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VERIFIED ERROR BOUNDS FOR SPARSE SYSTEMS PART I:
THE SPLITTING OF A MATRIX INTO TWO FACTORS”

SIEGFRIED M. RUMPT

Abstract. Verification methods provide mathematically correct error bounds for the solution
of a numerical problem. That includes the proof of solvability of the problem and often uniqueness
of the solution within the computed bounds. There are many verification methods for standard
problems in numerical analysis, including linear and nonlinear systems of equations, matrix decom-
positions, eigenproblems, local and global optimization, ordinary and partial differential equations.
Many of those are included in INTLAB, the Matlab/Octave toolbox for reliable computing. Despite
several efforts, the verified solution of general sparse linear systems was an open problem. There are
satisfactory algorithms for systems with symmetric positive definite input matrix. To that end error
bounds for the solution of Az = b with general matrix A could be computed using AT Az = ATb, but
that reduces the applicability in double precision to matrices with condition number up to 108.

We give in this note an algorithm to compute entrywise error bounds for the solution of general
real or complex sparse systems with condition number up to the limit 106, Our algorithm splits into
three subalgorithms for symmetric positive definite, symmetric indefinite and general input matrix A.
It is based on a mathematically correct lower bound on the smallest singular value opyin(A). A key
point is a factorization A ~ L3 Lo such that L; and Lo have identical sets of singular values with the
smallest one close to a'min(A)l/2. A mathematically correct lower bound on omin(L1) = omin(L2)
is then computed using LTLL Numerical evidence suggests that bounds for the solution of a linear
system are computed for condition numbers up to 1016, and that often the bounds for all entries are
close to maximally accurate, i.e., the bounds differ by few bits.

We present a new a priori error bound based on Perron-Frobenius Theory on the residual of
a floating-point Cholesky decomposition which improves on existing ones by some two orders of
magnitude. Our three subalgorithms benefit from this new bound.

Based on the results in this Part I, an alternative approach will be presented in Part II of this
note. Those methods are somewhat simpler, but often slower. However, they seem to be more robust,
i.e., produce verified inclusions where the methods of this Part I fail.

Both approaches for square linear systems will be used in Part II of this note to compute verified
error bounds for the solution of least squares problems and for underdetermined linear systems.
Moreover, inclusions of the solution of general real or complex systems of nonlinear equations with
sparse Jacobi matrix are computed by transforming the problem into a linear system with point
matrix and interval right hand side.

Key words. sparse linear systems, verification methods, mathematically correct error bounds,
lower bound on the smallest singular value, accurate dot products, INTLAB
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1. Introduction. Standard algorithms to solve numerical problems, e.g. as pro-
vided in Matlab [35], are mostly reliable, and usually they produce accurate results.
However, there are exceptions. To cite Vel Kahan, “Numerical problems with standard
numerical algorithms are rare; rare enough not to worry about all the time, but not
yet rare enough to ignore them”.

The purpose of verification methods is to provide rigorous error bounds for the
solution of numerical problems. The bounds are computed in pure floating-point
arithmetic, and they are true with mathematical certainty. That includes the proof of
solvability of the problem and possibly uniqueness of the solution within the computed
bounds.
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Verification algorithms are available for many standard numerical problems in-
cluding systems of linear and nonlinear equations, eigenproblems, local and global
optimization, ordinary and partial differential equations, and more. For overviews
cf. [39, 52, 42] and the literature cited over there. Many verification algorithms are
included in INTLAB [49], the Matlab/Octave toolbox for reliable computing.

For systems of linear equations with full matrix general purpose verification meth-
ods are available. They prove to be reliable, i.e., even for ill-conditioned matrices
narrow bounds for the solution are computed. For other numerical problems such
as ordinary or partial differential equations there is a vast literature, cf. for exam-
ple [32, 37, 3, 28, 33, 4, 5, 6], however, it seems difficult to provide general purpose
verification algorithms.

For given symmetric (positive definite) A it is proposed in [47] to compute an
approximation § of the smallest singular value opin(A) of A, set s := 0.9, factor
B:= A-sl into B~ GG" together with an upper bound e on |E|; for E := GGT -
Since GGT is positive semidefinite, it follows that | E|2 < | E|1 because E is symmetrlc
and

(1.1) Omin(A) = omin (GG + 51 = E) » 0nin(GGT +sI) = |Ely 25 -¢ .

We put “positive definiteness” in quotes because it is not a prerequisite for the method
but follows a posteriori. Later (cf. [56]) that method used a priori estimates on | E|2
based on Demmel’s result [11], see also [17, Theorem 10.5].

If omin(A) > a > 0, then A is nonsingular, and for an approximate solution Z of a
linear system Ax = b it follows

| A7~ 2o < [A7'0 - ]2 < @7 b~ AZ]2.

The method in (1.1) might be applied to AT A for general A, however, that squares
the condition number and limits applications to cond(A) § 108 in double precision
(binary64). That is the reason why [52, Challenge 10.15] asks for a verification method
for sparse linear systems of reasonable size with cond(A) > 100,

Most methods to solve full linear systems use an approximate inverse as precon-
ditioner which is prohibitive for sparse system matrix. The method [41] replaces an
approximate inverse by the approximate solution of n linear systems with the columns
of the identity matrix as right hand side.

For general symmetric sparse matrix, a factorization A ~ Ly LT obtained by fac-
toring D = D1 Dy of an LDLT factorization and setting L1 = LD and L2 = LD2 was
proposed in [47], and similarly A ~ LMT for general A with computing L and M by
an LU-decomposition. Lower bounds of oy (A) follow by

(1.2) Omin(A) 2 Omin (L1)0min(L2) — |A = L1 L3 |2

and similarly for A ~ LM”, where the lower bounds on the smallest singular value
of the factors follow by applying (1.1) to LT L; — 5T and so forth. If the condition
numbers of a factor F is of the order cond(A)'?, then cond(F”F) »~ cond(A) and
those methods work fine. However, not too many details were given in [47].

Next we proved the following theorem [48, Theorem 1.1]:

THEOREM 1.1. Let symmetric A e R™", 0 < XA eR and Ly, Dy, Lo, Dy € R™™ be
given. If the inertia of D1 and Do are equal, then for any matriz norm

(1.3) Omin(A) > X —max{|A - - LD, LT|,|A+ X - LoD, LT |}.
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If all eigenvalues of Dy are positive, then
(1.4) Omin(A) > A= |A- X - LD, LY.

This approach needs two LDLT-decompositions and is applicable for condition num-

bers of A close to u™ ~ 10°. In [50] it was proposed to apply Theorem 1.1 to the
T

augmented matrix B := 31 f; . That symmetric matrix has the same condition

number as A because its eigenvalues are +0;(A). For the time being the approaches

in [47, 48, 50] were not further pursued because the LDLT-decomposition was not

robust enough to allow for a verification method satisfying my expectations.

Nowadays good scaling and equilibration routines are available [13, 14] making
those methods attractive. That was observed by Terao and Ozaki [61] and triggered
our note in two parts. They also proposed to apply the idea in Theorem 1.1 to the
augmented matrix B. For an approximation § of the smallest singular value of B they
compute LDLT ~ B - sI with s := 0.55. Since for nonsingular A the inertia! of B is
known to be (n,n,0), the lower bound on oin(A) = omin(B) > s—\|B—I~/l~)f/T |2 follows
if the inertia of D is (n,n,0) as well. Compared to Theorem 1.1 only one LDL”-
decomposition is necessary, however, of a matrix of double size. They use in particular
the preconditioning in [13] to ensure robustness of the LDL?-decomposition. How-
ever, only the factors L, D of the shifted matrix B —3I are available, not of B itself. It
was proposed and analysed in [56] that nevertheless a residual iteration based on L,D
works, and that is used by Terao and Ozaki [61]. We come to that again in Section
11.

In this note we treat three cases separately, namely symmetric (positive definite),
symmetric indefinite and general matrices. For the first case we improve the bound
n [56] for (1.1) by utilizing sparsity and Perron-Frobenius Theory. For the second
case we factor a symmetric matrix A into A » FyFy with Fy, F5 having identical sets
of singular values, and numerical evidence suggesting cond(F};) ~ cond(A4)*/2. Then
we apply (1.1) to F1FL to compute a lower bound o on pmin(F1) = omin(Fs), such
that omin(A) > o — |A - FyFy 2. For general matrices we use a similar scheme for
the augmented matrix B.

In all three cases the matrix A (or the augmented matrix B) is expressed as the
product of two matrices FyF,. In contrast to A = LDL” this bears the advantage
that the entries of the residual A- Fy Fy (or B-Fy Fy) are one dot product each. Thus
an inclusion of good quality can be computed using one of the many accurate dot
product algorithms [34, 38, 12, 40, 65, 64]. In contrast, an inclusion of A~ LDLT is
computed in two steps with an interval factor in the second product causing additional
overestimation.

In the three cases the lower bound on the singular value is eventually computed
by the successful termination of a floating-point Cholesky decomposition A » RTR.
To that end an a priori upper bound on the residual |A — RTR| is used, and, if
not sufficiently good, improved by more time consuming methods. Our new a priori
bound based on Perron-Frobenius Theory comes at very low cost and improves in the
median on existing bounds by two orders of magnitude, cf. Figure 2.

We want to stress that there is hardly a general purpose algorithm to solve sparse
linear systems. Indeed we tried many examples from the Suite Sparse Matrix Collec-
tion [10] and found linear systems where our verification method is by two orders of

INumber of positive, negative and zero eigenvalues.
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magnitude faster than the built-in backslash Matlab operator (but also vice versa).
That should not happen because our verification methods include the computation of
an approximate solution of the linear system.

As test matrices we took all real square matrices of the Suite Sparse Matrix
Collection [10] with dimension n satisfying 10 < n < 10%, condition number ry(A)
with 107 < kg < 10'® and not exceeding one million entries, plus all test cases in
[61]. That resulted in 400 real test cases.? In 399 cases we could compute verified
and accurate inclusions of the solution, usually about a factor 3 to 10 slower than
Matlab’s backslash operator, but also sometimes faster. That is the price we pay for
mathematically rigorous bounds. The methods presented in Part II of this note failed
in none of the examples including complex, rectangular and random linear systems.

Our primary target is that our algorithm ends successfully, i.e., verifies nonsin-
gularity of the input matrix and computes rigorous error bounds for the solution of
the linear system. Our algorithms are tuned to that goal accepting some penalty in
computing time. Besides the mathematically rigorous verification, the second focus is
to compute accurate bounds for the solution, in many cases with maximum relative
error $ 107 i.e., close to maximally accurate bounds in double precision (binary64).
That allowed to compute the relative error of the approximation produced by Mat-
lab’s backslash operator. That was often of the order 1078, but also worse. In many
cases our algorithm was twice as fast and more accurate than the method proposed
in [61].

Our notation is as follows. We assume a set of floating-point numbers F with an
arithmetic according to the IEEE 754 floating-point standard [21] to be given. We
use double precision (binary64) in a nearest rounding® with relative rounding error
unit u = 2753 ~ 10716, and we use directed rounding downwards (towards —oo) and
upwards (towards +oo0). We use float(:) to indicate the result of an expression with
all operations executed in floating-point. If the order of execution is not unique,
results are true for any order. The adaptation of the following to intermediate results
outside the floating-point range is rather straightforward. For simplicity, we assume
throughout this note that neither overflow nor underflow occurs.

The error of a single operation o € {+,—, x,/} of floating-point numbers a,b is
bounded by [17, Theorems 2.2 and 2.3]

(1.5) |float(aob) —aob| <u-min( |aobd|, |foat(aob)|).

For o € {+,-} this is also true for compatible vectors or matrices a,b with compar-
ison and absolute value to be understood entrywise. When using a directed round-
ing, (1.5) remains true when replacing u by 2u. The Matlab/INTLAB command
setround (rnd) switches the rounding mode in the sense that, for example, rnd = 1
implies that henceforth all operations are executed in rounding upwards until the next
call of setround. Similarly, rnd = —1 switches the rounding downwards and rnd = 0
to nearest.

Our goal is to calculate mathematically correct but also accurate inclusions for the

2In addition, there are three complex test cases satisfying the conditions which are treated in
Part IT of this note because [61] handles only real matrices.
30ur results in rounding to nearest are true for any rounding of ties.
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solution of a sparse linear system Az =b. To that end we use the following notations:

[expr]21 evaluation in extended precision, result rounded into F
(1.6)  (ewpr) inclusion in double precision using directed roudings in F

{expr)z1 inclusion computed in extended precision and rounded into F

We added the subscripts 2,1 to emphasize that the evaluation is performed in extended
precision but the result is rounded into working precision, i.e., into F. The notations
in (1.6) are used exclusively for expressions where each entry is computable by a dot
product. Typical examples for []2.1 are b— Az or A - RTR, and the evaluation is
usually but not necessarily in a nearest rounding.

For the two latter notations for inclusions in (1.6) the expression has to satisfy
an additional property: When computing the expression in rounding downwards, the
computed result must be a mathematically correct lower bound of the true result, and
similarly for rounding upwards. Consider the following code

setround(-1); P = AxB; Q = CxD; S =P + Q;
for compatible factors A, B and C, D. Then each entry of P,Q and S is a lower bound
of the corresponding entry of AB,CD and AB + CD, respectively. That assertion
holds similarly for rounding upwards, and as a consequence AB or AB + CD are
suitable expressions for (-) and {-)21. However, AB — C'D is not suitable because
P — Q is not necessarily a lower bound of AB — C'D. Similarly b- Az and A- RTR
are not suitable, but Az —b and RTR - A are.

For the implementation of [-J2,1 and {-)2,1 any of the many accurate dot product
algorithms may be used. Special care is necessary for (-)2 1 because mixed precisions
and directed rounding are used. It is mandatory that the arithmetic operations and
the rounding into F respect the rounding mode.

