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BOUNDS FOR THE COMPONENTWISE DISTANCE TO THE NEAREST SINGULAR
MATRIX

S. M. RUMP

Abstract. The normwise distance of a matrix A to the nearest singular matrix is well known to be equal to ||A||/cond(A)
for norms being subordinate to a vector norm. However, there is no hope to find a similar formula or even a simple algorithm
for computing the componentwise distance to the nearest singular matrix for general matrices. This is because Rohn and Poljak
[7] showed that this is an N P-hard problem.

Denote the minimum Bauer-Skeel condition number achievable by column scaling by x. Demmel [3] showed that x~! is

a lower bound for the componentwise distance to the nearest singular matrix. In this paper we prove that 2.4 -n'7 . k=1 is
an upper bound. This extends and proves a conjecture by N. J. Higham and J. Demmel. We give an explicit set of examples

showing that an upper bound cannot be better than n - k1.

bound.

Asymptotically, we show that nltn2+e . =1 is a valid upper
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0. Introduction. Let A be an n by n matrix and denote its smallest singular value by o, (A). It is
well known that the distance to the nearest singular matrix in the 2-norm or Frobenius norm is equal to
on(A). More general, for any consistent matrix norm || - || being subordinate to a vector norm we have

. _ R T
(1) min { [[0A[| | A+ 0A singular } = [A=1]| ~ cond(A)’

An appropriate 0A of rank 1 can be explicitly calculated (cf. [?], [13]). Such a perturbation does, in
general, alter each component of A. In many practical applications, one may be interested in leaving specific
components such as system zeros unaltered, for example, if the matrix arises from some discretisation scheme.
More general, this leads to the question of the componentwise distance to the nearest singular matrix. The

componentwise distance may be weighted by some nonnegative matrix F. More precisely, we define
(2) o(A,E):=min{a €cIR| A+ E singular where |E”\ <a-E;; forallij}.

If no such « exists, we set o(A, F) := co. For singular matrices, o(A4, E) = 0 for every weight matrix E.
Specific values of E are E = |A| for relative perturbations, or E = (1),,, for absolute perturbations. Among
others, the componentwise distance to the nearest singular matrix was discussed in [8], [11], [10], and in [3].
In [8] we also find a first approach towards an estimation of the nearness to singularity in a norm not being

subordinate to a vector norm, namely ||A| := max |A;;|.
0.

We cannot expect to find a formula or even a simple algorithm forq calculating o(A, E). This is because
Rohn and Poljak [7] proved that computation of o(A, E) is N P-complete. For an outline of their proof see

also [3]. Nevertheless, we may find bounds for o(A4, E), and for classes of matrices even explicit formulas.

Another view of 0(A, E) is the maximum value such that the interval matrix [A—«aF, A+«F)] is nonsingular
for a < 0(A, E). The interval matrix is defined as being the set of all matrices A with Aijj —aBy; < gij <
A;; +aE;; for all 4, 7, or in short notation A — aF < A < A+ aFE. The interval matrix is called nonsingular
if every matrix A € [A—aFE, A+ «aF)] is nonsingular. In a very interesting paper [9], Rohn gave 13 necessary
and sufficient criteria for [A — E, A 4+ E] being nonsingular.
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A thorough discussion of (A, F) can be found in the very interesting paper [3]. Demmel [3] proved that
o(A, E) is equal to the inverse of min k(AD, ED), the minimum taken over all diagonal matrices D, where

k(A,E) :=|||A71| - E|| denotes the Bauer-Skeel condition number. For any p-norm, he proves
Hgn H(ADv ED) = p( |A71‘ ’ E)7

extending a result by Bauer [1]. In other words, the minimum Bauer-Skeel condition number achievable by
column scaling is equal to the inverse of p(|A~!|- E). Demmel and N. J. Higham conjecture that p( |A™1|- E)
and o(A, E) are not too far apart. They conjecture for relative perturbations existence of some constant
v € IR, possibly depending on the dimension, with
B

O D = Ty

In this paper, our main goal is to show existence of such constants v(n) and to derive lower and upper bounds
for v(n). First, we show that o(A4, FE) > 0,(A) for ||E||2 = 1. A corresponding result for other norms is

given in §2. However, this bound can be arbitrarily weak. Following we give some new bounds for (A, E).
In §4 a perturbation formula for determinants is stated which is the key to prove an upper bound of ~y(n).

