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Properties of the exa
t re
urren
eIdea: Orthogonal redu
tion of A= AT 2 Rn�n.
A �! QTAQ= T 2 Rn�n;

T = 0BBBB��1 �1�1 . . . . . .. . . . . . �n�1�n�1 �n
1CCCCA ;

QTQ = I:Dense matri
es: Householder/Givens
+ Stable Algorithm+ Eigenvalues a

urate ! O(kAk")
� Operation 
ount O(n3)� Storage amount O(n2)
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Sparse Matri
es: Iterative implementation) Lan
zos AlgorithmCompute an invariant subspa
e:
AQ= QT; A 2 R n�n selfadjoint;T 2 Rm�m tridiagonal;Q 2 Rn�m orthonormal:Lan
zos Algorithm:
�0q0 � 0q1 = ?k = 1Iterate�k = qTk Aqkrk = (A� �kI)qk � �k�1qk�1�k = krkk2qk+1 = rk=�kk = k+1until �k = 0.
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Governing equation:
�kqk+1 = (A� �kI)qk�1 � �k�1qk�1With Qk = hq1; : : : ; qniand
Tk =

0BBBB��1 �1�1 . . . . . .. . . . . . �k�1�k�1 �k
1CCCCA

one has in matrix form:AQk �QkTk = �kqk+1eTk = rkeTk ;
A Qk - Qk Tk = 0
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Eigende
omposition of Tk:
TkSk = Sk�k; Sk 2 R k�k orthogonal;�k 2 R k�k diagonal;Sk = �s(k)ij �i;j2f1;:::;kg = �s(k)1 ; : : : ; s(k)k � ;

�k = diag��(k)1 ; : : : ; �(k)k � :
De�ne Ritz pair:

y(k)j = Qks(k)j (Ritz ve
tor);�(k)j (Ritz value):
Relation: Ritz pair  ! Eigenpair?

AQk �QkTk = �kqk+1eTk ��� � s(k)j) Ay(k)j � y(k)j �(k)j = �ks(k)kj qk+1:
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Eigende
omposition of A:AV = V �; V 2 Rn�n orthogonal;� 2 Rn�n diagonal:� = diag (�1; : : : ; �n)Residual bound:9i : �����i � �(k)j ���� � kAy(k)j � y(k)j �(k)j k2ky(k)j k2 = �k ����s(k)kj ���� :
Qk is orthonormal, i.e.kQks(k)j k2 = k[Qk; Q?k ℄[s(k)j ; 0℄k2= k[s(k)j ; 0℄k2= ks(k)j k2= 1:Observation (numeri
al):
� The residual �k ����s(k)kj ���� is not a sharp boundfor simple eigenvalues.
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Better bound (Temple/Kato):No eigenvalue in [�(k)j ; �(k)j +gap℄. Then
0 � �i � �(k)j � ��ks(k)kj �2,gap:

Well separated eigenvalues (gap = O(1))) 
onvergen
e quadrati
 in the residual.
Cluster �i = f�i1; : : : ; �ilg:Convergen
e behaviour similar to 
ase of sim-ple eigenvalue untildist��i; �(k)j �
rea
hes level O(diam(�i) kAk):
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Eigenvalues sorted in as
ending order:
�1 � : : : � �n; �(k)1 < : : : < �(k)k :A priori error bound (Kaniel-Saad):

0 � �(k)j � �j�n � �j � 0B� sin\ �q1; Vj�
os\ �q1; vj� � Qj�1�=1(����n����j )Tk�j(1 + 2
)1CA2:
Vj = span �v1; : : : ; vj�Gap ratio: 
 = �j � �j+1�j+1 � �n :Chebyshev polynomials Tk are used to dampenthe unwanted part of the spe
trum.) Convergen
e 'asymptoti
ally' geometri
 forouter eigenvalues.
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The �nite pre
ision re
urren
eRelations in �nite pre
ision?
�! qk; �k; �k; : : : denote 
omputed quantities
Balan
e governing equation:

�kqk+1 = (A� �kI)qk � �k�1qk�1 � fk
Matrix form:

AQk �QkTk = �kqk+1eTk + Fk
Disturbed residual:
AQks(k)j �Qks(k)j �(k)j = �ks(k)kj qk+1+ Fks(k)j

Jens Zemke Gregynog Workshop 11{16 July 1999 9



Disturbed residual bound:
9i : �����i � �(k)j ���� � �k ����s(k)kj ����+ O(kAk")ky(k)j k2) unknown denominator.Orthogonality of Lan
zos ve
tors qk,