In [61] the toolbox Advanpix [18] was used, a very fast multiple-precision Matlab
package emulating a large number of Matlab’s algorithms. In order to have a fair
comparison with [61] we used Advanpix in this note as well. The number d of
decimal digits of precision can be freely specified by mp.Digits(d). The package
includes a particularly fast implementation of extended precision arithmetic to be
specified by mp.Digits(34) with relative rounding error unit 27!'3 satisfying the
IEEE 754 floating-point standard [21]. We use this precision throughout this note.
Sample executable Matlab/INTLAB codes for the expressions in (1.6) for Az —b are

[expr]z,1 res =double(A *mp(x) —b);
(expr) setround(-1); resinf =A% x - b;
setround(+1); ressup=A*x—b;
(1.7) res = infsup(resinf,ressup);
(expr)21 setround(-1); resinf = double(A * mp(x) —b);
setround(+1); ressup = double(A *mp(x) —b);

res = infsup(resinf,ressup);

First note that the type cast mp(x) is error-free, i.e., x = mp(x). Second, the type
cast ensures that A*mp(x) is computed in extended precision with extended precision

4There is a fast Matlab implementation of a new method which is included in INTLAB [49] and
will be used in Part II of this note. Since [61] uses the Advanpix toolbox [18], we use it in the present
Part I as well for a fair comparison.
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result, and in turn that ensures that the difference in A*mp(x)-b is computed in
extended precision as well. Moreover, the type cast double(-) in the implementation
of (-)2.1 respects the rounding mode so that resinf < Az — b < ressup holds true.
Corresponding to the lower bound for the smallest singular value of A we often
need, asin (1.1) or (1.2), upper bounds for the spectral norm of a matrix. It is common

to use | P2 < /| P| 1] Pl e, however, it is too weak for our purposes. Perron-Frobenius
Theory and [9] imply for square P and any positive vector  the better bound

(1.8) [Pz <[IPl2 = omax(IP]) = v/ Amax (|PIT|P]) < m]?X(IPI(IPIm))k

T
for general P, and

(1Pl=)x

(1.9) [ P2 € max
k Tk

for symmetric/Hermitian P. To that end we developed in [55] the following Algorithm
NormBnd in Table 1 computing a rigorous upper bound N of |||A]|2. For symmetric
and/or Hermitian A the parameter herm can be set to true, otherwise it must be false.

function N = NormBnd(A, herm)
setround(0), x = ones(size(A,1),1); M=[1 2]; iter =0;
A =mag(A); % matrix of entrywise absolute values
while(abs(diff(M)/sum(M)) >.1) && (iter < 10)
iter = iter + 1;
y=Axx
if herm, y=A" *y; end
x=y.[x;
M= [min(x) max(x)];
scale = max(y);
x =max(y/scale, le — 12);
end
setround(1)
if herm, N = max((A * x)./x); else N =max(sqrt((A’ * (A *x))./x)); end
end

TABLE 1
Algorithm to compute a rigorous upper bound of ||Al|l2; herm=true if, and only if, AH = A

That algorithm is used in [61] as well. Numerical evidence suggests that NormBnd
improves \/|A|1]|A|«, an upper bound on |[|A]|2 as well, often by a factor 2 and
more. In our applications NormBnd is used for sparse matrix residuals and seems to
overestimate | Al|z not too much. Besides, we do not know of a good upper bound for
| A2 which can be computed within reasonable time.

We use standard singular value perturbation bounds [20, Theorem 3.3.16] for real
or complex n x n matrices A, F/, namely

(1.10) lox(A+ E) - o (A)| <[ El2
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for o1 > ... > 0, denoting the singular values and k € {1,...,n}, and the eigenvalue
perturbation bound [19, (6.3.4.1)]

(111) Ak(A)"‘)\min(E) S)\k(A+E) S)\k(A)-F)\maX(E)

for real or complex Hermitian n x n matrices A, E and k € {1,...,n}. Moreover, for
A, B e R™™ we use

(1.12) Omin(AB) 2 Omin(A)Tmin(B)

[ABzls _  |ABz],

||$H2 g HB‘THQ/O—min(B)
signature matrix S is diagonal with |Skx| =1 for all k. For vectors (and similarly for
matrices) we use || to denote entrywise absolute values, and use = < y to denote
entrywise comparison.

We begin this note with some improved floating-point error estimates on matrix
products, on the 2-norm of residuals and an a priori error estimate of Cholesky de-
composition, improving on the commonly used v := ﬁ, cf. [17]. In particular we
present computable bounds on the error of matrix products and residuals when using
directed rounding. In the following sections we introduce our methods for linear sys-
tems with symmetric (positive definite), with symmetric® indefinite, and with general
matrix. All three methods are based on the computation of a lower bound of the
smallest singular value of some symmetric (Hermitian) matrix. We discuss how to
obtain an approximation of the smallest singular value, and we show how a true lower
bound is used to obtain rigorous and sharp error bounds for A~1b.

Extra sections discuss scaling and equilibration, as well as some factorization of
symmetric 2 x 2 matrices. We show how to handle complex linear systems, data
afflicted with tolerances, and present® Algorithm verifySparselssi to compute rig-
orous error bounds for a linear system with real or complex sparse matrix and multiple
right hand sides. This is our main algorithm and it chooses between subalgorithms
for symmetric (positive definite), symmetric indefinite and general matrix, and real
or complex data. We compare our algorithm with that in [61] and close the paper
with a compilation of computational results.

which follows by 2 Omin(A)omin(B). A real or complex

2. Floating-point error estimates. The result ¢ of a floating-point operation
is called faithful if there is no other floating-point number between ¢ and the true
real result. In IEEE 754 operations with rounding to nearest, towards +oo or towards
zero are faithful. We begin with error bounds for the computed approximation of dot
products and matrix products.

Our target is to estimate a residual | AB-C|2 for compatible large sparse matrices
A,B,C. We may use (AB - C) as in (1.7), but that requires 2 matrix products per
se. Following we describe a 2-step approach computing AB — C in rounding upwards
together with a cheap but weaker a priori error estimate. Only if not sufficient, AB-C
is computed in rounding downwards as well. To that end we need a computable
rigorous error estimate for AB — C' computed with faithful rounding.

For x,y € F" with at most p nonzero products, the linear estimate

(2.1) float (2" y) — 2" y| < prujz|"|y|

51n fact, for nearly symmetric/Hermitian matrices as will be shown in Part II.
6 Another Algorithm VerifySparselss2 is presented in Part II of this note.



8 S. M. RUMP

in a nearest rounding was shown in [26]. The bound is true for any order of evaluation
of 2Ty and without restriction on the dimension n. Hence, the error of the floating-
point approximation float(AB) of AB for A e F™* B eF*" is bounded by

(2.2) float(AB)i; = (AB);| < pu(|A[lB)i;

for i denoting the maximum number of nonzero products to compute the entries of
AB. To obtain a computable bound using (2.2) the extra matrix product P := |A||B|
with error bound is necessary. That extra matrix product can be avoided by using
directed rounding. However, we need a new error estimate like (2.2) for directed
rounding because the methods in [26] cannot be used.

The first bound for directed rounding was given by Ozaki [43], namely |float(AB)-
AB| € 2(pu + 4)uAB. Tt was designed for mixed-precision calculations. The bound
requires 4, < u~! but also that both A, B are nonnegative. For general A, B it was
shown in [30, Corollary 2.4] that

(2.3) [float(AB)i; — (AB)i;| < 2pu(|Al|Bl);

for computing float(AB) using a faithful rounding provided that p < (2u)~/2-1.
The assumption p < (2u)~*/2-1 bounding the number of nonzero products seems
hardly an obstacle when using double precision (binary64), i.e. pu < 67,108,863 non-
zero products per entry. However, recently often mixed-precision is used [8] in the
sense that a linear system is solved in lower precision and the solution improved by
a residual iteration in higher precision. That approach saves time and memory, and
it is even used for matrices with condition number much larger than the common
bound u™!. That observation goes back to our internal report [46] from 1990 which
had to wait to be put into a journal paper [51] until 2009 when we could analyse
the behaviour. To make the point, we constructed for the latter paper an extreme
example of a floating-point matrix with true condition number 1.1-103% treated in
double precision. The important key is the availability of high-precision dot products.

Having said this the assumption x < (2u)~*/?~1 bounding the number of nonzero
products in single precision to p < 2,895 is restrictive. Therefore we use the following
Lemma 2.1 suitable up to p < 4.5-10'° nonzero products per entry in double, and up
to u < 8,388,609 in single precision.

LEMMA 2.1. Let A e F™ and B e F*™ be given, and let float(AB) be calculated
in a faithful rounding. Denote by u the mazimum number of nonzero products to
compute the entries of AB. If 4(u—1)u<1, then’

(2.4) |float(AB)j - (AB)i;| < (2p + 1)u(|A[|B)i -

Proof. Let z € F* be a vector of floating-point numbers, and let ﬂoat(Zf;:l z1) be
computed in some faithful rounding in any order. Then [29, Corollary 3.3] shows

¢ ¢ ¢
(2.5) float( D] z1) = Y. zi| <2(p—1)u ) |2
k=1 k=1 k=1

provided that the vector z has not more than y nonzero elements and p < 1 +u~!/2.
Let z,y € F* be given and denote z; := float(zpyy) for k € {1,...,¢} so that

Tt will be clear from the proof that with the weaker assumption 2(u—1)u < 1 the assertion (2.4)
remains true when replacing (2u + 1) by (2u + 2).
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float(z7y) = float(Th_, zx) with operations computed in some faithful rounding. Then
|float(zryr) — zryk| < 2ulzrye| and  |2k| = [float (zryk)| < (1 +2u)|zrys|

by (1.5). Hence the assumption 4(p — 1)u < 1 implies

|ﬂoat(2f;=1 ) = Zi:l 2| + | Zi:l(zk - TkYy)|

2(p = D)u iy |zel + 20 Tiecy |yl

(20— 1)u(1 +2u) + 2u] o7y

(2 + )ulzly|

[float(z"y) — 2™y

NN N

N

and the result follows by applying this estimate to each entry of AB. 0

Remark 2.2. For a bound of type (2.4) it is mandatory to limit the number
of nonzero products p. Consider 27y with x denoting the vector of 1’s and y =
(Leye,...,e)T e R’ for a tiny number e and £ = u_1/2 + 1 =: y. In rounding upwards
the result of 1+ e is the successor 1+ 2u of 1, so that the floating-point result of 27y
is 1+2(¢-1)u=2. The error for tiny eis 2— (1+({-1)e) ¥ 1 =2(u—1)u as in (2.5).
However, when adding one more e in rounding upwards, the result is the successor of
2, i.e., 2+ 4u with an additional error 4u and (2.5) would fail.

We start with a mathematically correct a priori error bound for a matrix product
AB and for a residual AB — C without computing |A||B].

LEMMA 2.3. Let A e F*™* and B € F*™ be given, and let p; and v; denote the
number of nonzero elements in the i-th row of A and the j-th column of B, respectively.
Furthermore, denote by ¢; and o the Euclidean norm of the i-th row of A and the j-th
column of B, respectively. Then using a nearest-rounding and any order of evaluation

(2.6) |float( AB) = AB|2 < u )" min(p, vk ) prok

k=1

without limit on n or £. For C e F™" and E := float(AB - C) it follows

(2.7) |float(AB-C)-(AB-C)|2<u (|E|2 + zn: min(uk,uk)pkak)
k=1

without limit on n or £. Denote by 1 the maximum number of nonzero products in the
products (AB)j. If a faithful rounding is used and fi < (2u)™Y2 =1, then (2.6) and
(2.7) remain true when replacing u by 2u. For faithful rounding and 4(z—1)u < 1,
(2.6) and (2.7) remain true when replacing u by 2u and min(ug, vi) by min(pg, v, )+1.

Proof. The computation of the element (AB);; involves at most min(;, ;) non-
zero products. Hence (2.2) implies for a nearest-rounding

float(AB)s; = (AB)i;| < min(pi, vj)u(|A|[Bl)i; < min(pi, vj)ugio; -

First, let o and o denote the column vectors with elements y;0; and o, respectively.
Then using min(u;,v;) < p; and the outer product po’ it follows

|float(AB) — AB|» < || |float(AB) - AB| |2 < |6o” |au=0"pu=1uy. opprps.
k=1
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Second and similarly, denoting by @ the column vector with elements v;o; gives
|float(AB) - AB|2 <G pu=u. vkowpr
k=1
and implies (2.6). Using P :=float(AB) and (1.5) gives
|[float(AB -C) - (AB-C)|2 = |float(P-C)-(P-C)+ (P -AB)|2
< u[Efz+[P-AB].,
and (2.6) proves (2.7). For faithful rounding the estimates follow by (2.3) and (2.4).0

COROLLARY 2.4. Let A € F™™ be given and denote by py, the number of nonzero
elements in the k-th row of A. Then for a nearest-rounding

(2.8) | float(AAT) = AAT |3 <u Y pu (AAT ),
k=1
is true without limit on n. If max g < (2u)‘1/2 -1 and rounding upwards is used,
then
(2.9) | float(AAT) = AAT |3 < 2u Y . (float(AAT)), . .

=1
If 4(max py, — 1)u < 1, then (2.9) remains true when replacing py by py + 1.

Proof. Denote by i the Euclidean norm of the k-th row of A. Then Lemma 2.3
implies in a nearest rounding

|foat(AAT) = AAT s <u Y pwpp =u Y pu(AAT ),
k=1 k=1

In rounding upwards (AAT)y, < (float(AAT)) ., and the results follows. O

We often need estimates of a residual. For example, if C ~ AB is a decomposition, we
need an upper bound for |AB - C|2. We do that in three stages. First, we compute
AB - C in rounding upwards and use the a priori estimate in (2.7). If not successful,
then we compute AB - C' in rounding downwards to obtain an inclusion of AB - C.
If still not successful, accurate dot products {(AB — C)2 1 are used as in (1.7).

Next we list executable Matlab code for the three stages to compute upper bounds
for the spectral norm of a general residual C' — AB. That is sufficient for our veri-
fication methods because we construct decompositions with two factors by trans-
forming, e.g., M ~ LDL” into M ~ L;Ly. We assume that the maximum number
. of nonzero products in the computation of the entries of AB is restricted by
max iy < (2u)™Y/2 - 1=67,108,863. If only maxpu; < u™'/4 ~ 2.3-10% is satisfied,
then the code is adapted according to Lemma 2.3.