In §5 we will prove v > n. In §6, for arbitrary weight matrices E we prove

1 7(n)
W ETE = S g

for ¢ = 2.4 and o = 1.7. Moreover, for n — oo we show that for every € > 0, a can be replaced by 1+1In2+-«.

o

with y(n)=c-n

In view of v > n, we conjecture v = n.

In [3], Demmel gave reasons to be interested in the componentwise distance to the nearest singular matrix.
In §2, we add a lower and upper componentwise error bound for the solution of a linear system Az = b
subject to componentwise perturbations of the matrix and the right hand side. Such upper bounds are
known in the literature and are valid for nonsingular A and |A — A| < E with p(| A~1|- E) < 1. We derive a
componentwise bound for the minimum perturbation of the solution subject to finite perturbations of A and

b. (4) shows that those estimates cover perturbation matrices A not too far from the next singular matrix.

The paper is organized as follows. In §1 we introduce the used notation. In §2 follows a componentwise
lower and upper perturbation bound for finite componentwise perturbations of a linear system. In §3, lower

bounds on o(A, E) are given. For orthogonal matrices we show that v (see (4)) is at least of the order of
V.

In §4, a Sherman-Morrison-Woodbury like perturbation theorem for determinants is given. In fact, this is
an equality for finite perturbations of a matrix. In §5 we derive upper bounds on o(A, E). For E being of
rank 1, such as for absolute perturbations, we show v(n) < n, and for relative perturbations we give a set
of matrices A € M, (R) with y(n) = n. For a class of matrices including M-matrices wie prove y(n) = 1,
ie. o(A,E)=p(|A7L| - E)~L

In §6 the results are extended to obtain an explicit upper bound on y(n) for general A and E, and in §7
those bounds are quantified into (4). We close with the conjecture that (4) is valid for y(n) = n for all A, E.
If this is true, the set of matrices given in §5 would imply that inequality (4) with v(n) = n is sharp.

1. Notation. In the following we list some notation from matrix theory, cf. for example [6], [5].
Vo (IR) denotes the set of vectors with n real components, M,, ,,(IR) the set of real m by n matrices, and
M,(IR) = M, ,(IR). The components of a matrix A € M,(IR) are referred by A;; or A, ;. For short
notation, components of A~! are referred by A;jl. (1) denotes a vector with all components equal to 1,
(1)nn, € M, (IR) the matrix with all columns equal to (1).

Qrn denotes the set of strictly increasing sequences of k integers chosen from {1,...,n}. For w € Qgn,, we
denote w = (w1, ...,wy). For C € M,(IR), w € Qgn, Clw] € My(IR) denotes the k by k submatrix of C' lying
in rows and columns w. A sequence ¢ = (i1,...,ix), k > 1 of mutually different integers i, € {1,...,n} is
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called a cycle. We identify the cycles (i1,...,i;) and (ip, ..., g, 91, .,p—1), where 1 <p < k. It is |(] := k.
A full cycle ¢ on {1,...,n} is a cycle ¢ with |{] = n.

For C € M, (IR) and a cycle ¢ = (i1,...,ix) on {1,...,n}, we put
HC(C) = Ciyiy * - Ciy_yig - Ciiy s

the cycle product for ¢. Note the last factor in the product. Therefore, |II, (C)M1¢lis the geometric mean
of the elements of the cycle product. Each diagonal element Cy; is a cycle product, namely of the cycle (7).
(Here our definition differs from Engel/Schneider [4]).

With one exception, throughout the paper, absolute value and comparison is used componentwise. For
example, for A, B € M, (IR),

|A| < B means |A;;| <Bj;; for 1<i,j<n.

The exception are cycles ¢ = (i1,...,4x), where |(| = k. The singular values of a matrix A € M, (IR) are
denoted in decreasing order with increasing indices, i.e. 1(A4) > ... > 0,(4) > 0.

For A,E € M,(IR), E > 0, 0(A, E) denotes the componentwise distance, weighted by E, to the nearest

singular matriz (cf. (0.2)).