QTkQk � Ik = ?
View matrix form

AQk �QkTk = �kqk+1eTk � Ek
as Sylvester equation for Qk, i.e. as linearequation in Rnk�nk:

(Ik 
A� Tk 
 In)ve
(Qk) = ve
(Ek):
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Eigenvalues:
�ij(Ik 
A� Tk 
 In) = �i(A)� �j(Tk)= �i � �(k)j :

Condition:

ond2(Ik 
A� Tk 
 In) = maxi;j ������i � �(k)j �����mini;j ������i � �(k)j ����� :
Errors are random
) qj loose orthogonality almost 
ertainly:

Columns of Qk be
ome linear dependent
) ky(k)j k2 = kQks(k)j k2 
an be small.

Underlying stru
ture in loss of orthogonality?
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Expli
it diagonalization:
AQk �QkTk = �kqk+1eTk + Fk ��� vTi � (�) � s(k)j ;(�i � �(k)j )vTi Qks(k)j = vTi qk+1�ks(k)kj + vTi Fks(k)j :
Lo
al error at step k ! k+1:

vTi qk+1 = (�i � �(k)j )vTi y(k)j � vTi Fks(k)j�ks(k)kj :
Paige's result:

Loss of orthogonality()Fk 6= 0 and 
onvergen
e
Absolute error level: vTi Fks(k)j = O(kAk").
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Loss of orthogonality o

urs when�i � �(k)j = O �vTi Fks(k)j �= O(kAk")
and is proportional to��ks(k)kj ��1 :
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A numeri
al exampleBehaviour �max� �(k)j and �ks(k)kj , vTmaxqk+1 fora random symmetri
 matrix A 2 [0;1℄100�100.
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Three phases of 
onvergen
e to a given eigen-value �i 
an be distinguished:
I Convergen
e (step 1-5):�(k)j ! �i;�ks(k)kj ! O �kAkp"� ;vTi qk+1 ! O �p"� :
II Loss of orthogonality (step 5-11):�(k)j � �i;�ks(k)kj ! O (kAk") ;vTi qk+1 ! O (1) :
III New Ritz value appears (step 11-17):�(k)j � �i;�ks(k)kj ! O �kAkp"� ;vTi qk+1 ! O �p"� :
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Interpretation based on:Lo
al loss of orthogonality:vTi qk+1 = (�i � �(k)j )vTi y(k)j � vTi Fks(k)j�ks(k)kj :
Stabilization of Ritz values:

8 l > 0 9 i : �����(k+l)i � �(k)j ���� � �k ����s(k)kj ���� :
Thompson & M
Enteggert (1968):�s(k)kj �2 = Yi<j �(k)j � �(k�1)i�(k)j � �(k)i � Yi>j �(k)j � �(k�1)i�1�(k)j � �(k)i :
Perturbation theory:) Re
urren
e without stabilized Ritz value(s).
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Se
ondary e�e
ts:Convergen
e to eigenvalues 
lose to stabilizedRitz values is perturbed.
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Jens Zemke Gregynog Workshop 11{16 July 1999 17



Global behaviour governed by three phases.
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Behaviour after perturbation o

uredvs.No perturbation o

uredPerturbations dependent on absolute size.
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Reorthogonalization te
hniquesFull Reorthogonalization (LanFO):Computes 'a

urate' Qk in O(kn):kQTkQk � Ikk = O (kAk") :
Semiorthogonalization te
hniques:
� Sele
tive Reorthogonalization (LanSO)
� Periodi
 Reorthogonalization (LanPR)
� Partial Reorthogonalization (LanPRO)

Indi
ator rea
hes O(kAkp")) Invoke reorthogonalization.
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Con
lusion
� Lan
zos' algorithm is not forward stable.
� Lan
zos' algorithm tends to 'forget' thestarting ve
tor.
� A

ura
y of Ritz pair dependent on num-ber of Ritz pairs already a

epted.
� Mixed forward/ba
kward analysis givesuseful insight.
� Three phases model suÆ
ient to under-stand �nite pre
ision Lan
zos.
� All known relations 
an be dedu
ed withoutinvolved proofs.
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Con
lusion (extensions)
� Equivalent results for �nite pre
ision CG.
� The formulavTi qk+1 = (�i � �(k)j )vTi y(k)j � vTi Fks(k)j�ks(k)kjholds for all methods that{ 
ompute the 
olumns of the similar-ity transformation iteratively.
� If these methods{ do not use reorthogonalizationwe 
on
lude that loss of 
onvergen
e o
-
urs i� the residual be
omes small.
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