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Introdu
tionGrowing interest in solvingProblem I: �nd v; � so thatAv = v�andProblem II: �nd x so thatAx= bfor huge sparse matri
es A 2 K n�n.Methods for dense systems: O(n3) operationsfor solution and veri�
ation (Rump, Oishi).Is veri�
ation for sparse matri
es possible
� without use of full matri
es and
� with less than O(n3) operations?
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Problem I (eigenvalues)Three important methods using Krylov spa
es:symmetri
 Lan
zos:AQk �QkTk = �kqk+1eTk + FLkTk = TTk tridiagonal, QTkQk = Ik if FLk = 0nonsymmetri
 Lan
zos:AQk �QkTk = �kqk+1eTk + FQkATPk � PkTTk = 
kpk+1eTk + FPkTk tridiagonal, PTk Qk = Ik if FQk = 0 = FPkArnoldi:AQk �QkHk = hk;k+1qk+1eTk + FAkHk Hessenberg, QTkQk = Ik if FAk = 0There exist modi�
ations of symmetri
 Lan
-zos for skew-symmetri
 matri
es et
.
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In theory (Fk = 0) rapid 
onvergen
e whenouter eigenvalues well separated.symmetri
 Lan
zos �! Kaniel{Paige{Saad
0 � �j � �j�n � �j � 0B� sin\ �q1; Vj�
os\ �q1; vj� � Qj�1�=1(����n����j )Tk�j(1 + 2
)1CA2:

Vj = span �v1; : : : ; vj�
Gap ratio: 
 = �j � �j+1�j+1 � �n :
Chebyshev polynomials Tk dampen part of thespe
trum.Arnoldi �! Trefethen
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Uni�ed des
riptionIn all 
asesAXk �XkBk = bk;k+1xk+1eTk + Fk (�)holds ) Sylvester equation for Xk (linear).
A Xk � Xk Bk = 0 + Fk

Eigende
omposition of A:
vTi A= �ivTi ; Awi = wi�i:Eigende
omposition of Bk:
Bksj = sj�j; tTj Bk = �jtTj :Eigenve
tors have unit length.
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Convergen
e and loss of orthogonalityRitz pairs (triplets): ��j; yj = Xksj h; zji�For symmetri
 Lan
zos residual 
an be esti-mated (kyjk = 1 for Fk = 0):Ayj � yj�j = bk;k+1skjxk+1+ Fksj����i � �j��� � kyjk � bk;k+1 ���skj���+ kFksjk
Diagonalization of (�) yields��i � �j� vTi yj = vTi xk+1bk;k+1skj + vTi Fksj:
Reorder terms:

vTi xk+1 = ��i � �j� vTi yj � vTi Fksjbk;k+1skj) formula for lo
al error.
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The lo
al error formula shows Paige's result:
Loss of orthogonality()Fk 6= 0 and 
onvergen
e

Relation between 
onvergen
e and residual forsymmetri
 Lan
zos (Temple/Kato):No eigenvalue in [�j; �j +gap℄. Then0 � �i � �j � ��kskj�2�gap:
Well separated eigenvalues (gap = O(1))) 
onvergen
e quadrati
 in the residual.Interval Lan
zos (Frommer) 
an only rea
h thestep where 
onvergen
e rea
hes the level ofthe ma
hine pre
ision �, that means the stepwhere the residual rea
hes level p�.
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Numeri
al exampleRandom A 2 [0;1℄100�100 (nonnegative). Plotshows �max � �j, bk;k+1skj and vTmaxxk+1.Eigenvalues of largest moduli:�max = �100 � 50:6; �99 � 4:2:
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Short summary:Krylov methods in 
oating pointFk 6= 0without repair (reorthogonalization) will devi-ate vTi xk+1 = ��i � �j� vTi yj � vTi Fksjbk;k+1skjfrom exa
t 
ounterparts when 
onvergen
e��i � �j� vTi yj = O(vTi Fksj)o

urs.The Ritz pair (triplet) 
onverges to an eigen-pair (eigentriple).In the unsymmetri
 
ases for some jvTi yj
onverges to vTi wiand thus the 
ondition of �i 
omes into play.
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One way of dealing with the loss of orthogonal-ity is to understand the behaviour of symmetri
Lan
zos after �rst Ritz pair 
onverged.Stabilization of Ritz values:
8 l > 0 9 i : �����(k+l)i � �(k)j ���� � �k ����s(k)kj ���� :

Thompson & M
Enteggert (1968):�s(k)kj �2 = Yi<j �(k)j � �(k�1)i�(k)j � �(k)i � Yi>j �(k)j � �(k�1)i�1�(k)j � �(k)i :
For Arnoldi and nonsymmetri
 Lan
zos no sim-ilar results exist, but behaviour looks prettymu
h the same.La
k of results due to the involved perturba-tion theory for general matri
es.
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The other way is reorthogonalisation.
� Full reorthogonalization (Wilkinson):Computes 'a

urate' Qk in O(kn):kQTkQk � Ikk= O (kAk") :Storage amount: full matri
es. Arnoldi hasto store all ve
tors and uses reorthogonal-ization.
� Semiorthogonalization te
hniques (Parlett,S
ott, Bai, Gr
ar, . . . ):Indi
ator rea
hes O(kAkp")) Invoke reorthogonalization.

Up to now no way to adopt these te
hniquesfor a veri�
ation method.
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Problem II (linear systems)For every Krylov eigensolver a 
orrespondinglinear system solver exists.eigensolver linear system solversymmetri
 Lan
zos CG (A SPD)Arnoldi GMRES. . . . . .Floating point Krylov methods for solution oflinear systems 
orrespond to some underlyingperturbed Krylov eigensolver.So it is not possible to use interval arithmeti
for Krylov methods in general.Either the intervals will grow tremendous dueto 
onvergen
e of a Ritz pair or 
onvergen
ewill be delayed to the last step.
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Con
lusions
� Krylov methods are not forward stable.
� Krylov methods are in some sense ba
k-ward stable (residuals 
lose to bounds).
� Interval evaluation of Krylov methods doesnot work in the numeri
ally interesting 
aseof rapid 
onvergen
e.
� Numeri
ally 
omputed results are near thebest possible results (as predi
ted by per-turbation theory).
� Krylov methods tend to 'forget' the start-ing ve
tor (only weak dependen
e on thestarting ve
tor).
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� If no reorthogonalization is used, loss of or-thogonality o

urs i� the residual is small.
� It is not suÆ
ient to use higher pre
isionin later steps to 
ompute more a

urateresults. The whole 
omputation has to bedone again in higher pre
ision.

QuestionCan there be a Krylov method with fast 
on-vergen
e and huge residual?
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Some more pi
tures . . .
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