For finite o(A, E), the set of all matrices A € M,(IR) with |A — A| < o(A, E) - E is compact. For every
nonsingular A there is a neighbourhood of A consisting only of nonsingular matrices. Therefore

oc(A,E) <o = FdAeM,(R): [0A|=0(A,E)-FE and A+ JA singular,

showing that we are allowed to use a minimum in the definition (0.2) of o(A, E). p denotes the spectral

radius, whereas py denotes the real spectral radius:
B € M,(IR): po(B) :=max { |}l | A € R is an eigenvalue of B }.

If B has no real eigenvalues, we set po(B) := 0. I denotes the identity matrix of proper dimension, especially
I, € M (IR) denotes the k by k identity matrix. A signature matriz S is a diagonal matrix with diagonal
entries +1 or —1, i.e. |[S| = 1.

We frequently use standard results from matrix and Perron-Frobenius theory such as

A€ My (R),B € Mp,(IR) =

The set of nonzero eigenvalues of AB and BA are identical,

(5)

cf. Theorem 1.3.20 in [5], and

AeM,(IR)and A >0, z € V,,(IR) withz >0 =
(6)

A .
min (Az):
2 €T

T

< p(A) < max
The latter can be found in [2].
2. Finite perturbations for a linear system. Calculating bounds on o(A, E) can be motivated, for

example, by looking at linear systems with finite perturbations of the input data. For a linear system Az = b
consider the perturbed system A7 = b with 64 := A — A, 0b:= b— b, 6x := & — x. Then for nonsingular A,
(7) A (I+A 1 6A)-GF—a)=A-(T—2)=b— Az =0b—0A-x.

If p(A=1-5A) < 1, then I + A=1-§A and A=A. (I + A=1.§A) are nonsingular, and (7) implies

8) dx=(I+A- 54 A (5b— A ).



If p(JA7'| - AA) < 1 then I — [A7'|- AA is an M-matrix. If the perturbations §4, §b are componentwise
bounded by [6A| < AA, |6b] < Ab then (2.2) implies

(9) x| < (I —A7'|-AA) " [AT]- (Ab+ AA- [2]).

For given weight matrix A A, consider the set of matrices with componentwise distance from A weighted by
AA not greater than o:

AcUy(AAA) & |[A—Al<o-AA.
For o < p(|A~1|- AA), Perron-Frobenius-Theory yields
p(I— A7 - A) = p(A7" - (A= A)) < p(|A7']- AA) < 1,

and therefore regularity of all A € U,(A, AA). The bound (2.3) requires |A~!|-AA to be convergent, whereas
(8) is valid for p(A~! - §A) < 1. Therefore we may ask, how far a matrix A with p(|A~!]-[A — A]) > 1

can be from the nearest singular matrix. An answer to this question shows how strong the assumption
p(|A71] - AA) < 1is.

3. Lower bounds on o(A, E). A simple and well-known lower bound on o(A4, E) is

1

e )

<o(A,E) for all nonsingular A € M,(IR), 0 < E € M,(IR).

This can be seen using Perron-Frobenius Theory and

p(|JA7H E)<1 = p(A71-64)<1 forall [0A|<E
= A+J6A=A-(I+A1-5A) isnonsingular.
Another lower bound is (cf. [12], Theorem 1.8, p. 75)

on(4)
Jl(E)

(11) < o(A, E).

This can be generalized in the following way.

THEOREM 3.1. Let ||| be a matriz norm subordinate to an absolute vector norm ||-||. Then for nonsingular

AeM,(IR) and 0 < E € M,(IR),

1
02 ey <o E

(12) is especially valid for all p-norms. For absolute norms such as 1-norm and oco-norm,

1 1
<
[A=H[-IE — p(1A] - E)

(13) <o(A E),

whereas for the 2-norm

| Ja
W AL ER S AT B

Proof. To prove (12), let A € M, (IR) with |64| < o - E for o < (||[A7Y| - |E||)~!. The vector norm is
absolute implying ||z|| = || |z||| and |z] < |y| = [|z|| < ||y|| for z,y € V,,(IR) (cf. [13], Theorem II.1.2). Let
x € V(IR) with ||z|| =1 and ||0A]| = ||6A - z||. Then

1Al = [6A- || = [[|6A-z|[| < [lo- E- 2] [| < [lo- E] - || |] |
=0 |||l < [[A7H 7
For every 0 # y € V,,(IR) holds |y|| < ||[A7Y] - || Ay, and (15) yields