LEMMA 2.5. Let Ae F™ B eF”" and C e F™". Ezecuting the Matlab code

setround(1); E=A*B-C; u2 = pow2(-52);
mu = sum(spones(A),2); nu = sum(spones(B));
(2.10) rho = vecnorm(4A,2,2); sigma = vecnorm(B, 2);
errAB = (min(mu’,nu). * sigma) * rho;

alpha = (1 +u2) » NormBnd(E, false) + u2 * errAB;
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implies |C' — AB|2 < . Ezecuting after (2.10) the Matlab code

setround(-1); E =max(abs(E),abs(A *B-C));
(2.11) beta = NormBnd(E, false);

implies |C — AB|2 < 8. Furthermore, after executing

mp.Digits(34); v =pow2(-113);

setround(0); G = abs(double(C —mp(A) * B));
setround(1);

(2.12) normG2 = NormBnd(G + realmin * spones(G), false);
mu = sum(spones(A),2); nu = sum(spones(B));
rho = vecnorm(A, 2,2); sigma = vecnorm(B, 2);
errAB = (min(mu’,nu). * sigma) * rho;

gamma = normG2 + v * (normG2 + errAB);

it follows |C' — AB|y < 7. Finally, let A e T, B = SAT for a signature matriz
S eF>*t and C e F™". Then executing

mp.Digits(34); v = pow2(-113);
setround(0); G = abs(double(C-mp(A) * B));
(2.13) setround(1); '

normG2 = NormBnd(G + realmin * spones(G), false);
errAtA = sum(spones(A),2)’ * sqr(vecnorm(4,2,2));
alpha = normG2 + v * (normG2 + errAtA);

implies |C - AB|2 < a.

Remark 2.6. Note that the codes in (2.10) and (2.12) produce column vectors mu
and rho, and row vectors nu and sigma. Hence errAB ¢ F.

Remark 2.7. In order to compute mathematically correct bounds directed round-
ings are used. Moreover, in the calls of NormBnd from Table 1 the second parameter
can be replaced by true for Hermitian input.

Remark 2.8. The codes in (2.12) and (2.13) avoid to store an extended precision
matrix.

Remark 2.9. For the codes in (2.12) it is not necessary to compute upper bounds
for the Euclidean norms g¢; and o in extended precision because these computations
are perfectly well conditioned. Note that the computation of p and v is error-free.

Proof. For the first code (2.10) the rounding upwards implies that the computed
quantities mu, nu, rho, sigma are upper bounds of p,v, 9,0 in Lemma 2.3. Define
P :=float(AB). Then float(1+u2) =1 + 2u is the successor of 1, such that rounding
upwards and (1.5) imply |P - C| < (1 + 2u)|float(P — C)|. Hence,

[P =Clla <[P =Cl ]2 < (1+2u)] [float(P - C)] [2 = (1 +2w)] |E] |2,
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and (2.7) proves |C'— AB|2 < @ because NormBnd yields an upper bound on the 2-norm
of the absolute value of E. To show (2.11) define

setround(-1); E1=A*B-C;
setround(+1); E2=A*B-C;

Note that E2 is the matrix E in (2.10) and E1 is implicitly computed in (2.11). Then
the rounding modes imply® E1 < AB — C < E2 with entrywise comparison. Hence
|AB - C| < max (|[E1],|E2|) and |C — AB|2 < 3 follows.

The third code (2.12) uses extended precision in the mp-toolbox [18]. In round-
ing to nearest double (abs(M)) = abs(double(M)) for a given mp-matrix M because
taking absolute values does not create rounding errors, neither in double nor in ex-
tended precision, and the type cast double from mp to double respects the rounding
mode to nearest. Therefore, the second line in (2.12) is equivalent to computing
F := abs(C-mp(A)*B) in extended precision and rounding to nearest with relative
rounding error v := 2713 followed by G = double(F). Hence, the entries Gy € IF
are equal to |F;;| or one of the immediate floating-point neighbours of the extended
precision numbers |F;;|, and in rounding upwards® F;; < float(G;; + realmin) € F and
|F|l2 = JIC - mp(&) B[] < normG2.

The rounding upwards in the third line implies that the quantities mu, nu, rho,
sigma are upper bounds of u,v, 9,0 in Lemma 2.3. Denote M := mp(A) * B. Then
|C' = M| < (1 +v)float,,,(|C - M) = (1 +v)F by (1.5), and (2.6) implies'®

(2.14)  |C-AB|z=|C-M+M-AB|2 < (1+v)normG2 +v »_ min(juy, V) prok -
k=1

The fourth code (2.13) uses again the mp-toolbox [18]. By assumption the sets
of nonzero elements of A and B are identical, and rows and corresponding columns
of A and B have the same Euclidean length. When using the code (2.12) to bound
|C ~ AB||2, then

mu = sum(spones(A),2) = sum(spones(B)) = nu’
and P 1
rho = vecnorm(4, 2,2) = vecnorm(B, 2)’ = sigma
and the result follows. d

Note that (2.14) implies that ||C — AB||2 is very close to |||F| |2 and therefore to
|G|z, so that the overestimation of the computed + in (2.12) is basically |C'— AB|2 <
| |C — AB| |2, which in turn is small in our applications.

For the special case of Cholesky decomposition A ~ RTR there is an a priori
estimate [56, Lemma 2.2], [17, Theorem 10.5] of the residual |RT R — A|, using only
the fact that a Cholesky decomposition ran to completion, not using the factor R.
We improve this estimate by applying Perron-Frobenius Theory.

LEMMA 2.10. Let symmetric A € F™™ be given and assume that the floating-point
Cholesky factorization of A runs to completion. Denote the computed factor by R,
and let the vector u € N™ consist of u; denoting the number of nonzero elements in
the i-th column of R and assume umax i, < 1. Denote by ® € R™™ the matriz with

8Note that this is true for using A*B-C, but would not necessarily be true when using C-A*B.
9Note that G+realmin instead of G+realmin*spones(G) would produce a full matrix.
107t is better to use gamma = normG2 + v*(normG2 + errAB) to keep small terms together.
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1/2
Dy = min(ui,,uj) +1 and by D € R™™ the diagonal matrixz with Dy = (1_‘%’111) .

Then for a nearest-rounding in the absence of underflow and overflow AA:= RTR- A
satisfies

(2.15) |AA]s < u| DED].

If a faithful rounding is used and 4(max ux —1)u < 1, then the estimate remains true
when using ®;; := min(u;, ;) +2 and replacing u by 2u.

Remark 2.11. The matrix ® is a full matrix. Hence computing (2.15) seems to be
costly, in particular for sparse A. However, ® has a special structure which is utilized
in Corollary 2.12 to compute an improved upper bound for |AA|; efficiently.

Proof. In [54] it was shown that
[AALi; < (i+ Du(RT(|Rl);

for 1 < 4,5 <n. The number of nonzero products in the computation of I-:iij does not
exceed min(g;, 1), plus a square root in case ¢ = j. Carefully going through the proof
of Theorem 4.4 in [54] gives

[AAl; < piyu(|RT||RI)sj  for ¢y = min(ui, ) + 1.
Following the proof of [17, Theorem 10.5] denote the i-th column of R by ;. Then
|7:]3 = 7] 7 < Asi + | AAi| < Ay + piur] 7
and ||7;]3 < (1 - ¢;u) ' Ay Then Cauchy-Schwarz’s inequality implies

IAAl;; < piulil [|75] < pigull 7275 ]2

(2.16) A (L2 A \Y?
< (é) i | —2— u < (D®D),.u
1- @i 1- @i J
and proves (2.15) and the lemma. O

By definition D®D is symmetric and positive, so |[D®D|s is equal to the largest
eigenvalue, i.e., the Perron root of D®D. Hence D®D > 0 and Perron-Frobenius
Theory [9], [19, Theorem 8.1.26] imply

(D®Dz);
X

(2.17) |D®D||5 < max for every positive z € R™ .

Moreover, a power iteration converges monotonically to |D®D| for any positive
starting vector x. A problem is, however, that the matrix & if full. Fortunately, the
product ®x for x € F" can be computed efficiently as follows. My dearest thanks to
Marko Lange [31] who provided the ingenious piece of Matlab code in (2.18).

COROLLARY 2.12. Let0 < v € R™ be sorted in ascending order and define ® € R™"
by ®,; :=min(v;,v;). Then for x e R™ the vector w computed by the code

rcx = cumsum(x, 1, reverse’);
(2.18) VX = V. % X;

w = cumsum(vx) — VX + V. * ICX;

is equal to Px.
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It is not difficult to verify that indeed w = ®x. The requirement that v is sorted is
crucial, and that is no obstacle by the definition of ®.

The previous estimate [56, Lemma 2.2], [17, Theorem 10.5] continues from (2.16)
by replacing the entries ¢;; of ® in (2.15) by | /@;i9;;, where @ik = Y41 = %

1/2
That implies |AA|,;; < dd” for d denoting the column vector with dj, = (%)
and the estimate |AA|2 < |ddT |2 = d¥d. Therefore

Ve+1U

(2.19) IAA]2 < ) trace(A).

~—Yk+11

Executing the code in (2.18) in rounding upwards computes an upper bound for
®x because the quantities involved are positive. We show in Figure 2 in Section 12
numerical evidence that the new estimate (2.15) together with Corollary 2.12 improves
upon (2.19) in the median by two orders of magnitude.

3. Scaling, equilibration and approximation of smallest singular value.
Our verification methods require a Cholesky and/or LD L”-decomposition of a sym-
metric matrix A € F™”. To that end it is important to scale the matrix. Denote
by k2(A) the 2-norm condition number of A and by D,, the set of nonsingular diag-
onal n x n matrices. For Hermitian A an optimal diagonal scaling [7, Lemma 1] is
symmetric

inf Iﬁ:g(DlADQ) = inf HQ(DAD) .
D1,D2€Dy, DeDy,

If for positive definite A the diagonal is scaled to 1, then its condition number is at

least not far from the optimal scaling by [58, Theorem 4.3]

k2(A) < min rz(DAD)

where ¢ denotes the maximum number of nonzero elements per row of A. In order to
avoid rounding errors by scaling we use

d = pow2(round(log2(1./sqrt(diagh)))); A= (d. xA).xd’;

for symmetric positive definite A. Note that d is a vector. For D denoting the diagonal
matrix with diagonal d, the command (d.*A) .*d’ is an efficient computation of DAD.
No rounding errors occur because the elements of d are powers of 2. For a linear system
Az = b we scale'! the right hand side by b = d.xb. If T is the solution of the scaled
linear system DADT = Db, then DT is the solution of the original linear system.
Practical experience suggests that an equilibration with |A| being close to a scalar
multiple of a doubly stochastic matrix is advisable [16, 1]. To that end the famous
Sinkhorn-Knopp algorithm is the algorithm of choice. For a good introduction and
historical remarks see [27]. For symmetric A, a vector d is computed by the simple
iteration d = 1./(abs(A)*d). Starting with d = ones(n,1) it converges to a vec-
tor § if, and only if, A has total support with |[DAD| being a scalar multiple of a
doubly stochastic matrix for D = diag(d). In our case it is not necessary to compute
6 with high accuracy because its entries are rounded to the nearest power of 2 to
avoid rounding errors, and a good starting vector for symmetric positive definite A is

' This includes multiple right hand sides b € R™*¥.
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1./sqrt(diag(A)). The following iteration scales columns and rows alternately:

d=1./sqrt(diagh);
(3.1) for k=1:4,d=1./(abs(A) *d); end
A=(d. +4).xd’;

For symmetric but indefinite A diagonal elements may be zero, so the scaling (3.1)
is not applicable. Several scalings DAD are possible, for example using D := diag(d)
with dj being the columnwise maximum, or ¥y|Age|. We use the Euclidean norm of
columns together with the Sinkhorn-Knopp algorithm, i.e.,

d = 1./vecnorm(4,2)’;
(3.2) for k=1:4, d=1./(abs(A) *d); end
A=(d.*xA). xd;

The scaling of the right hand side and transformation of the solution is as before.
For a general matrix we use Matlab’s equilibrate and add two Sinkhorn-Knopp
iterations on rows and columns [27]:

[p,row,col] = equilibrate(4,’ vector’);
for k=1:2
col =1./(abs(A(p,:)") * row); row=1./(abs(A(p,:)) * col);
(3.3) end
row = sign(row). * pow2(round(log2(abs(row))));
col = sign(col). * pow2(round(log2(abs(col))));
A =row. * A(p,:). * col’;

The outputs p, row, col of the function equilibrate are vectors. Denote the diag-
onal matrices with row, col in the diagonal by R, C, respectively, and the permutation
matrix mapping {1,...,n} into p by P. Then the equilibrated matrix is B := RPAC
with entries close to +1 in the diagonal and all its off-diagonal entries limited in mag-
nitude by about 1 in absolute value. After transforming the right hand side into ¢ =
row.*b(p,:), it follows A™'b = Cy for By = c. As in (3.2) we avoid rounding errors
by replacing the entries of the vectors row and col by the nearest power of 2.

The main purpose of equilibration is to reduce the condition number of a matrix.
For our equilibration as in (3.1), (3.2) and (3.3) there are counterexamples where the
condition number increases after equilibration, but they are rare. Numerical evidence
to that is postponed to Part IT of this note (cf. Section 10, Figure 2) because we will
compare not only the condition numbers with and without equilibration but also the
behaviour of our algorithms in both parts of the note.

As has been mentioned we need two kinds of decompositions, Cholesky and
LDLT. Mathematically, pivoting is not necessary for symmetric positive definite
input matrix A, however, permuting A may reduce the fill-in significantly. Therefore
we use

(3.4) [R,FLAG, p] = chol(A, vector’);

producing an error flag and permutation information. If successful, i.e., Flag = 0, it
follows RT R ~ PT AP for the permutation matrix P mapping {1,...,n} into p. The
latter matrix is A(p,p) in Matlab notation.
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Matlab offers two possibilities for scaling in the LDLT-decomposition of a real
symmetric matrix, both based on Duff’s multifrontal method "MA57“ [14]. First, a
threshold for the pivot tolerance is introduced by the call

3.5 L,D,p] = 1d1(A, thresh, vector’);
b 5p b bl

such that LDL” approximates A(p,p). A larger threshold requires more computing
time but may produce a more robust result. The maximum threshold is thresh =
0.5, and we always use this value.

In previous Matlab releases up to and including R2025b there is an obstacle when
0o A"
A
D of B consists only of 2 x 2 blocks, each with zero diagonal, see Lemma 9.1. In
that case D should contain totally 2n nonzero entries for A € F™*". However, it
happened that (3.5) computed D with less nonzero elements, i.e., D is singular, even
for moderate condition number. That happens when 1d1 is applied to the augmented
matrix B and occurred in about a quarter of our test cases. In such a case the part of
L corresponding to zero blocks in D are the rows of the identity matrix. Therefore, a
remedy may be to replace the zero blocks of D by the corresponding parts of A(p,p).
However, in that case the residual LDLT — A(p,p) is usually not small enough.

