermitean,
» Ty = T] € Rk is unreduced tridiagonal symmetric,
> F, € C™* is “small”.

The elements of the tridiagonal matrix T, are denoted by

ap B

.= |% @2 , B>0 VI<j<k (5)
e T B

ﬁkfl (€73
(If off-diagonal elements were negative, impose diagonal scaling.)
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Hessenberg matrices Hessenberg decompositions

Hessenberg decompositions

We encounter four Hessenberg decompositions in this talk. The first two are
based on knowledge of A.
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Hessenberg matrices Hessenberg decompositions

Hessenberg decompositions

We encounter four Hessenberg decompositions in this talk. The first two are
based on knowledge of A.

The first one is the original Lanczos Hessenberg decomposition

AQ; + Fr = Qi T, = QuTy + quy1fiey . (HessA1)
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Hessenberg matrices Hessenberg decompositions

Hessenberg decompositions

We encounter four Hessenberg decompositions in this talk. The first two are
based on knowledge of A.

The first one is the original Lanczos Hessenberg decomposition

AQ; + Fy = Qui 1T, = QuTy + quy1 Beey. (HessA1)
With a given eigenpair vi'A = \;vH and a given Ritz value ¢; we define

WH ) -
A=A—(\—0) 0 and ¥, = (A,.—ej)%QHFk. 6)

tvl i

Jens-Peter M. Zemke Chris Paige and the Lanczos process ICS of CAS, September 24th, 2009 11/53



Hessenberg matrices Hessenberg decompositions

Hessenberg decompositions

We encounter four Hessenberg decompositions in this talk. The first two are
based on knowledge of A.

The first one is the original Lanczos Hessenberg decomposition
AQ; + Fy = Qui 1T, = QuTy + quy1 Beey. (HessA1)
With a given eigenpair vi'A = \;vH and a given Ritz value ¢; we define
V,'V!-| - V,'V;_'
A=A-— ()\, — 91)— and F; := ()\, - OJ)WQk + Fy. (6)

tvl i

Then we obtain the shifted Lanczos Hessenberg decomposition

AQi |+ 1 = Qe T, = QuTy + qeyi Gref. (HessA2)
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Hessenberg matrices Hessenberg decompositions

Hessenberg decompositions

We encounter four Hessenberg decompositions in this talk. The first two are
based on knowledge of A.

The first one is the original Lanczos Hessenberg decomposition

AQ; + Fy = Qui 1T, = QuTy + quy1 Beey. (HessA1)
With a given eigenpair vi'A = \;vH and a given Ritz value ¢; we define

H ) WH
A=A—(\—6) 2" and I, = (Ai—ej)%QHFk. (6)

lvl i

Then we obtain the shifted Lanczos Hessenberg decomposition

AQi |+ 1 = Qe T, = QuTy + qeyi Gref. (HessA2)

This Hessenberg decomposition is interesting especially in case that A; — 6; is
“small”, i.e., “comparable” to F;.
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Hessenberg matrices Hessenberg decompositions

Hessenberg decompositions

The next two Hessenberg decompositions are based on T, in place of A.
These form the essential part of Chris Paige’s analysis.
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These form the essential part of Chris Paige’s analysis.

Let Wk+1 = QkHQkJ,_], define G, = ekﬂquHHQk + Q};‘Fk — F};‘Qk Then
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Hessenberg matrices Hessenberg decompositions

Hessenberg decompositions

The next two Hessenberg decompositions are based on T, in place of A.
These form the essential part of Chris Paige’s analysis.

Let Wk+l = Q',;'Qk_;,_l, define G, = ekﬂquH_'_le + Q};‘Fk — F};‘Qk Then

TeWi + Gy = Wi T, = Wiy + Wi Brey. (HessT1)

The fourth Hessenberg decomposition, mainly used by Chris Paige, is based
on an additive splitting of W, ;.
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Hessenberg matrices Hessenberg decompositions

Hessenberg decompositions

The next two Hessenberg decompositions are based on T, in place of A.
These form the essential part of Chris Paige’s analysis.

Let Wk+l = Q',;'Qk_;,_l, define G, = ekﬂquH+1Qk + QkHFk — FkHQk Then

TeWi + Gy = Wi T, = Wiy + Wi Brey. (HessT1)

The fourth Hessenberg decomposition, mainly used by Chris Paige, is based
on an additive splitting of W, ;.

Let Wk+1 = RkH + Dy + Rk+1 with Rk+1 = SUt(WkJr]) and Dy diagonal. Then

TR, + B = Repi Ty = ReTy + 11 Beef (HessT2)

with E, upper triangular and small if F; is small and local orthogonality is
preserved.
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Hessenberg matrices Hessenberg eigenvectors

Outline

Hessenberg matrices

Hessenberg eigenvectors
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Hessenberg matrices Hessenberg eigenvectors

Hessenberg eigenvectors and eigenvector derivatives

According to (Z, 2006) we can describe the eigenvectors (and principal
vectors) of Hessenberg matrices in terms of certain polynomial vectors.
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Hessenberg matrices Hessenberg eigenvectors

Hessenberg eigenvectors and eigenvector derivatives

According to (Z, 2006) we can describe the eigenvectors (and principal
vectors) of Hessenberg matrices in terms of certain polynomial vectors.

We have that (7(z)" = &(z)H)

(2l — To)v(z) = elﬁ, D(Z)T(Zlk —Ty) = X(2) eI (7)

with x(z) := det (I, — T¢) and Bru; == []_| B > 0.
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Hessenberg matrices Hessenberg eigenvectors

Hessenberg eigenvectors and eigenvector derivatives

According to (Z, 2006) we can describe the eigenvectors (and principal
vectors) of Hessenberg matrices in terms of certain polynomial vectors.

We have that (7(z)" = &(z)H)

(2l — To)v(z) = elﬁ, D(Z)T(Zlk —Ty) = X(2) eI (7)

with x(z) := det (I, — T¢) and Bru; == []_| B > 0.

Inner products between the left and right eigenvector polynomials are given by

L \H _Xlzw] 1 M’ LY
D(2)"w(w) = Bix—r Bra— { ZX/_(ZV;a =W N
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Hessenberg matrices Hessenberg eigenvectors

Hessenberg eigenvectors and eigenvector derivatives

According to (Z, 2006) we can describe the eigenvectors (and principal
vectors) of Hessenberg matrices in terms of certain polynomial vectors.

We have that (7(z)" = &(z)H)

(2l — To)v(z) = elﬁ, D(Z)T(Zlk —Ty) = X(2) eI (7)

with x(z) := det (I, — T¢) and Bru; == []_| B > 0.