184 -yl < I6A]| - [lyll < [ATH7" - llyll < |Ayll, and therefore (A +3A) -y # 0.
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Therefore, A + §A is nonsingular for |§A| < o - E, and o < (||A7Y| - ||E|)~!, proving (12). For absolute

matrix norms,
p(|ATH-E) < [[|A7Y - B < A7 - B

proving (13). For the 2-norm holds
p(1A7 - B) < HAT 2 1B < AT N7 - 1Bl = A7 7 - [1E]l2 < Vi [ A7 2 - [ E]2,

proving (14) and the theorem. 0

(13) shows that for absolute matrix norms such as the 1-norm or co-norm, the bound (12) cannot be better
than (10). The 2-norm is not absolute, and (14) shows that the lower bound (11) for o(A, E') may be better
up to a factor \/n than (10). In fact, we can identify a class of matrices for which this improvement is

approximately achieved.

Let @ € M, (IR) be orthogonal, and consider absolute perturbations E = (1),,. Then (11) yields

Uf’(’é?)) = % <o(Q, E).

On the other hand, £ = (1), € M,(IR) and z = (1) € V,,(IR) imply
_ T
{1 B} o= E-1Ql 2= (Y 1Qul ) =,
¥

and (6) yields p(|Q7!|-E) =Y |Qi;|- If Q is an orthogonalized random matrix with components uniformly

i
distributed in [—1,1], then |Q;;| ~ n~'/2. Thus, for the ratio between the two lower bounds (11) and (10)
we obtain

{00(@/o1(B)} /{1/p(1Q7Y- B) } mn" -0 0”2 = V.

The same heuristic holds for E = |Q)|, cf. [12]. For every Hadamard matrix (H € M, (IR) with HTH =n-1I)
the ratio is equal to y/n. This sheds a first light on a possible quantity «(n) such that (4) holds. In §5 we
will prove y(n) > n.

EXAMPLE 3.2. The lower bound (11) may be arbitrarily weak. Consider

2%

A:( © i) and FE =|A| for some e > 0.
—&

A is a diagonally dominant M-matriz. As we will see in (5.5), A being M-matriz implies equality in (10),

i.e. o(A,|A]) = p(|A7Y-|A]) = 1+ 0(\/€). On the other hand, o2(A)/o1(|A|) = 2 + 0(e?) underestimates

o(A,|A|) arbitrarily. This corresponds to o2(A) = 2e 4+ 0(e%). That means, the normwise distance in the 2-

norm or Frobenius norm to the nearest singular matrixz can be arbitrarily small compared to a componentwise

distance.

4. A perturbation theorem for determinants. A lower bound on o(A4, E) is obtained by proving
reqularity of a set of matrices. This was done in §3 by using spectral properties. To obtain an upper bound on
o(A, E), we may construct a specific perturbation A with [0 A| < 0¢-E, 0 € IR such that A+JA is singular.
This proves o(A, E) < op. Another possibility to obtain an upper bound on o(A4, E) is the following. If
|0A] < op - F and det(A) - det(A + §A) < 0, then a continuity argument yields o(A, E) < og. Therefore we
state the following explicit formula for the relative change of the determinant of a matrix subject to a rank-k

perturbation. It is a Sherman-Morrison-Woodbury like perturbation formula for determinants.
LEMMA 4.1. Let A € M, (IR) and U,V € M, (IR) be given. Then for nonsingular A,
(16)  det(A+UVT) =det(A) - det(Iy + VT AIU),

where I, denotes the k by k identity matriz.



Proof. 1t is
det(A+UVT) = det(A) - det(I,, + AtUVT).

Denoting the eigenvalues of X € M,,(IR) by A;(X) implies
det(I, + ATUVT) = [[ M@+ A7 UvT) =[] {1+ M(AT'OVT)}
i=1 i=1
The set of nonzero eigenvalues of A~'UVT and VTA~'U are identical (see (5)), thus proving the

lemma. a

This lemma has a nice and for itself interesting corollary.

COROLLARY 4.2. Let A € M,,(IR) and u,v € V,,(IR). Then for nonsingular A,
(17)  det(A +wuvT) = det(A) - (1 +vT A7 w).

For arbitrary A € M,,(IR) holds (adj(A) denotes the adjoint of A),

(18)  det(A +wv®) = det(A) + 0T - adj(A) - u.