Let a symmetric n x n matrix M be given. Another remedy to avoid that the
factor D of Matlab’s 1d1 applied to M becomes singular is to use

applying 1d1 to an augmented matrix B := . Mathematically, the factor

(3.6) [L,D,p]=1d1(M+ realmin * speye(n), thresh, vector’); D(1:n+1:n%) =0;

when nnz(D) < n, i.e., the original factor D is singular. Then the factors L, D are
practically unchanged by the tiny diagonal entries realmin, but that trick helps the
algorithm to produce nonsingular D with diagonal entries of size realmin. The second
statement sets the diagonal of D to zero so that all 2 x 2 blocks have zero diagonal -
as it should be from the beginning. However, that may produce subnormal entries in
L, and arithmetical operations including subnormal numbers are known to be slow.
Thus we replace realmin by 107°:

[L,D,p] =1d1(M+ le — 50 * speye(n), thresh,’ vector’);
(3.7 D(1:n+1:1n%)=0;
Vi, j: |Lij| <107 = L;j;=0

In our application it is safe to use the absolute shift by 1075 because the input
matrices are scaled to have a norm close to 1. However, that trick may produce quite
some fill-in, in particular with numbers very small in magnitude. Therefore we set
in addition entries in L smaller than 1072 in magnitude to zero. That reduces the
fill-in significantly and still produces a factor L which is sufficiently accurate for our
purposes.

Those tricks are necessary to cure the behaviour of Matlab’s 1d1 until release
2025b. The reason is that MA57 [14] uses a “zero pivot tolerance” 1072°. Unfortu-
nately, that is applied in the Matlab implementation not only to L but also to D,
eventually producing a singular factor D. When changing the tolerance to zero, no
singular factor D appears any more. However, in Matlab the user cannot change that
tolerance. After reporting that behaviour to MathWorks the bug was removed, and
from Version 2026a of Matlab a singular factor D is no longer produced.
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Beyond (3.5) a second possibility is an additional scaling using
[L,D,p,S] = 1d1(A, thresh, vector’);

In that case LDL” approximates S(p, :)*A*S(:,p). For our purposes the additional
scaling was sometimes useful but often counterproductive. Therefore we compute
throughout this note LDL”-decompositions by (3.5), and if necessary by (3.7).

In our methods we need an approximation of the smallest singular value of some
matrices. Since the matrices are large, svd is much too costly, and because they are
sparse it should not be used anyway. One possibility is svds(A,1,’smallestnz’).
That routine is often fast, however, also sometimes very slow and inaccurate.

In our applications we need approximations on o,y (A) only for symmetric A. In
that case we may use

(3.8) s = abs(eigs(A, 1,"smallestabs’)) .

That seems a robust and accurate method for symmetric input matrix, however, it is
sometimes slow. Routine eigs is based on some iteration using some decomposition
of A. In our applications we already have a decomposition, therefore we will compute
§(L) S Umin(A) by

(3.9 few inverse power iterations based on the factor L of A .

Note that only L is needed for the iteration. The result is multiplied by 0.9 to
(hopefully) ensure that it is strictly less than opmin(A). That is working well in our
applications because A is symmetric.

Next we show how a lower bound for the smallest singular value of A is used to
obtain entrywise and accurate error bounds for an approximation # of A~'b.

4. Error bounds for A™'b based on a lower bound for o.;,(A). In the
following sections we will derive individual methods to compute a lower bound of the
smallest singular value of a symmetric positive definite, symmetric and general matrix
A. Those methods include a decomposition of A allowing for a fast computation of
an approximate solution of Ay = c¢. We abbreviate this by y = solve(A,¢).

Entrywise error bounds for the solution A™'b are obtained by the approach in
[63]. To further improve the accuracy we store an approximate solution as a pair
(Z,7) interpreted as an unevaluated sum Z +¢. This technique was introduced in [45]
and later called “staggered correction” [59]. Together with accurate dot products it
often allows for almost maximally accurate error bounds.

We sketch in Table 2 the rationale to compute accurate error bounds for A~!b.
From Lines 2 and 3 it follows Z ~ A™'b and § ~» A™*(b— A%). Since the residual in
Line 3 is calculated in extended precision, the unevaluated sum x +g should be a good
approximation to A~'b. The fourth line'? ensures that the bit patterns of & and § do
not overlap. From Line 5 the unevaluated sum Z + y + Z improves the approximate
solution further. The correction Z should be small, correcting less significant bits of
y. That is utilized in Line 6. When computing

01:=[AZ + Aj-0]21 in rounding downwards
02 = [AZ + Ag-b]21 in rounding upwards

12The call [x,y] = TwoSum(a,b) computes x = float(a + b) for scalars, vectors and matrices a, b,
and in addition y such that z + y = a + b is mathematically correct [36].
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setround(-1); o = abs ([AZ + Ay — b]2.1)
setround(+1); o =max (¢, abs ([AZ + Aj—b]2,1))
d = |y| + vecnorm(p)/s

1 [#,0] = ErrorBound(A4, b, s, “solve*)

2 Z = solve(A,b) % A 'b~ E

3 7 = solve(A, [b— Ai]a.1) % A brF+g

4 [Z, 7] = TwoSum(Zz, 3)

5 Z =solve(A, [b - A% - Ag]a1) %A bn T+ g+ 2
6 [Z,7] = TwoSum(Z,y + 2) % Ao E+

7

8

9

TABLE 2
Residual iteration and inclusion of the solution A™'b using a rigorous lower bound 0 < s < Omin(A)

it follows 01 < AT + Ay — b < p2 and the g in Line 8 satisfies
|[AZ + A -b| <o .

The function vecnorm in Line 9 denotes |g]2 for a column vector g, and vecnorm(M)
is the row vector of Euclidean norms of the columns of a matrix M. First, suppose b
is a vector. Then proceeding as in [56] and abbreviating the vector of all 1's by e we
obtain

|A~1b - 7

|7+ A1 (b- AZ - Ap) |

9]+ A" (b~ AZ ~ Ag) | e
9]+ [A" (b~ AZ — AF) |2e
91+ A7 2] 0]2e

9] + omin (A) 7| o] 2€

0

INCIN N

(4.1)

IN

because s < omin(A) and the computation of § in the last line is in rounding upwards.
For multiple right hand sides b € R™* apply (4.1) successively to the columns of b.

The residuals are computed using the extended precision package Advanpix in
[18] corresponding to a relative rounding error unit 27113, Therefore, splitting the
approximate solution into three parts T + ¢+ Z would not improve the accuracy of the
result. To that end we need higher precision for the computation of the residual. In
this Part I we use Advanpix for a fair comparison to [61], in Part II we show how
to use higher precision to achieve almost always maximally accurate inclusions for all
entries of the solution.

Using accurate dot products is mandatory and ensures to obtain accurate entry-
wise error estimates. To see that we display in Table 3 the intermediate results for
the residual iteration in Table 2 for two representative examples. The examples are
number 1210 and 438 of [10], the first one being symmetric, the second one general.
As we will see later the algorithm in [61] could not compute verified bounds for both
examples, in the first example due to the large condition number, and in the second
example, although the condition number is only 2.1-10'°, the algorithm failed to com-
pute a positive lower bound for the smallest singular value, both with and without
preconditioning.



VERIFIED ERROR BOUNDS FOR SPARSE SYSTEMS PART 1 19

The input is normed to ||Af e =1 and the right hand side is computed such that
the solution A™'b is approximately the vector of 1’s. The smallest singular value in
Line 4 of Table 3 shows that in particular the first matrix is ill-conditioned because,
since A is normed to 1, the reciprocal of oyin(A) is the condition number. The # in
Line 5 is computed by A\b followed by one residual iteration in working precision to
ensure backward stability, cf. [57]. It is a well known fact in numerical analysis that,
although a matrix is ill-conditioned, the residual norm AZ — b is small, and that is
verified in Line 6. The next Line 7 displays the median and maximum of |A™'b - Z|.
It is slightly better than expected by the well accepted rule of thumb that the error
should be of size u-cond(A). That may be due to the sparseness of the input matrices.

TABLE 3
Detailed results for verified inclusion A™'b e & + 8 by residual iteration

symmetric general
1 # in [10] 1210 438
2 n 20360 1633
3 nnz(A) 509866 46626
4 Omin(A) 7.9e-15 2.1e-10
5 [Z] o 1.000 0.999
6 |AZ - || oo 8.4e-16 3.0e-16
7 error T | 2.3e-6 0.029 2.6e-9  6.9e-6
8 9l oo /12 o0 2.3e-6 7.3e-8
9 |AZ + A§ - b] o 5.5e-21 3.7e-24
10 error £+9y | 2.2e-9 2.6e-5 | 3.9e-17 2.0e-13
11 2] 0o /112 o0 2.2e-9 5.6e-16
12 |AZ + Ag - b oo 5.6e-24 2.6e-32
13 error T+7¢ | 2.0e-12  2.4e-8 | 1.9e-17 5.2e-17
14 0=|Az+ Ay -b| | 4.2¢-28 5.6e-24 | 9.3e-34 2.6e-32
15 5 =19+ llel2/s | 5.4e-9 5.4e-9 | 1.5e-17 5.5e-17
16  entrywise accuracy of inclusion | 1.1e-8  1.3e-4 | 3.9e-17 1.0e-16

The next Line 3 in Algorithm ErrorBound in Table 2 improves & by one step of
residual iteration where the residual AZ — b is computed in extended and stored in
working precision. The correction 3 is not added to z, the approximate solution is kept
as an unevaluated sum & + ¢. Line 4 in Algorithm ErrorBound in Table 2 makes sure
that the bit representations of & and ¢ do not overlap. The transformation TwoSum
is error-free, the sum does not change.

The ¢ in Line 8 is the value computed in Line 3 of ErrorBound, so the unevaluated
sum Z + ¢ covers about 22 or 24 digits, respectively. As shown in Lines 9 and 10 of
Table 3 the unevaluated sum Z +y has a smaller residual, corresponding to the overlap
of  and g, and better accuracy. By the cited rule of thumb the improvement should
be of the order u-cond(A), but in both examples it is a little better.

Line 5 of Algorithm ErrorBound performs a second residual iteration based on
the unevaluated sum z +¢. The correction Z should be smaller than g. That is indeed
true as by Line 11. It follows that the unevaluated sum Z + y + Z spans about 25
or 32 figures, respectively. The reason that no triple precision is achieved is that
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the residuals are calculated in twice, not thrice the working precision. Therefore, it
would be no advantage to keep the three parts but z is added to y. For the new
approximation Z + gy, Line 6 in ErrorBound ensures again that the bits don’t overlap.

As by Lines 12 and 13 in Table 3 this approximation has again smaller residual
and improved accuracy. Correspondingly, the upper bound ¢ on |AZ + Ag - b| is small,
in the second example very small. Now the verified inclusion for A~1b consists of three
parts, the approximation by the unevaluated sum z + ¢ and the normwise error bound
Q= HQHQ/Umin(A)v Le., |A71b - (:Z' + g)| La.

By combining the error bound into the vector 6 = |§| + | g|2/s this becomes an
entrywise error bound (A‘lb);C € T +0,. Note that § is computed in rounding upwards
in the last line of Algorithm “ErrorBound”.

The last line in Table 3 shows the median and maximum accuracy of the inclusion
in terms of the relative error |0gx/Zx|. In the first example, due to the condition
number, some 4 to 8 decimal figures of the left and right bounds coincide. In the
second example the bounds are maximally accurate. Repeating the residual iteration
in steps 5 and 6 of Algorithm ErrorBound in Table 2 another 3 times yields almost
maximally accurate results for all entries of the first example as well.

5. Input data with tolerances. If the matrix and/or the right hand side are
afflicted with tolerances, verified error bounds based on our methods can be computed
as well. We give the details for real linear systems, for complex interval data an almost
identical ansatz is applicable.

Consider A € IF™*" and b € IF™*. The interval matrix A = [A4, A] for A, A e F*"
consists of all real matrices A with A < A < A and similarly for b. Then

(5.1) S(A,b):={zeR™ :34¢ A Fbeb with Az =b}

is sometimes called the “outer” solution set [39, 52]. In order to compute error bounds
for (A, b) we use a midpoint-radius representation for A. The INTLAB commands
M = mid(A) and R = rad(A) compute matrices M, R € F™*" with M -R< A< M+R
for all A e A, and similarly for b.

For interval input, there is no gain when using an extra precise residual iteration
as in Algorithm ErrorBound in Table 2. Denote by & an approximate solution of the
midpoint linear system Max = mid(b) after few residual iterations. Let A € A,beb
fixed but arbitrary. For the moment assume that b is an interval vector, i.e., b € TF".
Denote A := A- M. Then |A| < R and we adapt (4.1) into

Ao —F = |[(M+A)(b- AF)|
= (L + MTA)Y M (b AT)|
< I+ MTIA)Y M (b AT) | e
< I+ MTIAY M (b - AT) | se
(5.2) o 1M A
1-[M-A[2

Tmin (M)~ |b - AZ[
L= omin(M)™! HR”2
[b-AZ|s/s
1-|R]2/s
which is true provided that 0 < s < oin (M) and |R|2/s < 1. For multiple right hand
sides, i.e., b e F™* with k > 1, apply (5.2) successively to the columns of b.
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The estimates (4.1) for point data and (5.2) for interval data are the key to the
inclusion of the solution of Az =b. The necessary switch from the co-norm of b— AZ
to the 2-norm introduces an unfortunate weakening of the bound. For point systems
that can be compensated by storing the approximation as an unevaluated sum and
accurate evaluation of the residual, so that in principle the bound for the residual can
be arbitrarily small. Unfortunately that is not possible for interval systems, and this
will become relevant for nonlinear systems to be discussed in Part II of this note.

Note that the successful computation of a positive lower bound s of oy (M)
together with |R|2/s < 1 verifies the nonsingularity of every A € A a posteriori. A
larger diameter of b widens the bounds, a larger diameter of A reduces the range of
applicability, i.e., verified bounds are only obtained for smaller condition number of
M and/or smaller radius R.

6. Symmetric (positive definite) matrices. As has been mentioned, “pos-
itive definite” is in parenthesis because this is no assumption on the input matrix
but will be proved a posteriori by our algorithm. The corresponding algorithm “ver-
ifySparseSPD1” will be improved in Part II to accept an unsymmetric input matrix.
Moreover, it will also be shown in Part II that Algorithm “verifySparseSym1”, to be
introduced in Section 8 of this note, works correctly for unsymmetric input matrix as
well. Therefore we use “verifySparseSPD1”, “verifySparseNearSym1” and “verifyS-
parseGenl” for the versions in this Part I, and accordingly “verifySparseNearSPD2”,
“verifySparseNearSym2” and “verifySparseGen2” in Part II.