Inner products between the left and right eigenvector polynomials are given by

T B Y[z, w] B 1 X(Z) - X(W)
Py v(v) = Bra—1  Bia—i {

w0 LTV (8)
X' (2), z=w

In (Z, 2006) we used differentiation and the above relations to construct
eigenvectors and corresponding principal vectors.
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Hessenberg matrices Hessenberg eigenvectors

Hessenberg eigenvectors and eigenvector derivatives

In case of Hermitean/symmetric matrices A and T, we know that the left and
right eigenvector are parallel and can be scaled to unit length.
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Hessenberg matrices Hessenberg eigenvectors

Hessenberg eigenvectors and eigenvector derivatives

In case of Hermitean/symmetric matrices A and T, we know that the left and
right eigenvector are parallel and can be scaled to unit length.

Thus, the eigenvector of A used in the shifted Lanczos Hessenberg
decomposition is assumed to have unit length, ||v;|l. = 1.
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Hessenberg matrices Hessenberg eigenvectors

Hessenberg eigenvectors and eigenvector derivatives

In case of Hermitean/symmetric matrices A and T, we know that the left and
right eigenvector are parallel and can be scaled to unit length.

Thus, the eigenvector of A used in the shifted Lanczos Hessenberg
decomposition is assumed to have unit length, ||v;|l. = 1.

The right and left eigenvectors v; := v(6;) and &; := (6;) are parallel and
non-zero in the first and last entry, as

o= (G moee-(2) @

where

J
Xij(z) :==det (ed;—iy1 — Tiyj) and Gy = Hﬁb 0<ig<j<k (10)
=i
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Hessenberg matrices Hessenberg eigenvectors

Hessenberg eigenvectors and eigenvector derivatives

In case of Hermitean/symmetric matrices A and T, we know that the left and
right eigenvector are parallel and can be scaled to unit length.

Thus, the eigenvector of A used in the shifted Lanczos Hessenberg
decomposition is assumed to have unit length, ||v;|l. = 1.

The right and left eigenvectors v; := v(6;) and &; := (6;) are parallel and
non-zero in the first and last entry, as

v(z) = (XHl:k(Z) );1 and (z) := <Xlﬁjl%(f)>,k:1’ 9)

Bik—1
where

J
Xij(z) :==det (ed;—iy1 — Tiyj) and Gy = Hﬁb 0<ig<j<k (10)
=i

To be more precise: v(z) = 1 = 14 (2).
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Hessenberg matrices Hessenberg eigenvectors

Hessenberg eigenvectors and eigenvector derivatives

Unit length eigenvectors s; of T; to the eigenvalue ¢, are defined by

§ = L (11)

il
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Hessenberg matrices Hessenberg eigenvectors

Hessenberg eigenvectors and eigenvector derivatives

Unit length eigenvectors s; of T; to the eigenvalue ¢, are defined by
5= (11)

il

This ensures that the last component s,; of s; is positive and given by

A ] 1
il [lv(6)]l2

Skj > 0. (1 2)
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Hessenberg matrices Hessenberg eigenvectors

Hessenberg eigenvectors and eigenvector derivatives

Unit length eigenvectors s; of T; to the eigenvalue ¢, are defined by

= A (11)

il

This ensures that the last component s,; of s; is positive and given by

1 1

NG (12)

Skj

In case of an error-free process we have with the Ritz vector y; := Qus; the
(backward- and forward-error) bound

|AY; — y;0;]l2

— Busiy. 13
Wl e (13)

mgn A —0; <
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Hessenberg matrices Hessenberg eigenvectors

Hessenberg eigenvectors and eigenvector derivatives

Unit length eigenvectors s; of T; to the eigenvalue ¢, are defined by

= A (11)

il

This ensures that the last component s,; of s; is positive and given by

1 1

NG (12)

Skj

In case of an error-free process we have with the Ritz vector y; := Q;s; the
(backward- and forward-error) bound

|AY; — y;0;]l2

= BSi- (13)
Iyl

mgn A —0; <
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Chris Paige’s approach On the length of the Ritz vectors

Outline

Chris Paige’s approach
On the length of the Ritz vectors
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Chris Paige’s approach On the length of the Ritz vectors

Chris Paige’s approach

Chris Paige bounded the deviation of ||y;||» from one by something of the form

O(Fy)

_ | 14
ming; |6; — 6| (a4

[yill2 = 1] <
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Chris Paige’s approach On the length of the Ritz vectors

Chris Paige’s approach

Chris Paige bounded the deviation of ||y;||» from one by something of the form

[yill2 = 1] < (14)

The length of the Ritz vector y; is close to one as long as the perturbation
term is small and no other Ritz value is close to 6;.
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Chris Paige’s approach On the length of the Ritz vectors

Chris Paige’s approach

Chris Paige bounded the deviation of ||y;||» from one by something of the form

;i3 — 1] < (14)

The length of the Ritz vector y; is close to one as long as the perturbation
term is small and no other Ritz value is close to 6;.

People working in perturbation theory immediately recognize that the
right-hand side (14) measures the sensitivity of the eigenvector s; of Ty to
perturbations of size O(F;) in the matrix Ty.
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Chris Paige’s approach

Chris Paige bounded the deviation of ||y;||» from one by something of the form

O(Fy)

_— 14
ming; |6; — 6| (a4

[lyjllz — 1] <

The length of the Ritz vector y; is close to one as long as the perturbation
term is small and no other Ritz value is close to 6;.

People working in perturbation theory immediately recognize that the
right-hand side (14) measures the sensitivity of the eigenvector s; of Ty to
perturbations of size O(F;) in the matrix Ty.

We might guess that it is indeed a perturbation of the eigenvector that causes
the deviation. But where to look for this perturbation? Where do we find the
underlying sensitivity analysis?
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Chris Paige’s approach

BTR (k) kg e (k)r[ y("] (3.19)
(WTR. (0 = _ 4 : 3.19
A Y, Mes1, Y,
! it t=1 i if‘l ﬂ:+1’1(:‘r) ! 0
k— (¢)
2 et
=— 2 ("("21 ’) 2 (3.20)

k-1 ¢t &0 k
== 3 3 I s0e+1ik). (@21
t=1r=1 B T H(r) t:l_
if

i s(r)