The corollary shows that the relative change of the determinant is linear for rank-1 perturbations of the
matrix. The second well-known formula follows, for example, by a continuity argument using A - adj(A) =
det(A) - I.

5. Upper bounds on ¢(A4, E). The perturbation lemma for determinants given in §4 allows for other
lower bounds on o(A, E). The first result can be found in [8], Corollary 5.1, (iii).

THEOREM 5.1. Let A € M,,(IR) be nonsingular and E € M, (IR) with E > 0. Then

1
19 A F) <
( ) O'( ) )_InaX{|A71"E}ii’

where 071 is interpreted as co.
Proof. Set o := max { |A7Y - E }ii # 0 and let ¢ be an index, for which this maximum is achieved. Denote
the iv-th component of A~! by A;! and define u € V,,(IR) by u, := —a~! -sign(A;!) - E,;. Then

(200 el AThu=—-a"t. Z |A Y - By = —1,
v=1

and Corollary 4.2 implies det(A +u-el) = 0. Now |uel | < a~!- E yields 0(A, E) < a™L. O
EXAMPLE 5.2. The upper bound (19) can be arbitrarily weak. Consider

11 1/ 1/e

11 1/ 1/e

1/e 1/e 1 1
1/e 1/e 1 1

(21) A= JE=]A| with |A7Y |A] ~

_ = O M

0
€
1
1

N O = =

1
1
€
0

where the components of |A~1|-|A| are accurate up to a relative errore. Then (19) gives o(A, |A]) < 1+0(e).
On the other hand,

0 0 01
1
det(A+e-04)=0 for 6A = 00 0 ,
01 00
1 0 0 O

showing o(A, |A|) <e.



In Theorem 5.1, a rank-1 perturbation is used to prove (19). In a normwise sense, the minimum distance to
the nearest singular matrix is achieved by a rank-1 perturbation. This is no longer true for componentwise

distances, as will be shown by the following example.

EXAMPLE 5.3. According to Corollary 4.2, the smallest o such A + oe is singular with |e| < o - |A| and

rank(e) = 1 is given by o = ||, where ¢ is an optimal value of the constraint optimization problem
o(u,v) ;== vl A7y = Min! subject to |uv?| < |A.

In Ezample 5.2, partition the vectors u,v € V4(IR) into two vectors U;,V; € Va(IR), i € {1,2}, either having
2 components. That means u = (U1, Uz)T, v = (V1, Vo)1 Let
luw?| < |A|, ie. UVi' <e-I and UZ-VJ-T <(1)gg for1<i, j<2,i#j.

The large elements of A~ are in the upper left and lower right 2 by 2 block:

X Y 1 1 -1 11 1
Al with X = — - and Y ==
Y X 2 -1 1 4\ 1 1

up to a relative error of the order €. Therefore
WrA™ | < VXU + [V XU | + [VTY Us| + VS Y UL
< 230 [ Xyl +2- 20 Y[ <6

Therefore, Corollary 4.2 implies that the minimum distance to the nearest singular matriz subject to rank-1
perturbations weighted by |A| is at least 1/6 compared to o(A,|A|) < e. This observation sheds light on the
difficulties to calculate o(A, E) or to find upper bounds for it.

One may define the rank-k componentwise distance to the nearest singular matriz as follows
ox(A,E) :=min{a € R | A+ E singular for |E| < a - E and rank(E) < k }.

We use rank(E) < k because E may be rank-deficient. We have just seen in Ezample 5.3 that o2 (A, E) /o1 (A, E)I

may be arbitrarily small.

Given the lower bound (10), one may ask whether there exist finite constants y(n) € IR only depending on
n such that

1 y(n)
JAT B S4B <]

(A1 E)
for all nonsingular A € M,,(IR) and 0 < E € M, (IR). This question has been raised in [3] and answered for
some classes of matrices. The main purpose of this paper is to derive bounds for v(n). This will be done by

(22)

using Lemma 4.1. For this purpose we need the following result by Rohn (for notation see §1).

THEOREM 5.4. (Rohn) For nonsingular A € M, (IR) and 0 < E € M,(IR) holds

1
max po(SlAflsQE)

S1,S2

=o0(AE),

where po denotes the real spectral radius and the mazimum is taken over all signature matrices. 1/0 is

interpreted as 0o.
Proof. cf. [9]. 0

We start with a theorem bounding ~y(n) for general weight matrices E, and identify a class of matrices with
v(n) = 1.