THEOREM 6.1. Let symmetric A € F™" and 0 < s € F be given. Denote B :=
float(A — sI) computed in rounding downwards. Suppose the floating-point Cholesky
decomposition of B runs to completion producing a Cholesky factor R. Define AB :=
RTR-B. Then

(6.1) Omin(A) > s - [AB|2 .

Let p e N™ with pu; denoting the number of nonzero elements in the i-th column of R
and assume umax g, < 1. Denote by ® € R™"™ the matriz with ®;; = min(u;, ;) + 1

. S B 1/2
and by D € R™™ the diagonal matriz with Dy, = ( kk ) . Let

T
(6.2) u|D®D|2 < a
for o computed by Corollary 2.12 and assume s > a. Then |AB|2 <« and
(6.3) Omin(4) 2 s -«

if the decomposition was performed using nearest operations. If 4(max ug +1)u < 1,
then (6.3) remains true for faithful operations when using ®;; := min(u,;, p;) +2 and
replacing u in (6.2) by 2u.

Proof. We have RTR = B + AB with |AB|2 < a by Lemma 2.10. Denote A :=
A - sl - B. Then A is nonnegative, and (1.11) yields

Amin(AA) -5 = )\min(A - SI) = )\min(B + A)
> Amin(B) = Anin(RTR-AB) > —-|AB|2 > ~a

and proves Amin(A) > s —a > 0, and therefore Apin(A) = omin(A4) and (6.3). The
assertion for faithful operations follows as in Lemma 2.10. O
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1 function [z,d] = verifySparseSPD1(A,b)

2 If any AgpAge <0, [z, 8] = verifySparseNearSym1(A,b), return

3 If Aj3 <0,A:=-A; b:=-b; % A possibly negative definite

4 Equilibrate A by (3.1)

5 Compute Cholesky factorization RT R ~ A by (3.4)

6 If failed, [z, d] = verifySparseNearSym1(A,b), return

7 Compute 3(R) by (3.9) and set s := 0.95

8 If s <1070 A| oo, verif. fails, [z,5] = verifySparseNearSym1(A,b), return
9 setround(-1); As = A - s * speye(n);

10 setround(0); [Rs,FLAG,p] = chol(As);
11 If succeeded, go to Step 15
12 Set s:= s/5 and compute in rounding downwards As = A - sI

13 Compute Cholesky factor Rs” Rs ~ As in rounding to nearest by (3.4)
14 If failed, [z,d] = verifySparseNearSym1(A,b), return

15 Compute upper bound « :=r.h.s.(6.2) with |Rs” Rs - As|2 <

16 If @ > s,compute « with |RsT Rs — As|2 < a using (2.11)

17 If a > s,compute o with |Rs” Rs — As|2 < o using (2.13)

18 If @ > s, verification failed, return

19 [z,6] = ErrorBound (A, b, s — a, “solve*) using R for solve

TABLE 4
Verified error bounds for A™'b for symmetric (positive definite) sparse input matriz A

In Table 4 we sketch our subalgorithm “verifySparseSPD1” for solving a sparse lin-
ear system with symmetric (positive definite) matrix. As has been mentioned, the
mathematical assumption is that the input matrix A is symmetric. If A is indefinite
and/or positive definiteness cannot be verified, then our subalgorithm ““verifySparse-
NearSym1”” for symmetric input matrix as given in the next section is called.

The details of subalgorithm ”verifySparseSPD1* are as follows. If there are di-
agonal elements with nonpositive product, A can neither be positive nor negative
definite and we call subalgorithm “verifySparseNearSym1”. Reaching Step 3 all di-
agonal entries must have the same sign, and (A,b) is replaced by (-A4,-b) if they
are negative. Otherwise, after equilibration in Line 4 a numerical Cholesky decom-
position [R,FLAG,p] = chol(A,’vector’) is computed in Line 5. If FLAG # 0, the
factorization failed and subalgorithm “verifySparseNearSym1” is called. Otherwise,
an approximative lower bound s of the smallest singular value of A is computed by
(3.9) in Line 7.

If s in Line 7 is too small to hope for a successful inclusion, we call directly
“verifySparseNearSym1” in Step 8. Next in Line 9 a lower bound As of the shifted
matrix A — sI is computed and Theorem 6.1 is applicable. Next, a floating-point
Cholesky decomposition of As is tried in Line 10. In case of failure we try again with
a smaller value for s.

The potential second decomposition in Line 13 may fail because of ill-conditioned
input matrix A or, if s is still too large. In that case we call subalgorithm “verifyS-
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parseNearSym1”. In the next Line 15 an upper bound « as in (6.2) in Theorem 6.1
is computed using the code in Corollary 2.12 such that (using rounding downwards)
s —a is a lower bound of oyin(A4). This first upper bound on « comes by (6.2) at
practically no cost and works very often. If « is too large, i.e., a > s, we compute
AB := Rs"Rs — As in rounding downwards and upwards and improve a in Step 16
by initializing setround(1), E = Rs’*Rs-As; and using (2.11) in Lemma 2.5. That
bound is almost always sufficiently good. If still @ > s, we invest some computing
time and improve « again by computing AB in extended precision with rounding to
nearest and using (2.13).

This is our last resource. It still a > s, “verifySparseSPD1” failed to compute
verified error bounds, and our general Algorithm verifySparselssl to be presented
in Table 7 calls subalgorithm “verifySparseNearSym1”. Otherwise, s — o rounded
downwards is a correct lower bound for the smallest singular value of A, and an
improved approximate solution  together with error bound ¢ satisfying A™'be x + 6
is computed by Algorithm ”ErrorBound“ in Table 2. This algorithm requires to solve
a linear system Ay = ¢ for some right hand side ¢ which is performed using R in Line
5.

7. Factorization of 2 x 2 symmetric matrix. Let L and D be factors of a
real symmetric matrix A such that A = LDLT. Then D comprises of 1 x 1 or 2 x 2
real symmetric blocks, respectively. Let B be such a block matrix. We will factor
B=MSPM? into a matrix M, a real signature matrix S and permutation matrix P
such that cond(M) ~ cond(B)'/2.

The purpose is as follows. Applying the factorization to the blocks of D results
in a block factorization D = MSPM?. Setting Lq := LMSP and Ly = LM yields
A =L, LY. Since S and P are orthogonal, the sets of singular values of L; and L
are identical. It follows cond(A) < cond(L;)? = cond(Ly)?. Although, in contrast to
the Cholesky decomposition, the condition number of L; (and Ls) is, in general, not
equal to cond(A)l/ 2 practical evidence suggests that they are often not too far apart.

For the anticipated decomposition of B we distinguish three cases. If B is 1 x 1,
then B =b and M := \/W, S =sign(b) and P =1 do the job.

The second case is a 2 x 2 matrix with zero diagonal, i.e., B := ( 2 (l; ) In that

case we choose the similar decomposition

M::( B 0 ))S::(sign(b) .0 ) o P::(o 1).
0 |b] 0 sign(b) 10

. . . b
For the third case, let nonsingular symmetric B = ( Z
Cc

(a—c)? +4b2. Its (real) eigenvalues are A1 2 = %(a+cid), and for b # 0 the orthogonal

) be given and define d :=

a-c+d

eigenvectors are vy 2 = 9% . It follows the eigendecomposition B = VDVH
A1
for orthonormal V := ( vi/llvil2 va/|v2]2 ) and D := o I Hence
2

M:=V Al 0 , S= sign(M) . 0 and P=1
0 VA2 0 sign(A2)
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is the desired decomposition.

In the first two cases we just need \/m . The third case looks also like a straight-
forward approach, and in almost all cases it worked well. However, for b being small
in absolute value compared to a and/or ¢ numerical problems might occur.

Summarizing, we showed that for an LDLT-decomposition of a real symmetric
matrix A the block diagonal matrix D can be expressed as

(7.1) D=DSDT for symmetric A
(7.2) D=DSPD" for symmetric A with zero diagonal

with block diagonal D, real signature matrix S and permutation matrix P. Once
Matlab’s 1d1 works for complex sparse matrices as well, the above approach is easily
adapted with real signature matrix S to ensure that the multiplication by SP is
error-free.

8. Symmetric matrices. We show in Table 5 a general outline of our subalgo-
rithm “verifySparseNearSym1”, intended to compute verified bounds for the solution
of a sparse linear system with symmetric matrix. Surprisingly, as will be shown in
Part II of this note, this algorithm works correctly for unsymmetric input matrix A
as well. That explains the unusual naming. In principle, the algorithm works for
general input matrix, however, success is only likely for nearly symmetric matrices,
ie., |A® — A| small compared to ||A].

After equilibration in Line 2 we decompose A in Line 3. Next L1, Ly are computed
in Steps 5-6 with A ~ L1 Ly. The factors are computed in floating-point, but because
S is a real signature matrix the multiplication Ly := SLT is error-free in floating-point.
Thus, the factors Ly, Ly have identical sets of singular values. Hence (1.12) gives

(81) Jmin(A) ~ Umin(LlLQ) 2 Umin(Ll)Jmin(LQ) = Jmin(L1)2 = O—min(LlL?) .

Next M = float(L;LT) is computed in Line 7 in rounding upwards, that is L; LT < M,
and in Line 8 we use an approximation of o, (M) as an anticipated lower bound
5 S omin(A) on the smallest singular value of A. We approximate oy, (M) because a
Cholesky decomposition of M shifted by s is used in Line 17 to compute a true lower
bound on oy, (M) leading to a lower bound for opmin(A). If s is so small that there
is no hope for a verification, we immediately call “verifySparseGenl” in Step 9.

Aiming for a correct lower bound on oy (A) we compute an upper bound « on
|A - LyLs|z in Line 10. If « is not small enough, i.e., & > s, then « is improved by
(2.11) in Line 11. Next we use (2.9) to compute an upper bound 3 on |M — L LT 5.
If B is too large, i.e., if a+ 3 > s, then one additional matrix multiplication suffices to
improve 8 as in (2.11) by computing R = L1*L1’-M; beta = NormBnd(R,true) in
rounding downwards. This is true because the computation of M and R < Ly LT - M
imply 0< M - L, LT <-R.

If still a+ B > s, then we invest some time in Line 14 to further improve the
error bounds. First we improve a by using (2.13). For S we use (2.13) as well,
where this includes the recomputation of M in rounding to nearest. We refrain from
recomputing s for the new M because numerical evidence suggests that, if any, a
potential improvement is marginal. If still o+ 3 > s, then the verification failed and
subalgorithm “verifySparseGenl” is called in Step 15.

In Line 16 the shifted matrix M is computed in rounding downwards so that
Theorem 6.1 is applicable. Next, a floating-point Cholesky decomposition of M is
tried in Line 17. If not successful, M and s are updated as in Lines 12 — 13 of
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function [z, d] = verifySparseNearSym1(A,b)
Equilibrate A by (3.2)
Compute LDLT (A) by (3.5)
If D is singular, [z,d] = verifySparseGenl(A,b), return

Compute L; ~ LD and Ly = SLT

Compute M ~ L; LT in rounding upwards

Compute Compute 3(L1) by (3.9) and set s:=0.95

If s <1071 A| o, verification fails, [z, ] = verifySparseGen1(A,b), return
10 Use (2.10) to compute o with |A—-LiLa|2 €

1
2
3
4
5 Compute approximate splitting D ~ DSD? according to (7.1)
6
7
8
9

11 If > s, improve « as in (2.11)

12 If o < s,use (2.9) to compute 3 with | M - L1 LT |5 < B,else 3= 00
13 If a<sand a+ S 2s, improve 8 as in (2.11)

14 If a+ B2 s, recompute M and improve «, 8 as in (2.13)

15 If a+8>s, [x,0] = verifySparseGen1(A,b), return

16 Compute M:=M -sI in rounding downwards

17 Compute Cholesky factor RT R ~ M in rounding to nearest by (3.4)
18 If succeeded, go to Step 22

19 Set s := s/5 and compute in rounding downwards M = M — sI

20 Compute Cholesky factor RT R ~ M in rounding to nearest by (3.4)
21 If failed, [z, §] = verifySparseGen1(A,b), return

22 Compute  with |3 - RTR||2 < by (6.2) in rounding upwards

23 If o+ B+~ 2s, improve 7 as in (2.11)

24 If o+ B+~ 2>s, improve 7 as in (2.13)

25 If a+B+~v2s, [x,d] = verifySparseGenl(A,b), return

26 [z,0] = ErrorBound(A4,b,s - a - 3 -7, “solve“) using LDL” for solve

TABLE 5
Verified error bounds for A™1b for nearly symmetric sparse input matriz A

“verifySparseSPD1”, and for the smaller shift s a Cholesky decomposition is tried in
Line 20.

If the second decomposition is still not successful, then the verification failed and
subalgorithm “verifySparseGenl” is called in Step 21. Otherwise, an upper bound ~
using the a priori bound in (6.2) is computed in Line 22 satisfying |[M - RTR|y < 7. If
necessary, v is improved using (2.11) or (2.13). Now Theorem 6.1 implies oy (M) >
s —~. In fact, here some care is necessary. In order to apply Theorem 6.1 the matrix
M = float(L, LT - sI) has to be symmetric. However, float(L;LT) is computed in
floating-point, and blocking strategies or other measures to improve the performance
might produce an unsymmetric matrix.!® Fortunately, that cannot happen in Matlab.

131t is easy to construct examples where changing an off-diagonal entry by 1 bit causes a symmetric
positive matrix to become indefinite.
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Here the statement M = L1*L1’ is analysed, and in order to improve the performance
only the lower half is computed and mirrored. This is true for real and complex data
and in any rounding mode. In another environment we have to replace M by its
symmetrized version (M7 + M)/2.

If the sum «a + 8+ of errors is too large, then the verification failed and we turn
to subalgorithm “verifySparseGenl” in Step 25. Otherwise, i.e., a + 8+ < s, (1.10),
(8.1) and Theorem 6.1 yield

Omin(A) 2 omin(L1L2) = |A=LiLa|2 > omin(L1L]) = |A = Ly L2
(82) 2 UInin(M) - HLIL,{ - MH2 - HA - L1L2”2 2 UIIliIl(M) - 6 -—Q
> s—a-f-7.