The last equation has this form because t of the »*) in (3.4) are the
eigenvalues p{"). The index s(r) indicates that the numerator of §,,(¢t+1,
i, k) cancels with l/(u‘,") —p4) in (3.20), and we know s(r) j. These three
equations give some useful insights. From (3.17), Hz,f")ﬂ will be significantly
different from unity only if the right hand sides of these last three equations
are large. In this case (3.19) shows there must be a small 8, =g, |7{?}, and
some p{) has therefore stabilized. Equation (3.20) shows that some p*) must
be close to p{*), and combining this with (3.19) we will show that at least one
such p{*) has stabilized. Finally from (3.21) we see that there is at least one
w®) close to ;L‘i"), so that p.(!-k) cannot be a well-separated eigenvalue of T;.
Conversely if u* is a well-separated eigenvalue of T}, then (3.16) holds, and
if p{* has stabilized, then it and z}"’ are a satisfactory approximation to an
eigenvalue-eigenvector pair of A. We will now quantify these results,
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The last equation has this form because t of the »*) in (3.4) are the
eigenvalues p{"). The index s(r) indicates that the numerator of §,,(¢t+1,
i, k) cancels with l/(u(,k)—u(',’)) in (3.20), and we know s(r)s j. These three
equations give some useful insights. From (3.17), Hz,f")ﬂ will be significantly
different from unity only if the right hand sides of these last three equations
are large. In this case (3.19) shows there must be a small 8, =g, |7{?}, and
some p{) has therefore stabilized. Equation (3.20) shows that some p*) must
be close to [L(ik), and combining this with (3.19) we will show that at least one
such p{*) has stabilized. Finally from (3.21) we see that there is at least one
w®) close to ;L‘i"), so that p.(!-k) cannot be a well-separated eigenvalue of T;.
Conversely if u{¥) is a well-separated eigenvalue of T;, then (3.16) holds, and
if p{* has stabilized, then it and z}"’ are a satisfactory approximation to an
eigenvalue-eigenvector pair of A. We will now quantify these results,

Chris Paige used the splitting

vy
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Chris Paige’s approach

Chris Paige used the splitting

) kg s e g g (3.19)
g Ryt =— Me+1, i o Ji [ ! ] . H HAH
=1 r=1 By 0 yj Y= Sj Qk kaj
k-1 ! &) H H
== 3 (@) PR (3-20) =5; (Ri + Dy + Ry)s; )
=1 =1 w0 =l
_ Hy o 1\oH
’El é © X " Y o) =1+ Sj (Dk Ik)Sj
- . - t+1,7,k). (3
i1y 0 =), = ' + 2Re (SJHRij)
is(r)

The last equation has this form because t of the »{*) in (3.4) are the Caution: notational ChaHQGS!

eigenvalues p{"). The index s(r) indicates that the numerator of §,,(¢t+1,

j» k) cancels with l/(u(,k)—u(',’)) in (3.20), and we know s(r)# j. These three C. Paige: this talk:
equations give some useful insights. From (3.17), Hz,f")ﬂ will be significantly

different from unity only if the right hand sides of these last three equations (k)

are large. In this case (3.19) shows there must be a small 8, =g, |7{?}, and Zj A yj

some p{) has therefore stabilized. Equation (3.20) shows that some p*) must (k) PO

be close to [Lg-k), and combining this with (3.19) we will show that at least one J J

such p{*) has stabilized. Finally from (3.21) we see that there is at least one /8 (k) o /8 S

u®) close to ;L‘i"), so that p.(!-k) cannot be a well-separated eigenvalue of T;. k17T k> kj
Conversely if u{¥) is a well-separated eigenvalue of T;, then (3.16) holds, and (]k) i 0(k ) _ 0.
if p{* has stabilized, then it and z}") are a satisfactory approximation to an K J Joo

eigenvalue-eigenvector pair of A. We will now quantify these results,
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Chris Paige’s approach

The error analysis by Chris Paige is beautiful and gives quantified bounds.
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The approach is by no means straightforward nor easily generalizable.
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Chris Paige’s approach On the length of the Ritz vectors

Chris Paige’s approach

The error analysis by Chris Paige is beautiful and gives quantified bounds.
The approach is by no means straightforward nor easily generalizable.

We intend to show that there is hope that a more “natural” way exists to gain
understanding. We consider the first Hessenberg decomposition where only
T, is involved:

T,W, + G, = Wk+1Ik =W, T, + wk+1ﬂkez. (HessT1)
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Chris Paige’s approach On the length of the Ritz vectors

Chris Paige’s approach

The error analysis by Chris Paige is beautiful and gives quantified bounds.
The approach is by no means straightforward nor easily generalizable.

We intend to show that there is hope that a more “natural” way exists to gain
understanding. We consider the first Hessenberg decomposition where only
T, is involved:

T,W, + G, = Wk+1Ik =W, T, + wk+1ﬂkez. (HessT1)

Here, the basis vectors w; describe the loss of orthogonality and the
perturbation term has a large rank-one part (i.e., large last row),

Wit = QPQuy,
G = e g, Qu + QF) — FL Q.

Jens-Peter M. Zemke Chris Paige and the Lanczos process ICS of CAS, September 24th, 2009 20/53



Chris Paige’s approach On the length of the Ritz vectors

Chris Paige’s approach

The derivation of (HessT1) is really simple: Multiplication of (HessA1),

AQ; + Fy = Quii T, = QuTy + quy 1 fiey, (HessA1)

with QF! from the left gives

Q'AQ; + Q'F; = QY Qi T, + Q'qir1 5ref, (17)
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Chris Paige’s approach On the length of the Ritz vectors

Chris Paige’s approach

The derivation of (HessT1) is really simple: Multiplication of (HessA1),
AQi + Fr = Qi1 T, = QuTx + g1 5eer (HessA1)
with QF! from the left gives
QAQ: + Q{'Fi = Q' QuTi + QF'dis 1 frel (17)
and (17)—(17)" gives

T W, + G, = Wk+11k =W, T, + wkHﬂkeZ (HessT1)

with
Gy = e Qc + Q'F, — FIQy, (18)

since A = A" and T, = T} are self-adjoint.
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Chris Paige’s approach On the length of the Ritz vectors

Chris Paige’s approach

We can use the results of (Z, 2007) on the angles between eigenvectors and
Ritz vectors to obtain the following formula:

H, _ H _H
yj Y, = Sij Qij = Sj Wij

(19)
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Chris Paige’s approach

We can use the results of (Z, 2007) on the angles between eigenvectors and
Ritz vectors to obtain the following formula:

il(];;)l (6,)" W (6))

H, _ H _H _
yj Y, = Sij Qij = Sj Wij =

Here, w(6;) := x'(6;)
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Chris Paige’s approach On the length of the Ritz vectors

Chris Paige’s approach

We can use the results of (Z, 2007) on the angles between eigenvectors and
Ritz vectors to obtain the following formula:

Brk—1 A
Yy = s QP Qus; = s'Wis; = —wl(];_)l 0(0;) "W (6))
J

1 k
= w(@) ('Ak(ejv ej)ﬁ(ej)HQlthl i Z 61:[—1Ag+1;k(9j, GJ)IJ(OJ)Hgg)
J =1

Here, w(0;) := x'(6;) and A y14(z, w) := Xet1:x[2, W]
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Chris Paige’s approach On the length of the Ritz vectors

Chris Paige’s approach

We can use the results of (Z, 2007) on the angles between eigenvectors and
Ritz vectors to obtain the following formula:

Yy = s QP Qus; = s'Wis; = ALt 0(0;) "W (6))
w(8))
1

k
= m ('Ak(ejv ej)ﬁ(ej)HQlthl i ZBI:Z—]A@+1;]¢(QJ‘, Gj)ﬁ(ej)Hgg)
J =1

] (0)010) (19)

k
=0(0)"Qflq + >
=

Here, w(6;) := x'(0)) and Agy1:4(z, W) := xe1:4[2, W] = Brax—1ve[z, w].
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Chris Paige’s approach

We can use the results of (Z, 2007) on the angles between eigenvectors and
Ritz vectors to obtain the following formula:

Yy = s QP Qus; = s'Wis; = ALt 0(0;) "W (6))
w(8))
1

k
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] (0)010) (19)

s v (6;)" G (6))
=2(0)"Qla + = my

k
=0(0)"Qflq + >
=

Here, w(6;) := x'(0)) and Agy1:4(z, W) := xe1:4[2, W] = Brax—1ve[z, w].
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Chris Paige’s approach On the length of the Ritz vectors

Chris Paige’s approach

We can use the results of (Z, 2007) on the angles between eigenvectors and
Ritz vectors to obtain the following formula:

Yy = s QP Qus; = s'Wis; = %9(91) Wi (6))

| k

= m ('Ak(ejv ej)ﬁ(ej)HQlthl i ZBI:Z—]A@+1;]¢(QJ‘, Gj)ﬁ(ej)Hgg)
=1
k
=2(6)"Qlq + Pt ACHIACHIE (19)
— w(b))

_ ~rn\HOH v(0,)" G’ (6;)
=0(0;)"Qrq1 + W
_ ~rp\HAH ﬁk‘l/’jJrleV'(aj) V(gj)H(Qzlij = FkHQk)V'(ej)
I R (3 -7 8 B (AP Y

Here, w(6;) := x'(6;) and At 1.4(z, w) := Xet1:xlz, W] = Be—1ve[z, wl.
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Chris Paige’s approach

We consider the terms in this representation of ||y;||3. We start with the first
term.
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Chris Paige’s approach

We consider the terms in this representation of ||y;||3. We start with the first
term.

In the exact case, i.e., if Q; is orthonormal,

(0)"Qlq =1, since (z)=1. (20)

Jens-Peter M. Zemke Chris Paige and the Lanczos process ICS of CAS, September 24th, 2009 23/53



Chris Paige’s approach On the length of the Ritz vectors

Chris Paige’s approach

We consider the terms in this representation of ||y;||3. We start with the first
term.

In the exact case, i.e., if Q; is orthonormal,
(0)"Qlq =1, since (z)=1. (20)

In the perturbed case the elements in the scalar product are given by

k
X1:1-1(0;) qH

ﬁ(ej)HQlt"h = 3  dr-
A 11

(21)
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Chris Paige’s approach On the length of the Ritz vectors

Chris Paige’s approach

We consider the terms in this representation of ||y;||3. We start with the first
term.

In the exact case, i.e., if Q, is orthonormal,
(0)"Qlq =1, since (z)=1. (20)

In the perturbed case the elements in the scalar product are given by

k
X1:1-1(0;) qH

ﬁ(ej)HQ}j‘h = Bras 1 4q1-

(21)

=1

The term should be of order one plus “small” times “sensitivity”, the ratio
measures the “closeness” of older Ritz values to ;. At “sensitive” steps we
can have a large loss of orthogonality. It is not known how we should prove
this assertion.
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Chris Paige’s approach Eigenvector sensitivity

Outline

Chris Paige’s approach

Eigenvector sensitivity
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Chris Paige’s approach Eigenvector sensitivity

Chris Paige’s approach

Both other terms in our expression for ||y;||3 are of the form

v(0)"X(6;)  ©(6)" X (6))
V6w b)) (22)
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Chris Paige’s approach

Both other terms in our expression for ||y;||3 are of the form

v(0)"X(6;)  ©(6)" X (6))
V6w b)) (22)

This looks like perturbation theory!
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Chris Paige’s approach

Both other terms in our expression for ||y;||3 are of the form

v(0)"X(6;)  ©(6)" X (6))
V6w b)) (22)

This looks like perturbation theory! (If we look long enough : -
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Chris Paige’s approach Eigenvector sensitivity

Chris Paige’s approach

Both other terms in our expression for ||y;||3 are of the form

v(9)"Xe/(0)  0(6)" X/ (6))

= (22)
v (0)"v(6)) o(0)"w(6)
This looks like perturbation theory! (If we look long enough : -
For those not familiar with eigenvector perturbations:
P,y v(0; + AY;
|sin Z(v(0; + A0;),v(9)))| = IPuce) - 106, ol (23)

(0 + A8)) |2

measures the sensitivity of the eigenvector to structured perturbations
affecting “only” the Ritz value.
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Chris Paige’s approach

Both other terms in our expression for ||y;||3 are of the form

v(9)"Xe/(0)  0(6)" X/ (6))

= (22)
v (0)"v(6)) o(0)"w(6)
This looks like perturbation theory! (If we look long enough : -
For those not familiar with eigenvector perturbations:
P, v (0 + AB;
[sin Z(v(6; + AG), v(0)))] = P2 146; + 26, (23)

(0 + A8)) |2

measures the sensitivity of the eigenvector to structured perturbations
affecting “only” the Ritz value. The right eigenvector polynomial is not affected
if we alter the elements in the first row of T;.
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Chris Paige’s approach

Using Taylor expansion we obtain

APy ()]

[sin 20, + 80 w(0))] = 1S 1AL +00A07). (24
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Chris Paige’s approach

Using Taylor expansion we obtain

P52V (6))]]2

Isin Z(v(0; + AY;),v(6)))| = [v(6))[]2

[AG|+0(AgP).  (24)

Thus, we need “nice” expressions for

V(0" () 5(0)Mv/(6)
@Rl @): @RI 6. (29)
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Chris Paige’s approach

Using Taylor expansion we obtain

P52V (6))]]2

Isin Z(v(0; + AY;),v(6)))| = (6]

[AG|+0(AgP).  (24)

Thus, we need “nice” expressions for

v (0)H/(6) 5(0)"/ ()
@Rl @): @RI 6. (29)

It turns out to be easy to obtain analytic expressions for

| j#i
N TN 26
5(6)7w(6) imi (26)

Jens-Peter M. Zemke Chris Paige and the Lanczos process ICS of CAS, September 24th, 2009 26 /53



Chris Paige’s approach Eigenvector sensitivity

Chris Paige’s approach

Using Taylor expansion we obtain

P52V (6))]]2

Isin Z(v(0; + AY;),v(6)))| = (6]

[AG|+0(AgP).  (24)

Thus, we need “nice” expressions for

v (0)H/(6) 5(0)"/ ()
@Rl @): @RI 6. (29)

It turns out to be easy to obtain analytic expressions for

_ — I
= ~ s (26)
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Chris Paige’s approach

Using Taylor expansion we obtain

P52V (6))]]2

Isin Z(v(0; + AY;),v(6)))| = (6]

[AG|+0(AgP).  (24)