Hence o + 3 + v < s verifies that the matrix A is nonsingular, and entrywise bounds
for the solution are computed by Algorithm ErrorBound in Table 2. Note that the
conclusion remains valid when replacing M by (MT + M)/2. In fact, the first two
lines in (8.2) are valid for any matrix M, and the last line for any symmetric M. In
Part IT of this note we will show that the algorithm works correctly for unsymmetric
matrices as well.

9. General matrices. Asin [50, 61] our method for linear systems with general
matrix uses the augmented matrix

0 AT
(9.1) B::(A 0 ),

the singular values of which are + the eigenvalues of A. So in principle we could apply
the methods for symmetric input matrix described in Section 8. However, due to the
structure of the augmented matrix B the decomposition part is simpler as by the
following lemma.

LEMMA 9.1. For nonsingular A € R™™ a block LDL™ -decomposition of the aug-
mented matriz B in (9.1) produces D with all diagonal elements being zero, i.e., D
consists only of 2 x 2 pivot blocks each with zero diagonal.

Remark 9.2. There may exist LDLT-decompositions of B with D having nonzero
diagonal entries. For the 1 x1 matrix A =1 the augmented matrix B is a permutation

1 0
matrix, and a computation shows that all LDL”-decompositions satisfy L = ( . )
¥
0 1
1 -2¢
obtained by ¢ = 0.

Proof. A block LDLT-decomposition is based on [17, Section 11.1]

pppT | F c\ (L 0 E 0 I, E7'CT
- - -1 _ -1 T
c G CE™ In 0 G-CE'C 0 Ins

with I, denoting the m x m identity matrix and s € {1,2}. The diagonal of the
augmented matrix B remains zero under symmetric permutations, so that the first
0

(%

and D = ( ) for some ¢ € R. That includes the block LDLT-decomposition

pivot must be 2 x 2 with F = ( g ) Moreover, ( E cT ) comprises of the k-th

and m-th row of B for some 1<k <n and n+1<m<2n. Let P be the permutation
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matrix mapping (1,...,2n) to (k,m,1,...,k-1,k+1..., m-1,m+1,...,2n). Then G
is square with 2n — 2 rows and columns and has the same structure as the augmented
matrix in (9.1). Hence the structure of PBPT is described by

0 o Ol,n—l UT
E Cc"\ o 0 u” 01,n-1
C G - Onfl,l u Onfl,nfl HT

v On-1,1 H On-1,n-1

with column vectors u,v € R"™!, a square matrix H with n—1 rows and columns, and
0 denoting a matrix of zeros with dimension according to the subscripts. Then

_ _ (0 u ul 01— _ 0n-1.n— uvT
CE'CT =a™ o R Lot
v On—l,l Ol,n—l v vu On—l,n—l

shows that G — CE~1CT has the same structure as the augmented matrix (9.1). The
result follows. 0

In contrast to [48, 50, 61] we proceed in “verifySparseGenl” in Table 6 for general
matrices as follows. After equilibrating the original matrix A we compute an LDL”-
decomposition of the augmented matrix B in Step 4 by (3.5). The permutation
information for pivoting is stored in the vector p such that B(p,p) ~ LDLY. According
to Lemma 9.1 the matrix D should have exactly 2n nonzero entries for nonsingular
A. If the decomposition fails, i.e., there are less than 2n nonzero elements in D, we
use the LDLT-decomposition as in (3.7). That happened a number of times, but
fortunately the bug is removed from Matlab Version 2026a on.

A splitting (7.2) of D is computed, and in Lines 7 and 8 the factors L, Ly such
that L1Ls ~ B(p,p). The factor Ly is L; multiplied by some real signature and
a permutation matrix. That computation is error-free, so that, as in subalgorithm
“verifySparseNearSym1”, the factors Lq, Lo have identical sets of singular values.
Hence (8.1) is true when replacing A by B or B(p,p).

The first bound on « is computed in Line 11 using (2.10). The remaining
of the subalgorithm until Line 26 is, mutatis mutandis, identical to subalgorithm
verifySparseNearSyml in Table 5, so that (1.10), (8.1) and Theorem 6.1 yield

Omin(A4) Omin(B) > Omin(L1L2) — | B = L1La||2 > omin(L1LT) = | B = L1 La||2

Omin(M) = | L1 LT = M2 = | B = L1Lo|2 > omin(M) - 8 -

Vv

> s-a-fB-7.

Error bounds for the solution of the original linear system Az =b use that

S R BNE

implies © = A™'b. The residual iteration in Algorithm ErrorBound is adapted to
the augmented system, and the lower bound s —a — 8 — v for omin(A4) = omin(B)
and the LDLT-decomposition from Line 4 or 5 is used for the residual iteration.
The approximation x with error bound ¢ refers to the first n entries of the result of
“ErrorBound”.
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1 function [z,d] = verifySparseGenl(A,b)

2 Equilibrate A by (3.3)

3 Let B the augmented matrix (9.1)

4 Compute LDLY (B) by (3.5)

5 If nnz(D) < 2n,compute LDLT (B) by (3.7)

6 If nnz(D) < 2n, verification failed, return

7 Compute approximate splitting D » DSPDT according to (7.2)
8 Compute Ly » LD and Ly = SPL%F

9 Compute M ~ L LT in rounding upwards
10 Compute 5(L;1) by (3.9) and set s:=0.95
11 Use (2.10) to compute o with |B - LiLa|2 < &

12 If > s, improve « as in (2.11)

13 If a < s,use (2.9) to compute 3 with |M — L; LT[> < B,else 8 = oo
14 If a <sand a+ 82 s, improve 8 as in (2.11)

15 If o+ B> s, recompute M and improve «, 5 as in (2.13)

16 If o+ B > s, verification failed, return

17 Compute M := M — sI in rounding downwards
18 Compute Cholesky factor RT R ~ M in rounding to nearest by (3.4)
19 If succeeded, go to Step 23

20 Set s := s/5 and compute in rounding downwards M=M -sI
21 Compute Cholesky factor RT R ~ M in rounding to nearest by (3.4)
22 If Cholesky decomposition ends premature, verification failed, return

23 Compute v with |[M - RTR|2 < by (6.2) in rounding upwards

24 If a+ B+~ 2s, improve 7 as in (2.11)

25 If o+ B+~ 2s, improve 7 as in (2.13)

26 If a+ B+~ > s, verification failed, return

27 [x,0] = ErrorBound(B, [0;b],s — a — 3 -7, “solve) using LDLY for solve

TABLE 6
Verified error bounds for A~'b for general sparse input matriz A

10. Complex sparse linear systems and the first sparse Iss algorithm.
Unfortunately, the LDLT-decomposition for sparse matrices in Matlab is restricted
to real data. For a complex linear system (A +iB)(x +iy) = b+ ic a simple remedy is
to use the augmented linear system

(10.1) (2 _f)(z)(b)

of doubled size. Then for positive definite Hermitian, for Hermitian and for general
. . . A -B . . " .
matrix A +iB the augmented matrix C := B A is symmetric positive definite,

symmetric, and general, respectively. In each case the singular values of C' are those



VERIFIED ERROR BOUNDS FOR SPARSE SYSTEMS PART 1 29

function [xs,delta] = verifySparselssi(A,b)
% Approximate solution xs of Ax=b with error bound delta
if isreal(A)

if isreal(b) % A and b real
symm = isequal(A’,A);
if symm % A symmetric
[xs,delta] = verifySparseSPD1(A,b);
end

if ( “symm ) || isnan(xs(1)) % A unsymm. or SPD failed
[xs,delta] = verifySparseGenl(A,b);
end
else % A real, b complex
[xs,delta] = verifySparselssi(A, [real(b) imag(b)]);
n = size(A,1);
m = size(b,2);
xs = complex(xs(:,1:m),xs(:,m+1l:end));
delta = reshape(vecnorm(reshape(delta,[],2),2,2),n,[1);
end
else % A complex
n = size(A,1);
A [real(A) -imag(A);imag(A) real(A)];
b = [real(b);imag(b)];
[xs,delta] = verifySparselssi(A,b);
xs = complex(xs(l:n,:),xs(nt+l:end,:));

delta = reshape(delta,n,[])’; ¥ take care of multiple r.h.s.
delta = reshape(vecnorm(reshape(delta,2,[]),2),size(b,2),[1)’;
end

end 7% function verifySparselssl

TABLE 7
Algorithm to compute verified error bounds for the solution of a sparse linear system

of A +iB doubled, so that the condition number does not change. A drawback is
that for general matrices we use the augmented matrix (9.1) resulting in a linear
system of four times the dimension of the original complex system. If a complex
LDLT-decomposition will be included in Matlab, then that drawback disappears.

In the previous sections we described subalgorithms to compute error bounds for
the solution of linear systems with symmetric positive definite matrix, with symmetric
and with general matrix. For a given linear system we may check symmetry, but
positive definiteness may not be known beforehand. Therefore, we present in Table 7
the self-contained Algorithm verifySparselssi as executable Matlab/INTLAB code
to solve a general real or complex sparse linear systems. The second and final version of
Algorithm verifySparselssi including least squares problems and underdetermined
linear systems will be given in Table 11 in Part II of this note including handling
unsymmetric matrices by “verifySparseNearSPD2” and “verifySparseNearSym?2”.

The algorithm proceeds as follows. First it is checked for real or complex data.
If the matrix is complex, error bounds are computed according to (10.1), if only b is
complex it suffices to solve a linear systems with 2 right hand sides. In either case the
error bound is the entrywise Euclidean norm of the bounds for the real and complex
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part.

If the check that all diagonal elements of A have the same sign or some Cholesky
decomposition fails, then “verifySparseSPD1” calls subalgorithm “verifySparseNear-
Sym1”. If it fails as well, then as a final resource subalgorithm “verifySparseGenl” is
called.

The subalgorithms cover multiple right hand sides for real and complex input
data. For complex b and/or A some care is necessary to collect the data for the
complex inclusion.

We refrain from giving an explicit algorithm for data afflicted with tolerances
because it is clear how to proceed along the lines given in Section 5.

11. Comparison of the new algorithm and [61]. For a linear system Az =b
the algorithm proposed by Terao and Ozaki [61] is based on Theorem 1.1 to compute
a lower bound for oy, (A), basically as in Table 8, with the residual iteration in [56].

If successful, i.e., § > o, then ouyin(B) = omin(A4) > 6 — 0. The Matlab code is
published in [61] and some missing code was kindly provided by the authors. In [61]
the quality of an inclusion was improved by a residual iteration based on

()G

with solution y = b and x = A~'b, where we use (9.2). The advantage of their method

TABLE 8
Computation of a lower bound 0 — o for omin(A)

Apply (3.8) to B as in (9.1) and set 6 := 0.5s

Compute LDLT (B +6I) by (3.5)

If the inertia of D is not (n,n,0), decrease 6 and go to Step 2
Compute ¢ with |B+6I - LDLY |3 < p

If 6 < g, restart from Step 2 with larger 6 > g or verification fails

T W NN

compared to Theorem 1.1 in [48] is that only one decomposition, namely of B + 61 is
necessary because for nonsingular A the inertia (n,n,0) of B is known beforehand. A
drawback is that for spd and symmetric matrices the augmented matrix B of double
size is decomposed, and that only a decomposition of the shifted matrix B + 01 is
available, not of B. They use the residual iteration in [56] based on the factorization

of B+ 0I. As analysed in [56], this iteration converges if 6 < %omin(BL and the

residual decreases by the factor % in each step. This technique used in [61] is the

reason why 6 is set to %s in Step 1 in Table 8.

Another drawback is that this limits the applicability of the method in [61]. In
Figure 1 we use matrix number 358 in [10], replace it by M := A — sI and calculate
the shift s such that M has the condition number as displayed. To avoid numerical
instabilities, we calculate M in double precision but the 2-norm condition number of
M using extended precision in Advanpix [18]. The maximal condition number for
which [61] computes an inclusion is xo = 1.4 - 102, whereas verifySparselssi is
successful up to kg = 2.0-10'°.

Moreover, when @ is less than but close to Lomin(B) the convergence of the

2
residual iteration slows down. In our examples to be presented in the next section
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maximally treatable condition number for [61] and verifySparselss1
T I N

N

I
—»—median rel. error [61]
-6 —s—max. rel. error [61]
10 d 3

—s—median rel. error verifySparselss1
—s—max. rel. error verifySparselss1
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10710

10712

1074

1016

P | A A P P
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F1G. 1. Mazimally treatable condition number for [61] and verifySparselssi

there was a case (number 46 in [10]) were the residual iteration in [61] diverged because
0 was slightly too large. That may happen due to rounding errors. In that case
the verification was successful but the inclusion of all entries [-10%%, +102°¢]. Thus
a better choice might be 6 := 0.4s which, however, reduces the maximal treatable
condition number further.

A difficulty of Theorem 1.1 and therefore of [61] is that an inclusion of the product
of three matrices is needed. In [61] the code

[L,D,p] = 1d1(mid(G), vector’); rho = NormBnd(G(p,p) - L * intval(D) * L', true);

computes ¢ with |B +6I — LDL” |5 < o and uses NormBnd from Table 1. The first
product M := Lxintval(D) is an inclusion of LD, so that the product M LT of an
interval matrix times point matrix causes additional overestimation. That reduces
further the maximal possible condition number until which a verification is possible.

Another problem slowing down [61] is that the decomposition of the shifted matrix
B causes significantly more fill-in than the decomposition of the original augmented
matrix B. We see this effect in Figure 5 of Part II of this note.

The algorithm in [61] is called by

(11.2) X =verifylinsys(A,b,precond,acc)

with additional parameters precond and acc. The output X is an interval vector,
and if successful, A7'b € X. The meaning of acc is as follows. When multiplying
two interval matrices, there is a choice in INTLAB [49] between using midpoint-
radius and infimum-supremum arithmetic. The former produces bounds which are
slightly wider for small radii of the factors, but for very large radii up to a fac-
tor 1.5 wider than those of the latter. However, interval matrix multiplication in
midpoint-radius representation uses Level-3-BLAS routines and is much faster than
infimum-supremum using rank-1 updates [53]. To choose either method the com-
mands intvalinit(’FastIVmult’) and intvalinit(’SharpIVmult’) are used. If
acc is true, then the slower method eventually producing better bounds is activated.