Thus, we need “nice” expressions for

v (0)H/(6) 5(0)"/ ()
@Rl @): @RI 6. (29)

It turns out to be easy to obtain analytic expressions for

N y JF
(0)H () _ 0; —6; (26)
o(0)Hv(6)) ) e
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Chris Paige’s approach

Since ©(6;) and v(0;) are parallel, by the Cauchy-Schwarz (in)equality

2(6;) v (6)] = 26 12112 (6) |2 (@7)
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Chris Paige’s approach

Since ©(6;) and v(0;) are parallel, by the Cauchy-Schwarz (in)equality
2(6)"w(8) = 12(6) 121w (6) 2. (27)
Thus, we need an expression for

@) G 2060)]2 [2(0) ()]
@21l @)l 1262 [2(6) v (6))]

BE 1
@)L —ar 17" (28)

1
Zej—eg
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Chris Paige’s approach Eigenvector sensitivity

Chris Paige’s approach

Observe that the norms of the eigenvectors
1212 = - (29)

are related to the squares of the first components of the normalized
eigenvectors, which are the weights in Gaussian quadrature.
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Chris Paige’s approach

Observe that the norms of the eigenvectors

12013 = - (29)

are related to the squares of the first components of the normalized
eigenvectors, which are the weights in Gaussian quadrature.

In general, we can make use of the relations

S2- ar Xl:k—l(ej) — 1
Y w(E) (6113 (30)
S2‘ — XZ:k(ej) — 1
Vo w(e) 12 (6113
where the reduced polynomial w = wj is defined as before by
w(z) =[]~ 0. (31)

0
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Chris Paige’s approach

By classical perturbation theory

|sin Z(2(6;), v(6;) + V' (6,))A8))| < |26 (32)

™ mingy; [6; — 0|
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Chris Paige’s approach

By classical perturbation theory

AG;|
| sin Z((6;),v(6;) + v'(0;)A0))] < ming; 0, — 0| (32)
This is not easy to deduce here, we only have seen thus far that
. = [Ps 0, (6))]13
s’ Z(2(6).1(6) + v'(9)A8) = —F 05 A0 + 0(1A0))
|A0-|2 S2 (33)
= — s + 0(1AG)P).
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Chris Paige’s approach

By classical perturbation theory

J L A
[sin Z(2(6,),(6) + v/ (6)86)] S =i (32)
This is not easy to deduce here, we only have seen thus far that
Py
sin® Z(0(60;), v(6;) + ' (6,) A8)) = Mme 2+ 0(AagP)
[ (6))113
|A0| 57 (33)
22 gy ouAep).
I e;ﬁ;

Maybe the relations collected on the following slides will provide helpful.
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Chris Paige’s approach

A first tool of trade that works in the symmetric case is the identity

Bt = X1k—1(0) - x24(0)), (34)

valid for all Ritz values ;.

Jens-Peter M. Zemke Chris Paige and the Lanczos process ICS of CAS, September 24th, 2009 30/53



Chris Paige’s approach Eigenvector sensitivity

Chris Paige’s approach

A first tool of trade that works in the symmetric case is the identity

Bt = X1k—1(0) - x24(0)), (34)

valid for all Ritz values ;.

This identity proves that if 57,,_, is “moderate”, then in case of “large” w(6)), at
least one of s;; and s;; has to be “small” and thus at least one of ||&(6;)||. and
llv(6;)]2 has to be “large”,

( 3 .)2 _ ﬁ%zk—l _d (HA 9 0, 2 35
Sush)” = S = 2(0) 1211w (6))]12) " (35)
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Chris Paige’s approach

A first tool of trade that works in the symmetric case is the identity

Bt = X1k—1(0) - x24(0)), (34)

valid for all Ritz values ;.

This identity proves that if 57,,_, is “moderate”, then in case of “large” w(6)), at
least one of s;; and s;; has to be “small” and thus at least one of ||&(6;)||. and
llv(6;)]2 has to be “large”,

2
(s = o=t = (196 Ll 6)]l) (35)

A relation without squares follows easily using (Z, 2006), (Z, 2007) and
Cauchy-Schwarz, we have

syt = At = - (36)
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Chris Paige’s approach

For k > 3 we observe that we can obtain the upper bound

(37)

Is1jsi| < X
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Chris Paige’s approach

For k > 3 we observe that we can obtain the upper bound

|Sljskj| < 5 (37)
since for a vector x with non-zero structure as follows,
X
i 1
x=|:], max |xy==. (38)
. 2+y?=1 2
0
y
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Chris Paige’s approach Eigenvector sensitivity

Chris Paige’s approach

For k > 3 we observe that we can obtain the upper bound

Is1jsij| < 5 (37)
since for a vector x with non-zero structure as follows,
X
i 1
x=|:|, max =-. 38
| max ol =5 (38)
y
There can not be two consecutive zeros in an eigenvector of a tridiagonal
matrix, as then the three-term recurrence would construct only zeros,
s| (Beees1 = (T — c)er — Be—r1€o—1) . (39)
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Chris Paige’s approach Eigenvector sensitivity

Chris Paige’s approach

For k > 3 we observe that we can obtain the upper bound

Is1jsij| < 5 (37)
since for a vector x with non-zero structure as follows,
X
0
x=|:|, max =-. 38
| max bl = (38)
y
There can not be two consecutive zeros in an eigenvector of a tridiagonal
matrix, as then the three-term recurrence would construct only zeros,
s (Beeer1 = (Te — cr)er — Bo—1e-1) . (39)

Thus, |w(6;)| = [x'(6))] > 2811
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Chris Paige’s approach Eigenvector sensitivity

Chris Paige’s approach

To give a partial resume: There seems to be a relation to perturbation theory,
but it really is not fully understood.
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Chris Paige’s approach Eigenvector sensitivity

Chris Paige’s approach

To give a partial resume: There seems to be a relation to perturbation theory,
but it really is not fully understood.
We reconsider

v(0) X' (6;) _ D(6)"Xer'(6)

v6)w(E) BB wE) (40)
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Chris Paige’s approach Eigenvector sensitivity

Chris Paige’s approach

To give a partial resume: There seems to be a relation to perturbation theory,
but it really is not fully understood.

We reconsider
v(0)"Xw'(6,)  (0)" X ()

VO ) | B)uE) L
Inserting the identity matrix gives
(9,)kau S (,kaue)u(ai)Hu'(@)
o(0)) ‘E D(0:)Fw(0;) 2(6)7v(6)
(41)
1 (9

HXkV(Q,-) A(GJ)HX/CV(O )
) i v(6)Hv(6)) )
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Chris Paige’s approach Eigenvector sensitivity

Chris Paige’s approach

To give a partial resume: There seems to be a relation to perturbation theory,
but it really is not fully understood.

We reconsider
v(0)" X' (6) _ D(6) "X (6))

V() o6 S
Inserting the identity matrix gives
<9,>kau N m“xku(e)u(el»)wj)
o(6)) ‘E D(6)Tw(6:) B0, (0) 5
= 1 ( 9>kav<9>+ <,>kav<0>>
6= 0, \ o(0)w(6) o)) )

Again, we have to treat the norms of the eigenvector polynomials in some (not
specified) manner to make this a successful approach.
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Outline

Chris Paige’s approach

Closer to the original
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Chris Paige’s approach Closer to the original

Chris Paige’s approach

We only used the first Hessenberg decomposition with T,. We can stick closer
to what Chris Paige did, and use the second one:

TR + Ei = Re 1 Ty = ReTy + rig1 Beeyf (HessT2)
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We only used the first Hessenberg decomposition with T,. We can stick closer
to what Chris Paige did, and use the second one:

TR + Ei = Re 1 Ty = ReTy + rig1 Beeyf (HessT2)

Here, I, is upper triangular, and W, ; = RY + Dy + R, with
Ry = sut(Wy ) and D, diagonal.
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Chris Paige’s approach

We only used the first Hessenberg decomposition with T,. We can stick closer
to what Chris Paige did, and use the second one:

TR + Ei = Re 1 Ty = ReTy + rig1 Beeyf (HessT2)

Here, I, is upper triangular, and W, ; = RY + Dy + R, with
Ry = sut(Wy ) and D, diagonal.

Chris Paige proved that E, is “small”.
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Chris Paige’s approach Closer to the original

Chris Paige’s approach

We only used the first Hessenberg decomposition with T,. We can stick closer
to what Chris Paige did, and use the second one:

TR + Ei = Re 1 Ty = ReTy + rig1 Beeyf (HessT2)

Here, I, is upper triangular, and W, ; = RY + Dy + R, with
Ry = sut(Wy ) and D, diagonal.

Chris Paige proved that E, is “small”.

Based on the identity
”yJ”% —1= S}-| (Dk 3 Ik)Sj + 2Re (S]HRij) (42)

Chris Paige bounded the deviation of ||y;| from one.
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Chris Paige’s approach Closer to the original

Chris Paige’s approach

We can again use the characterization of the angles to compute his results in
terms of the derivative,

H
Sj Rij

(43)
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Chris Paige’s approach Closer to the original

Chris Paige’s approach

We can again use the characterization of the angles to compute his results in
terms of the derivative,

Brk—1 A
w(6))

stRys; = 2(0) 'R (6))

(43)
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Chris Paige’s approach Closer to the original

Chris Paige’s approach

We can again use the characterization of the angles to compute his results in
terms of the derivative,

SjHRij = ﬁl:kil 17(9]) Rkll(ej)

w(6))
1

k
IE 50 (Ak(ﬁj,ej)ﬁ(aj)"'rl + Z Bre—1Ae1:4(6, Gj)l)(ej)HEkeK> (43)

(=1
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Chris Paige’s approach Closer to the original

Chris Paige’s approach

We can again use the characterization of the angles to compute his results in
terms of the derivative,
_ B .

SjHRij = w(oj) l/(ej) Rkll(ej)
1

k
(Ak(ej, ej)ﬁ(aj)Hl‘l + Z 61;[;71./4(/,+1:k(9j= ej)ﬁ(ej)HEkeﬁf) (43)

(=1

v (0,)0(0;) " Ere,
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Chris Paige’s approach Closer to the original

Chris Paige’s approach

We can again use the characterization of the angles to compute his results in
terms of the derivative,

ﬁlk 1~

S Rksj w( ) (9 )HRkV(G)
— w(le) (Ak(ej)e) ( 1'1 +Zdl[ IA(+1k(9 9) (9')HEkeK> (43)
! (=1
|= k /3;1(—1]/ V(M M
= w(E) 7(0,)0(6;) " Exe, = SOFuE)
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Chris Paige’s approach Closer to the original

Chris Paige’s approach

We can again use the characterization of the angles to compute his results in
terms of the derivative,

IRisy = S 5(0) Rav ()
=w(19j) (Ak(9j,9) (9) 1‘1+;5w 1 Aer1x(6;, 6;)0 (9')HEkef‘> (43)
k
1= /3 k—1 N n I)(Q)HE/\I//(H)
- 2wl v (6,)0(6) " Ee, = W
Thus, 3
Iyl3 — 1 = $H(De — L)s; + 2Re (W) (44)
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Chris Paige’s approach Closer to the original

Chris Paige’s approach

We can reformulate this by our “perturbation analysis”:

4 ;)HEkV (0)"Exv (6:)
sayea) S (o0

(60, "B (0)
O OOk <>>' #9)

tFj
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Chris Paige’s approach Closer to the original

Chris Paige’s approach

We can reformulate this by our “perturbation analysis”:

)HEkV ( )HEkV<9,') )HEku(G)
)~ ga o

20 20
5(6) 50w (0) T B(O)F <>>' #9)

The last ratio in parentheses is a Rayleigh quotient of a small matrix and thus
small. Chris Paige denoted this Rayleigh quotient by e}jk).
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Chris Paige’s approach Closer to the original

Chris Paige’s approach

We can reformulate this by our “perturbation analysis”:

(;)HEkV 0(0,)"E (6;) (0)"Exv (6))
0 Ze <ﬁ>u<9i>+a<><>>'

(45)

The last ratio in parentheses is a Rayleigh quotient of a small matrix and thus
small. Chris Paige denoted this Rayleigh quotient by e}jk).

Obviously, using
s (TeR + B = ReTy + ris1eef) s, (46)
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Chris Paige’s approach Closer to the original

Chris Paige’s approach

We can reformulate this by our “perturbation analysis”:

(;)HEkV 0(0,)"E (6;) (0)"Exv (6))
0 Ze <ﬁ>u<9i>+a<><>>'

(45)

The last ratio in parentheses is a Rayleigh quotient of a small matrix and thus
small. Chris Paige denoted this Rayleigh quotient by e}jk).

Obviously, using
Sj|~-| (TkRk + E, =R/ Ty + rk+1[3ke;£) S, (46)
proves that loss of orthogonality and “convergence” go hand in hand,

k
,(, ) = QR qus1 Beels; = ¥ s Busy. (47)
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Chris Paige’s approach Closer to the original

Chris Paige’s approach

Again, we can express part of the relations in terms of perturbations of
eigenvectors, but the first term in the parentheses has not been treated fully
satisfactory.
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Chris Paige’s approach Closer to the original

Chris Paige’s approach

Again, we can express part of the relations in terms of perturbations of
eigenvectors, but the first term in the parentheses has not been treated fully
satisfactory.

Perhaps we need to better understand the derivative of the eigenvector
polynomial. In (Z, 2006) it was proven that this vector is the first principal
vector if the eigenvalue is multiple, which is never true in our setting.