However, the two methods for interval matrix multiplication differ only if both
factors comprise of intervals with nonzero diameter. The most important product in



32 S. M. RUMP

the code of [61] in Table 8 is Lxintval(D)*L’, but here and elsewhere at least one
factor is a point matrix. Therefore there is no difference between the two methods in
INTLAB for multiplication. Consequently, we observed, if any, a marginal difference
between the quality of the bounds and timing using false or true for acc, which is
confirmed by the test results in [61]. Therefore, the computational results in the next
section use acc = false.

If the extra parameter precond is true, then before executing the code in Table
8 an equilibration similar to (3.3) is applied. Switching precond on or off has signif-
icant influence on the performance and accuracy of the algorithm in [61]. In many
cases precond = true both reduces the computing time and increases the accuracy
significantly, and often verification fails without preconditioning. Rarely we observed
failure of verification with but success without preconditioning. In our computational
results we found 7 such cases and appended the corresponding computing time by an
44*7’ .

Another reason to use precond = true for the algorithm in [61] is that when
using precond = false the inclusion may be wide due to problems with the residual
iteration as explained above. For instance, in example 1404 the verified inclusion by
[61] with precond = false ends successfully, but all entries of the inclusion are equal
to [-4.45-10'7,4.45-10'7]. With equilibration [61] could guarantee at least 11 figures.

12. Test results. Our computing environment is a Panasonic laptop CF-SV
with Intel(R) Core(TM) i7-10810U CPU with 1.10/1.61 GHz and 16 GB RAM. We
use the Matlab prerelease 2026a [35] under Windows 10.

As has been mentioned, [61] uses the Advanpix package [18] for accurate residual
calculations. In Part IT we introduce an alternative algorithm spProdK written in
pure Matlab code which is included in INTLAB [49]. Advanpix respects the rounding
mode only in extended precision, while spProdK allows to specify higher precisions. All
results of our Algorithm verifySparselssil (henceforth called “Sparsel”) presented
in Part I of this note use Advanpix to allow a fair comparison to [61], where in Part 1T
the algorithm is the same but uses spProdK. Therefore, results of verifySparselssi
for the same test example may differ between Part I and Part II. Because of the
possibility to specify higher than extended precision, the results of Sparsel using
spProdK in Part II are generally more accurate than using Sparsel with Advanpix in
this Part I.

As for test matrices we used the Suite Sparse Matrix Collection [10] with the
interface [24]. More precisely, we treat all 395 square matrices with dimension

(12.1) 10°<n<10° and 107 < kp(A) <10 and nnz(A) < 10° .

One goal of the tests is to check whether our method and that in [61] work up to the
limit condition number k3(A) S u™ ~ 10'°. Since both methods rely on a lower bound
of the smallest singular value of A, the 2-norm condition number xa(A) = | A7 2] A
is appropriate rather than condest (A) which estimates the 1-norm condition number.
The latter is, in general, larger.

In Part I of this note we consider only real test cases satisfying (12.1) because the
algorithm in [61] does not handle complex matrices. After removing 3 complex and
4 diagonal matrices 388 test cases remain. In [61] 20 test cases are considered, 8 of
which satisfy (12.1). We keep the tests from [61] together so that we arrive at totally
400 test cases where 35 are spd, 96 are symmetric, 249 are general plus the 20 tests
taken from [61].

In addition we consider 100 random test cases with matrices of dimension n = 10%,
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TABLE 9
Timing T and inclusion X for algorithms Sparsel and [61]

tic % compute inclusion by Sparsel or [61] with equilibration
equil = true; X = Inclusion(A,b,equil);
T = toc;
if isnan(X) % verification with equilibration failed
tic % compute inclusion by Sparsel or [61] without equilibration

equil = false; X = Inclusion(A,b,equil);
if “isnan(X)
T =T + toc;
end
end

density 0.001 and condition number about 10*®, i.e., generated by
(12.2) A =sprand(n,n,dens,1/cnd) with n = 10*, dens = 0.001 and cnd = 1e15.

In the median the random matrices have 95,020 nonzero elements and 2-norm condi-
tion number 1.90-10'°. We define the relative error of an interval X € IR by

(12.3) relerr(X) := { rad(X) /mid(X) if 0 ¢ X
rad(X) otherwise .

We use that definition to avoid the usual difficulties with intervals being very narrow
but enclosing zero. An inclusion is called “poor” if the relative error exceeds 0.01, i.e.,
barely one digit is guaranteed. For the verification algorithms we consider the median
and maximum of the relative errors of the inclusions of all entries. The inclusions of
our Algorithm verifySparselssl are almost always maximally accurate. Thus we
say that for £ computed by Matlab’s “backslash” an entry Z; is a poor approximation
if the relative error to the corresponding entry of the midpoint result of Sparsel
exceeds 0.01.

We compare our Algorithm Sparsel with the algorithm in [61]. For both algo-
rithms using the equilibrated matrix is the method of choice because in most cases
the condition number decreases, often substantially. However, as will be seen in Sec-
tion 10 in Part IT of this note, in rare cases the condition number increases for the
equilibrated matrix. Because we are interested in verified inclusions of the solution,
we use for both algorithms the method as in Table 9: The timing and result of the
algorithm with equilibration is used if successful. If not successful, the algorithm
without equilibration is tried. If without equilibration not successful as well, for both
[61] and Sparsel only the timing of the first call is used because we consider the call
with equilibration as the default. If successful without equilibration, that result and
the sum of the computing times of both calls is used and displayed later with an “*”
appended. For the 400 test cases from [10] that happened 7 times for the algorithm in
[61] but never for Sparsel. For the random tests it never occurred for both algorithms.

An overview of all results is displayed in Table 10. The first column indicates
the structure, namely symmetric positive definite, symmetric indefinite, general, all
test matrices out of [61] and the random tests according to (12.2). In two cases
we observed failure of Matlab’s “backslash”. In example 1417 from [10] the backslash
operator stopped with memory error, and example 1419 caused a crash ending Matlab.
That may be due to the limited memory in our laptop.
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TABLE 10
Results for all real samples satisfying (12.1) or (12.2)

performance “backslash” performance Sparsel  performance [61]
structure | poor fail poor fail poor fail
spd 2 0 of 35 0 0 of 35 1 8 of 35
sym 2 0 of 96 0 0 of 96 0 7 of 96
gen 1 0 of 249 2 1 of 249 15 12 of 249
tests [61] 0 2 of 20 0 0 of 20 0 0 of 20
random 35 0 of 100 0 4 of 100 27 38 of 100

Our Algorithm Sparsel fails in 1 out of the 400 [10] test cases, the Algorithm
n [61] failed 27 times. For the random samples as in the last line of Table 10 the
Algorithm in [61] failed in 38 out of 100 tests, and 27 out of the 62 successful inclusions
of the solution vector contained poor inclusions for some entries. Our Algorithm
Sparsel computed verified bounds in 96 out of the 100 random test cases with no
poor inclusions. As can be seen there are also poor approximations by Matlab’s
“backslash”, in particular for the random tests.

Before coming to the numerical results we show in Figure 2 the benefit of the
new a priori estimate (2.15) together with Corollary 2.12 for the residual |RT R - A,
of the Cholesky decomposition compared to (2.19) (cf. [56, Lemma 2.2]). These a
priori estimates are used in Step 15 in “verifySparseSPD1”, Step 22 in “verifySparse-
NearSym1” and Step 23 in “verifySparseGenl”. The a priori bounds come at low
cost, and if not sufficiently good, more time consuming measures are taken.

Test cases are the matrices As in Step 15 of “verifySparseSPD1” for the 35 sym-
metric positive definite matrices in [10] satisfying (12.1), sorted by increasing dimen-
sion. Between 5 to 9 power iterations were used to improve (2.15), in the median 6
iterations. The ratio of the bounds (2.19) divided by (2.15) ranges between 21 and
1516, in the median the new bound is better than (2.19) by the factor 121.

Next we show detailed results. The dimension, number of nonzero elements and
condition number of all test cases is shown in Figure 3. The dimensions vary between
1,019 and 682, 862 and the number of nonzero elements between 3,699 and 5, 778, 545.
For given matrix of dimension n we generate a right hand side Ax(2*rand(n,1)-1))
so that the solution has, up to rounding errors, uniformly distributed entries between
-1 and 1. In [61] the right hand side Axones(n,1) was used. In [61] computational
results are listed for the four options acc and precond true and false, but no recom-
mendation was given which combination to use. As explained above, the parameter
acc has no influence at all, and concerning the parameter precond, we proceed as in
Table 9.

In Figure 4 we show for all tests the ratio of computing times of Matlab’s “back-
slash” divided by that for our new Algorithm Sparsel, and for the algorithm in [61]
divided by Sparsel. Ratios are not displayed if one algorithm fails. A number less
than 1 in the left graph means that “backslash” is faster than Sparsel, and a number
larger than 1 in the right graph means that Sparsel is faster than [61]. In principle
we expect that obtaining an approximation by Matlab’s “backslash” should be faster
than computing a verified inclusion by Sparsel. However, Figure 4 shows that Sparsel
is often faster than “backslash”, see Table 11 for details.

In the median over all 400 examples Matlab’s “backslash” is faster than Sparsel
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Error bounds [56, Lemma 2.2] versus (2.15) with Corollary 2.12 for ||%l% — Al
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FIG. 2. Comparison of a priori error bounds for the residual |RTR - All2 of the Cholesky
decomposition
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Fic. 3. Dimension, number of nonzero elements and condition number of all test matrices

by a factor 3.4. But in 42 out of the 400 cases “backslash” is slower than Sparsel by
a factor 10, and in 13 cases even by a factor 100 and more. An extreme example is
number 2214 in [10] with Sparsel being 391 times faster than “backslash”. The matrix
has dimension n = 14,454 with 147,972 nonzero elements. The number of nonzero
elements of the factor L in our algorithm Sparsel is 430,688, whereas “backslash”
produces factors L,U with more than 100 times more elements, namely 16,300,793
for L and 47,932,779 elements in U. That may explain the large computing time.
We hasten to say that Matlab’s “backslash” operator is carefully designed based
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FIG. 4. Ratios of computing times tp, 1slash/tSparsel and t[61]/tSparsel

TABLE 11
Detailed time ratios

ratio thacksiash/tSparsel ratio ¢(61;/tsparse

structure min median max min  median max
spd | 0.015 0.101 2.090 | 6.867 22.260 610.043
sym | 4.5e-4  3.279  390.683 | 0.590 6.864  163.198
gen | 0.011 0.263  259.165 | 0.615  2.716 41.823
[61] | 0.056 0.145  152.040 | 1.079  1.997 3.675

on several branches and parameters choosing the appropriate internal algorithm. In
some cases it might have been better to choose a different path, however, it is a
general purpose method and, as for our Sparsel, the main driving force is robustness.
As has been mentioned earlier, there is hardly a general purpose solver for sparse
linear systems.

Figure 4 shows that Sparsel is mostly faster than the algorithm in [61], in the
median over all examples by a factor 3.0. In 51 out of the 400 test cases Sparsel is
faster than [61] by a factor 10, and in 4 cases by more than a factor 100. Conversely,
there are 4 cases where the algorithm in [61] is faster than Sparsel with the maximal
factor 1.70. In Table 12 the 5 extreme ratios are listed. In the worst case [61] is 610
times slower than Sparsel. Note that [61] failed with equilibration in that example
1606 of [10], but succeeded without.

One reason that the algorithm in [61] is slower than Sparsel is that the factor
L has significantly more fill-in. The reason is that, in contrast to Sparsel, [61] uses
the augmented matrix of double size for spd and symmetric matrices, and the shifted
augmented matrix for general input matrix. In Figure 5 the ratio of the number of
elements in L for the algorithm in [61] versus Sparsel is shown (for spd matrices
we use the Cholesky factor for Sparsel). The ratio is displayed if both algorithms
compute a verified inclusion successfully, that explains the gaps. In the median over
all 400 examples the L in [61] comprises of 2.24 more elements compared to Sparsel.

Next we show in Figure 6 a rough image of the median relative error of the ap-
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TABLE 12
The 5 best and worst time ratios t[6]]/t5parsel out of the 400 test cases

matrix times [sec] relerr Sparsel relerr [61]
# n | tsparsel t[61] median mazx | median max t[Gl]/tSparsel
1306 62500 | 595.306 351.016 | 1.5e-16 3.1le-14 | 1.2e-14 1.8e-6 0.590
235 3140 63.888 39.275 | 1.5e-16 2.2e-16 | 1.5e-15 2.5e-10 0.615
2814 8256 6.752 5.232 | 1.5e-16 1.7e-14 | 1.2e-12 2.2e-7 0.775
1414 49702 11.746 9.138 | 1.5e-16 1.0e-11 | 5.9e-15 1.9e-8 0.778
1419 682862 | 305.073 329.030 | 4.0e-16 2.0e-7 | 4.5e-14 3.2e-5 1.079
35 2003 0.071 5.294 | 1.5e-16 2.2e-16 | 4.0e-15 1.9e-11 74.796
1912 13681 0.588 57.240 | 1.5e-16 2.2e-16 | 1.3e-14 9.0e-11 97.354
2540 9774 1.116 182.139 | 1.5e-16 2.2e-16 | 2.4e-15 1.5e-9 163.198
45 3134 0.074 15.231 | 1.5e-16 2.5e-16 | 2.0e-15 2.7e-10 205.098
1606 5489 0.245 149.531* | 1.5e-16 2.2e-16 | 1.5e-11 1.4e-6 610.043*

20 Ratio nnz(L) for [61] versus nnz(L) for Sparse1
T T T T
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F1G. 5. Ratio of nonzero elements of L-factor of [61] versus Sparsel

proximation by Matlab’s “backslash” and of the verified bounds computed by Sparsel
and [61]. The relative error of Sparsel is mostly not far from maximum accuracy so
that we can use the bounds to compute the relative error of the approximation by
“backslash”. As can be seen “backslash” computes usually approximations with some
14 to 15 correct figures, but sometimes only few figures are correct. In the median the
inclusions by [61] are accurate to about 14 correct figures as well but that is mathe-
matically certified. However, in some examples inclusion intervals are wide containing
zero as an inner point.

Despite less fill-in of the L-factor, a main reason why Sparsel is fast is that we
try to minimize the effort to compute verified bounds. We discuss some details of our
Algorithm verifySparselss1 in Table 7 on the several improvement steps in the sub-
algorithms “verifySparseSPD1”, “verifySparseNearSym1” and “verifySparseGenl”.