Jens-Peter M. Zemke Chris Paige and the Lanczos process ICS of CAS, September 24th, 2009 37/53



Chris Paige’s approach Closer to the original

Chris Paige’s approach

Again, we can express part of the relations in terms of perturbations of
eigenvectors, but the first term in the parentheses has not been treated fully
satisfactory.

Perhaps we need to better understand the derivative of the eigenvector
polynomial. In (Z, 2006) it was proven that this vector is the first principal
vector if the eigenvalue is multiple, which is never true in our setting.

It turns out that the derivative of the eigenvector polynomial is in some sense
obtained by inverse iteration with shifted A. This can be seen with the aid of
the shifted Hessenberg decomposition.
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Outline

Our approach
The shifted decomposition
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Our approach The shifted decomposition

A new approach

Consider the shifted Lanczos Hessenberg decomposition

AQi 1 = Quii Ty = QuTy + g1 Bref (HessA2)
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Our approach The shifted decomposition

A new approach

Consider the shifted Lanczos Hessenberg decomposition
AQi + 1 = Qe T, = QiTy + qer1 Beef (HessA2)
where for a given eigenpair Av; = v;\; and a given Ritz value 6; we defined

A=A (- G)viv and Foi= (= gV Qe+ Fr (48)

i
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Our approach The shifted decomposition

A new approach

Consider the shifted Lanczos Hessenberg decomposition
AQ + = Qi T, = QuTy + 1 By (HessA2)
where for a given eigenpair Av; = v;\; and a given Ritz value 6; we defined

A =A— ()\, — Qj)v,-v'-" and F/\ = ()\, — ej)V,'V?Qk + Fk. (48)

1

This definitions ensure that the Hessenberg decomposition is still balanced
and that now
VA = V(A — (O = 0)vivt) = avH — (O — 0)vHvvH = gv! (49)

i

i.e., v; is a left eigenvector to the eigenvalue 0;.
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Our approach The shifted decomposition

A new approach

The angle between the eigenvector v; and a scaled Ritz vector is given by

Bik—1_H H Bik—1 na
. | = . N F ()
w(ej) V; QkV(aj) viqi W‘W/) v, v ( _/)7 (50)
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Our approach The shifted decomposition

A new approach

The angle between the eigenvector v; and a scaled Ritz vector is given by

Bra—1 W Brix—1 VI
v = v + F.v'(0)), 50
UJ( ) Qk ( ) ql w(&l) (/) ( )
in other words,
vHQu(6)) = w(@,-)l viai + vi'F/ ()

1:k— (51)

w(o)vql—i-()\ 0)VIQur/ (6;) + VIF (0)).
B
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Our approach The shifted decomposition

A new approach

The angle between the eigenvector v; and a scaled Ritz vector is given by

Bra—1 W Brix—1 VI
v = v + F.v'(0)), 50
UJ( ) Qk ( ) ql W(a/) (/) ( )
in other words,
vHQu(6)) = w(ej)l viai + vi'F/ ()

1:k— (51)

w(o)vql—i-()\ 0)VIQur/ (6;) + VIF (0)).
B

Remark: This relation is correct, no matter how close or far away \; and 6; are.
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Our approach The shifted decomposition

A new approach

The angle between the eigenvector v; and a scaled Ritz vector is given by

Brik—1 W B Brx—1
BOK i Qv (0)) = vq1+ww

ViR (6)), (50)

in other words,

viQuv () = %V?‘h + Vi F/' (6))
o (51)
;)l(f_) v, q+ ()\ )V QkV ( ) +v; Fkl/ (9)

Remark: This relation is correct, no matter how close or far away \; and 6; are.
The relation can be obtained using any eigenvalue and any Ritz value.
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Our approach The shifted decomposition

A new approach

Sorting gives the following anti-Taylor-like approximation,

Qe (v(8) — 1 (6) (N — ) = %vrql CES),  (52)
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Our approach The shifted decomposition

A new approach

Sorting gives the following anti-Taylor-like approximation,

w(0;
W ()~ (6) 00— 6) = Sy L), (62
weighted summation over all eigenpairs of A gives the inexact inverse
subspace iteration

w(8))

(01, — A)Qx — F)v/'(6)) = Bris

a1 — Qv (). (53)
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Our approach The shifted decomposition

A new approach

Sorting gives the following anti-Taylor-like approximation,

w(6;
W ()~ (6) 00— 6) = Sy L), (62
weighted summation over all eigenpairs of A gives the inexact inverse
subspace iteration

w(8))

(01, — A)Qx — F)v/'(6)) = Bris

a1 — Qv (). (53)

There is a good chance that Q.2 (0;) is a better candidate for a “Ritz vector” if
Qv (6;) is “small” and 6 is close to an eigenvalue of A.
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Our approach The shifted decomposition

A new approach

Sorting gives the following anti-Taylor-like approximation,

w(6;
W ()~ (6) 00— 6) = Sy L), (62
weighted summation over all eigenpairs of A gives the inexact inverse
subspace iteration

w(8))

(01, — A)Qx — F)v/'(6)) = Bris

a1 — Qv (). (53)

There is a good chance that Q.2 (0;) is a better candidate for a “Ritz vector” if
Qv (6;) is “small” and 6 is close to an eigenvalue of A.

A mixed numerical-symbolic computation | presented at the GAMM annual
meeting 2006 does support this idea in case of a second Ritz copy.
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Our approach The shifted decomposition

An example from my 2006 GAMM talk

symbolic Lanczos for 29 steps finite precision Lanczos for 29 steps; Matlab 7.2.0.294 (R2006a)
0 0
10 - 10
10*10 10*10
0 5 10 15 20 25 30 0 5 10 15 20 25 30

finite precision Lanczos for 29 steps; older version of MRRR finite precision Lanczos for 29 steps; exact eigenvectors
0 0
10 10

-10 -10

10 10
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first trailing adjugate polynomials at )\i and maximal 6, step = 13
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first trailing adjugate polynomials at )\i and maximal 6, step = 18
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1 4 2
real eigenvalues; cluster size = 2.1452299609e-16
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Our approach About higher derivatives

Higher derivatives

There is an alternative way to prove that the first “principal” Ritz vector is
obtained by inexact inverse subspace iteration.
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There is an alternative way to prove that the first “principal” Ritz vector is
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For any z € C and any ¢ € N we have that

v v ) XY@

(2l — Ty) 0 1 -1 é Brk—1 e

This implies that

vO@) B ()
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Our approach About higher derivatives

Higher derivatives

There is an alternative way to prove that the first “principal” Ritz vector is
obtained by inexact inverse subspace iteration.

For any z € C and any ¢ € N we have that

v(i) v ) x“()

(2l — Ty) 0 1 -1 é Brk—1 e

This implies that

vO@) B ()
(z2Qr — QiTy) 7 + Qe -1 Qeer Brir—1

) JOQ N O
= ((zI, — A)Qr — Fy) 7l + Qe (-1 o Bri—1
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Our approach About hi r derivatives

Higher derivatives

There is an alternative way to prove that the first “principal” Ritz vector is
obtained by inexact inverse subspace iteration.