We start with “verifySparseSPD1” which is called when the input matrix is sym-
metric. If this subalgorithm fails, then “verifySparseNearSyml” is called. If “veri-
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F1G. 6. Median of relative errors of Matlab’s “backslash”, by Sparsel and [61]

TABLE 13
Detailed analysis of “verifySparseSPD1’ for the 35 spd test cases satisfying (12.1)

action step number of times

decrease s 12 3

failure, call verifySparseNearSym1 13 0
improve « first time 16 3

improve « second time 17 0

verification failed, call verifySparseGenl 18 0

fySparseSPD1” fails in Step 17 with « > s, then verifySparselssl calls “verifyS-
parseGenl”. That was not the case in all 35 examples in spd in Table 10. More
details are displayed in Table 13. The algorithm is very stable. If the problem is
too ill-conditioned, the initial value of s may be too large (which happened 3 times),
and/or « is too large and has to be improved. The first improvement in Step 16 was
necessary in 3 out of the 35 test cases, the second improvement never occurred.

Next we discuss subalgorithm “verifySparseNearSym1”, details are in Table 14.
From Matlab Version 2026a on the problem with singular D in Step 4 is solved, in
previous releases it occurred occasionally. In 1 out of the 96 samples the anticipated
lower bound s for oy (A) was so small that there was no hope to compute an inclusion
successfully. In this case “verifySparseGenl” was called in Step 9 and computed an
inclusion successfully. The improvement of o and B in steps 11 and 13 was used
in 4 times each in the 96 tests in sym, i.e., in the remaining 92 cases the a priori
bound (2.10) was sufficient. The improvement of a and § in Step 14 was necessary
twice in 96 tests. As this is time consuming the numbers are in bold-face. Failure in
Line 15 would also be time consuming but did not occur. Otherwise in few cases an
improvement of v was necessary, see Table 14.

Thirdly, some details on the performance of subalgorithm “verifySparseGenl” for
the 249 “gen” test cases plus the 20 tests from [61]. Now we are treating the augmented
matrix (9.1) so that more improvements of the used constants are necessary. The
improvement of o and 3 in steps 12 and 14 was used in 16% and 24% of the tests,
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TABLE 14
Detailed analysis of “verifySparseNearSym1’ for the 96 sym test cases satisfying (12.1)

action step number of times

s too small 9 1

improve « 11 4

improve /3 13 4

improve M, « and 3 14 2

verification failed, call verifySparseGenl 15 0
decrease s 19 8

verification failed, call verifySparseGen 21 0
improve « first time 23 4

improve  second time 24 1

verification failed, call verifySparseGenl 25 0

respectively. The time consuming recomputation of M, « and 3 in Step 15 occurred in
3 out of the 269 test cases, and in 1 case, namely number 934 in [10], the verification
finally failed in Step 16. The reasons will be explained later. The shift s for the
Cholesky decomposition in Line 20 was decreased 11 times out of the 269 tests, and
~ was improved 36 times out of the 269 tests in Step 24 of “verifySparseGenl”, and
improved again 2 times in Step 25.

TABLE 15

Detailed analysis of “verifySparseGenl’ for the gen test cases satisfying (12.1) and the 20 test
cases in [61]

action step number of times

improve « 12 43

improve (3 14 65

improve M, « and 8 15 3

verification failed, call verifySparseGenl 16 1
decrease s 20 11

improve « first time 24 36

improve v second time 25 2
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To show all data is too much for this note, so we put the results for all 400 test
cases into [66]. We present some selected data in Tables 16 - 18. Here NaN in the
relative error columns indicates failure of verification, and otherwise, the columns are
self-explaining. The computing time of Matlab’s “backslash” is printed in bold-face if
slower than Sparsel. The median and maximum relative error of the approximation
by “backslash” is computed by the error bounds provided by Sparsel. For the example
number 934 in [10] where Sparsel (and [61]) failed, we used the verified and maximally
accurate inclusion by Algorithm Sparse2 to be introduced in Part II of this note which
did not fail in all our test cases. The ratio of computing times t[61]/t5parse is only
displayed when [61] ended successfully.

In order to reduce space for the results to be displayed to 3 pages, we considered
the 400 examples in (12.1) according to Table 19 including the 20 tests in [61]. That

TABLE 19
Displayed tests extracted from the 400 tests in Table 10

- [61] failed with precond=1 and was recomputed with precond=0

- Sparsel failed with precond=1 and was recomputed with precond=0

- all tests where one of “backslash”, Sparsel or [61] failed

- all tests where the median relative error by Sparsel is larger than 1071°
- all tests where the maximal relative error by Sparsel is larger than 10719
- all tests where the median relative error by [61] is larger than 1072

- all tests where the maximal relative error by [61] is larger than 1072

- all tests where the computing time ratio t[m]/tgpame is less than 1.54

means in particular that if a test is not listed here in Tables 16 - 18 but only in [66],
then both Sparsel and [61] succeeded, Sparsel guarantees at least 10 correct digits
of all entries of the inclusion, and Sparsel is at least 1.54 times faster than [61]. The
curios ratio 1.54 of computing time t[61]/tSparsel is tuned to fill 3 pages of results.

As has been mentioned in Section 11, for the symmetric positive definite matrix
number 46 in [10] inclusion failed with equilibration, succeeded without in [61] but the
residual iteration diverged resulting in identical inclusion intervals [-102°6, +102°¢] for
all entries.

In two cases we observed failure of Matlab’s “backslash”. In example 1417 from
[10] the backslash operator stopped with memory error, and example 1419 caused a
crash ending Matlab. That may be due to the limited memory in our laptop. As a
consequence, the columns referring to the relative error of “backslash” remain empty.

Numerical evidence suggests that Algorithm verifySparselssi succeeds to com-
pute verified error bounds for 2-norm condition numbers close to u™!. The only failure,
namely matrix number 934 in [10] with condest (A)=1.7-10'? has dimension n = 7055
and 30,082 nonzero elements. We obtain cond (full(A))=2.5-10"'3 based on the full
singular value decomposition of the sparse matrix. That is a very stable algorithm
usually producing a reliable estimate, and that is confirmed using the multiple preci-
sion package [18]. However, cond (full (B))=1.2-10'° for the augmented matrix (9.1)
shows that there are numerical instabilities because in theory the condition numbers
of A and B coincide. And indeed for some right hand sides Matlab’s backslash op-
erator produces an approximation with some entries having the wrong sign. Hence,
it seems that the problem is more difficult than one might expect by the condition
number 2.8 - 103,
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We give some additional test results for randomly generated ill-conditioned sparse
matrices as in (12.2). The resulting matrices have some 100,000 nonzero elements
each, and the median condition number over the 100 tests was 1.9 - 105,

Sometimes generally valid rules of thumb are only partially satisfied for randomly
generated matrices. For example, well conditioned matrix factors are sensitive to
perturbations of the input data, while ill-conditioned are not. That is known in
the literature [60, 25] but not so much in numerical analysis. It is not clear where
this different behaviour stems from; a reason might be that the graph of application
matrices is usually structured but that of random matrices is not. Having said this
we report the results of our randomly generated tests in Table 20 which might not
be typical for sparse systems. The median 2-norm condition number 1.9 - 10 of our

TABLE 20
Results for 100 randomly generated ill-conditioned test cases

‘ Sparsel [61]
inclusions | failed in 4 out of 100 tests failed in 38 out of 100 tests
median relative error 1.5e-16 1.5e-14
maximal relative error 1.2e-8 170.252

samples is boarder line in the sense that a verification algorithm might just succeed to
compute verified bounds. Still, Sparsel succeeds in 96 out of the 100 cases to compute
bounds with at least 8 coinciding figures in each entry. In the median inclusions are
maximally accurate.

The algorithm in [61] succeeds in 62 out of 100 cases, however, in 27 out of the 62
successful cases the relative error of some entries exceeded 0.01, in 18 cases it exceeds
0.5, i.e., barely one figure can be guaranteed.

For the randomly generated ill-conditioned matrices the algorithm in [61] is in
the median 1.1 times slower and at most 1.1 times faster than Sparsel. Conversely,
Sparsel is up to 3.1 times faster than [61] and fails in significantly less cases.

In 35 out of the 100 random test cases Matlab’s “backslash” produced an approx-
imation with relative error exceeding 0.01 for some entries, and in the median Sparsel
is 5.7 times slower than “backslash”. The complete set of results can be found in [66].
Tests for complex data are postponed to Part IT of this note because [61] handles only
real data.

We close this section with two benchmark problems. The first is an ill-conditioned

synthetic saddle-point system
A B
K= ,
(BT EIm)

a representative of constrained PDE systems such as Stokes flow, mixed finite-element
discretizations, or KKT systems in optimization. The velocity block A € R™"™ is
chosen as a scaled identity matrix A = v, with small diffusion parameter v = 10714,
resulting in a cluster of small eigenvalues. Hence K is symmetric indefinite and nearly
singular.

The constraint matrix B € R™*" is generated as a random sparse matrix with
one nonzero entry per column, thereby enforcing m = 25,000 independent linear con-
straints on the n = 50,000 velocity unknowns. The coupling in the lower-left block of
K by BT is characteristic of mixed formulations and Karush-Kuhn-Tucker systems.
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To avoid exact singularity while preserving the saddle-point structure, a vanish-
ingly small Tikhonov regularization ¢ = 1071¢ is added to the lower right block of K.
This results in an indefinite matrix with eigenvalues spanning many orders of magni-
tude. The combination of extremely small diffusion, nearly rank-deficient constraint
coupling, and minimal regularization leads to an ill-conditioned linear system. The
right hand side is chosen randomly of norm 1.

The results are shown as “problem 1” in Table 21. The condition number of the
original matrix is 8- 1016, Matlab’s backslash operator is very fast, however many
entries are poor approximations. While 87% of the entries have 15 correct figures, the
remaining 13% are wrong by at least a factor 2, and in 104 of the 75,000 entries the
sign is incorrect. However, these entries are small compared to | Kb = 1014

The method in [61] needs about the same computing time as Sparsel, however,
the inclusions are of less quality. Some 40% of the inclusions are nearly maximally
accurate, while for the remaining entries not a single digit can be guaranteed. How-
ever, those entries are small compared to | K 1b]. = 10'*. But 13% of the inclusions
are equal to [-6.6 - 10*°,6.6 - 10'%]. As discussed previously the reason is lack of
convergence due to the factorization of the shifted instead of the original matrix.

We tried iterative methods. Here gmres delivered some 6 to 8 correct digits in
less than a second, bcgstab required only 0.08 seconds for 2 to 4 correct digits, and
computing a preconditioner by ilu failed.

Our method Sparsel is maximally accurate in the median, and at least 8 fig-
ures of all entries are guaranteed. As by Algorithm verifylssSparsel we first try
“verifySparseSPD1”. The Cholesky decomposition in Step 5 fails quickly and “ver-
ifySparseNearSym1” is called. Here, however, equilibration in Step 2 is extremely
counterproductive by increasing the condition number from 8-10'¢ to 1.2-10%°. Thus
“verifySparseGenl” is called and computes the inclusion. In contrast, for that general
case the unsymmetric equilibration (3.3) reduces the condition number to 19.2.

We can force an unsymmetric equilibration by changing the number of iterations
in (3.2) to 3 or 5. That reduces the condition number from 8- 10 to 2.5-10'°.
Now “verifySparseNearSym1” succeeds to compute an inclusion in about half the
computing time, and all inclusions are maximally accurate.

TABLE 21
Results for two benchmark sparse linear systems

problem 1 problem 2
backslash [61] Sparsel backslash [61] Sparsel
n 75,000 60,000
nnz(A) 125,000 357,594
condest(A) 8.0-1016 4.7-10%*
time [sec] 0.056 2.45 2.75 > 24 hours  p failed 4.5
median rel. error 0 0.72 1.5-10716 1.6-10716
wrong sign 104 9957 0 0
max rel. error 1 6.5-10'  1.0-1078 2.2-10716

The second problem a saddle-point system arising from a finite-difference dis-

cretization of the two-dimensional incompressible Stokes equations,

on a rectangular, anisotropic grid with (nz,ny) = (100,200). The anisotropy (Az >
Ay) leads to a stronger numerical stiffness in the fine-grid direction. The velocity

-vAu+Vp=f,

V-u=0,
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components (u,v) and the pressure p are placed at cell centers.

The diffusion operators for the velocity field are assembled using standard second-
order central finite differences. The incompressibility constraint is enforced by the
discrete divergence operators D, and D,, constructed from centred differencing such
that DI and Dg represent the corresponding discrete gradient operators.

This yields the symmetric saddle-point system

A o DT
K=10 A D],
D, D, 0

which is characteristic of mixed formulations of incompressible flow. To remove the
nullspace associated with the constant pressure mode, a single Dirichlet reference
condition is imposed by fixing one degree of freedom. The right-hand side vector f is
chosen as a synthetic load.

The results are shown as “problem 2” in Table 21. The iterative solvers gmres
and bcgstab did not converge, and computing a preconditioner by ilu failed. We
stopped the backslash operator after 24 hours of computing time.

The algorithm in [61] failed as well because the call in Step 4 of Table 8 needed
142 seconds to try to compute an approximation of g, but finally fails.

Our solver Sparsel required 4.5 seconds to compute maximally accurate inclusions
of all entries of the solution.

13. Conclusion and an open problem. We presented an algorithm for com-
puting verified error bounds for a linear system with sparse input matrix. The bounds
are correct with mathematical certainty including the proof of nonsingularity of the
input matrix. The method is applicable to real and complex data including data af-
flicted with tolerances. Computational evidence suggests that there seems no general
purpose method for sparse systems per se as our verification method is sometimes by
two orders of magnitude faster than the built-in solver “backslash” in Matlab.

The primary goal of our algorithm is to be successful, accepting some penalty
in computing time. The second goal is to compute narrow error bounds. In al-
most all examples out of the Suite Sparse Matrix Collection [10] our Algorithm
verifySparselssl succeeds to compute accurate error bounds, often with close to
maximal accuracy, i.e., all bounds differ by few bits. Our algorithm seems promising
for the solution of larger verification problems, in particular for partial differential
equations.

The methods in Part I and also in Part II of this note are based on a matrix
decomposition. There are numerous iterative methods including Krylov or stationary
iterative methods to compute an approximate solution, often an attractive way to
attack sparse systems. There are error estimates, but those are qualitative and/or
theoretical and not computable. Up to now some factorization is the only way for the
step from a small residual to a verified inclusion. The use of iterative methods as the
basis of verification is a completely open problem.
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