For any z € C and any ¢ € N we have that

v v ) XY@

(el — Ty) 7l + -1 é Brk—1 o
This implies that
) (¢-1) ©
Cpiiy (z) + Q. SEh 5 X (z)
7 (¢—1)! Brk—1
O Gl R £ I
= ((zI, — A)Qr — Fy) 7l + Qe (¢ —1)! o Bri—1

We have used the fact that the last £ components of v(9)(z) are zero.
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Our approach About higher derivatives

Higher derivatives

We can now insert any value for z, natural candidates are values in a cluster
and the eigenvalue closest to the Ritz value(s) of interest.
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We can now insert any value for z, natural candidates are values in a cluster
and the eigenvalue closest to the Ritz value(s) of interest.

We could use Rolle’s theorem and set z to the unique zero of x"~1)(z) in the
cluster interval of Ritz values, where m denotes the number of Ritz values in
the cluster.
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Our approach About higher derivatives

Higher derivatives

We can now insert any value for z, natural candidates are values in a cluster
and the eigenvalue closest to the Ritz value(s) of interest.

We could use Rolle’s theorem and set z to the unique zero of x"~1)(z) in the
cluster interval of Ritz values, where m denotes the number of Ritz values in
the cluster.

We could use any linear combination of the derivatives for a fixed z, as
everything is linear,

(e — A)Q -~ F) (P a2
£=0
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Our approach About higher derivatives

Higher derivatives

We could try to find a linear combination

~ v

ay W (87)

(=1

that (almost) lies in the null-space of Q.
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Our approach About higher derivatives

Higher derivatives

We could try to find a linear combination

p V(Zfl)(z)

ag——=
2= T)!

(57)

that (almost) lies in the null-space of Q. This linear combination of the
derivatives would be close to an eigenvector of A, if the corresponding linear
combination

p
> X0 (59)

—1 /Blzk—l

involving the characteristic polynomial is “small”.
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Our approach About higher derivatives

Higher derivatives

We could try to find a linear combination

p V(Zfl)(z)

ap———=
2= T)!

(57)

that (almost) lies in the null-space of Q. This linear combination of the
derivatives would be close to an eigenvector of A, if the corresponding linear
combination

xO(z
(58)
L:k—1

P
2%
Z 5
involving the characteristic polynomial is “small”.

Another example: Choosing p = k and a; = a,(z) appropriately gives the
Taylor approximation to, say, the characteristic polynomial of A at \.
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Our approach The polynomial point of view

Polynomial view on Chris Paige’s result

We can consider the parameter-dependent relation

(Tk 7> ZIk)Rk + E, = Rk(Tk — ZIk) + rk+1ﬁkeg. (59)
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Remember that R; is a strictly upper triangular matrix.
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Our approach The polynomial point of view

Polynomial view on Chris Paige’s result

We can consider the parameter-dependent relation

(T — 2Ry + B = Re(Ty — 2Ii) + i1 ey (59)
Remember that R; is a strictly upper triangular matrix.

Application of (z)™ and v(z) gives

D()"Ew(z) = (2) s e (60)
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Our approach The polynomial point of view

Polynomial view on Chris Paige’s result

We can consider the parameter-dependent relation

(Tx — 2Ry 4+ B = Re(Ty — zIy) + 11 By - (99)
Remember that R, is a strictly upper triangular matrix.
Application of (z)™ and v(z) gives

P(2)"Ew(2) = 0(2) 'rg Bre (60)

This is an exact polynomial relation with polynomials of degree k — 1, i.e.,
these are k linear equations:

k—1

vMEw@) =1 - 2 T : (61)
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approach The polynomial point of view

Polynomial view on Chris Paige’s result

This gives the complete characterization of the loss of orthogonality

16 = Qi1 B (62)

at step k + 1 in terms of the errors E,.
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Polynomial view on Chris Paige’s result

This gives the complete characterization of the loss of orthogonality
i1 B = QP qur1 B (62)

at step k + 1 in terms of the errors E,.

Well known is this result when z = 6, is any Ritz value, but we could compare,
say, the coefficients of the highest term zt1:

trace(K)Z '+ - = 0()"Ew(2) = ()" B = a1 BT 4. (83)
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Our approach The polynomial point of view

Polynomial view on Chris Paige’s result

This gives the complete characterization of the loss of orthogonality
i1 B = QP qur1 B (62)

at step k + 1 in terms of the errors E,.

Well known is this result when z = 6, is any Ritz value, but we could compare,
say, the coefficients of the highest term zt1:

trace(E) '+ - = 0()"Ew(z) = 0@ B = qf @ BT . (83)

This is correct. It does not give further insights, but proves that the relation is
sound. The diagonal of E, is closely related to the local loss of orthogonality.
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Our approach The polynomial point of view

Polynomial view on Chris Paige’s result

Maybe of interest in CG or other OR methods is the relation involving the
constant terms, namely

2(0)"Ew(0) = 2(0)"Q quy1 B (64)
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Polynomial view on Chris Paige’s result

Maybe of interest in CG or other OR methods is the relation involving the
constant terms, namely

2(0)"Ew(0) = 2(0)"Q quy1 B (64)

By definition of v(z), z; defined by

X 1 x(0)
zk||l'o||ﬂ1:k71 =0 =-(-T) B " (65)

where ry := b — Ax, denotes the starting residual, is the kth QOR solution,
see (Z, 2007).
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Our approach The polynomial point of view

Polynomial view on Chris Paige’s result

Maybe of interest in CG or other OR methods is the relation involving the
constant terms, namely

(0)1E,0(0) = 2(0)7Q qip1 5i. (64)

By definition of v(z), z; defined by

X 1 x(0)
zk||l'o||ﬂ1:k71 =0 =-(-T) B " (65)

where ry := b — Ax, denotes the starting residual, is the kth QOR solution,
see (Z, 2007).

At this point the talk comes to its end. The true research can start here.
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Conclusion and QOutlook

» We sketched how Chris Paige’s approach of error analysis of the finite
Lanczos process seems to be related to eigenvector sensitivity.
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» We have shown that the analytic representation of eigenvectors as
polynomial vectors evaluated at the eigenvalues results in simpler
expressions. These are based on differentiation.
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Conclusion and Outlook

» We sketched how Chris Paige’s approach of error analysis of the finite
Lanczos process seems to be related to eigenvector sensitivity.

» We have shown that the analytic representation of eigenvectors as
polynomial vectors evaluated at the eigenvalues results in simpler
expressions. These are based on differentiation.

» We failed to give a complete error analysis based solely on our
polynomial description.

» The presented relations mostly carry over to the unsymmetric Lanczos
process, portions of it should help in distinguishing different
implementations of the unsymmetric Lanczos process.
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Summary

The final slide . ..

Dékuji. Once Again.
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