THEOREM 5.5. For nonsingular A € M,(IR) and 0 < E € M, (IR), the following is true.

i) Assume a matriz S € M, (IR) of rank 1 exists with
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+1 it A;'>0
Sij =1 -1 if A;'<0
+lor —1 if Aj'=0
Then (22) holds with y(n) = 1.
i) If 0 <n <|E;j| < for alll <1i,j <n, then (22) holds with v(n) =n-{/n.
Proof. Let S = wvT with u,v € V,(IR), |u| = |v| = (1). Defining S; = diag(u), S = diag(v), we
have S;A71Sy = |A~!| and Rohn’s characterization in Theorem 5.4 proves the first part. W.l.o.g. assume
o(A,B) < o0. Tt is 0 A oo < max (JA7Y] - B);; and p(JA~1]- B) < A oo - | Elloc <1+ C - |47 e
Thus, Theorem 5.1 proves the seconé part and therefore the theorem. 0

For important classes of matrices such as nonnegative invertible matrices, among them all M-matrices, we

already have a precise formula for (A, E):

1
(23) A € M,IR nonnegative invertible, 0 < E € M, (IR) = o¢(4,F) = AT B
p .

EXAMPLE 5.6. If constants v(n) with (22) exist at all, we can give a lower bound on vy(n) by means of the
following. Define A € M, (IR) by

(24) A= 1 1 with s := (—1)”"'1.

The determinant of A calculates to
det(A) = [ ] Aii + (—1)"™" I (A) = 2, where { = (1,...,n)
i=1

and HC(A) = A9 Aoz-...- Ap_1n - Apa. If the elements of A are afflicted with relative perturbations, i.e.
E = |A|, then only the 1’s and s change. Therefore, any A with |A — A| < o - |A| with o < 1 is nonsingular,
and therefore o(A,|A|) = 1. On the other hand, |A7'|-|A| = (1)nn and p(|AY| - |A]) = n. This proves the

following lemma.

LEMMA 5.7. If constants v(n) € IR with (22) for every nonsingular A € M, (IR) and 0 < E € M, (IR) exist
at all, then v(n) > n.

Next we show that v(n) < n for E being of rank 1. For the proof we use Corollary 4.2, which is a consequence
of Lemma 4.1 for £ = 1. In the remaining part of the paper, we will extend this proof to k£ > 1 to obtain
upper bounds for v(n) and for general A, E.

THEOREM 5.8. Let nonsingular A € M,(IR) and 0 < E € M,(IR) with E = uwvT for some u,v € V,,(IR),
u,v > 0. Then
1 n
. <A B)<—
oA B =B = T
Proof. According to Theorem 5.4 and using (1.1),

(25)  o(A, E)"! = max po(S1 A7 Soun?) = max v S A7 Sy,

Sl,Sz Sl; 2
where the maximum is taken over all signature matrices Sy, S3. For any ¢, 1 < ¢ < n, we can choose
appropriate signature matrices S, So such that v7'S; A= Sou > v; - (|A71] - u),;. Using (25) this yields

(A, E)™' > max v; - (|JA7Y - u);.

On the other hand, using (1.1),



p(IA7H - B) = p(JA7H - wo®) =0T [A7 - u <m-max v - (JATH-w)i. O

COROLLARY 5.9. For nonsingular A € M,(IR) and absolute perturbations, i.e. E = (1), estimation (22)
holds with v(n) = n.

6. Estimation of v(n). To make further progress in the estimation of v(n) we show that for nonsingular
A, 0(A, E) depends continuously on A and E. Using this we can restrict the class of matrices A and E to
matrices with only nonzero components. For the proof we can hardly use a simple continuity argument on
00 (SlA_ISQE) in connection with Theorem 5.4. This is because the search domain is restricted by F, and
the (in absolute value) largest real eigenvalue may be multiple and become complex under arbitrarily small

perturbations.
LEMMA 6.1. For nonsingular A € M, (IR), o(A, E) depends continuously on A and E.

Proof. For 0(A, E) = oo we show that a(g, E‘) becomes unbounded for A — A, E—E. A compactness and

continuity argument shows that for every finite 0 < ¢ € IR:
Vi <c-E: |det(A +¢€)| > > 0.

For every A, E close enough to A, E, this implies |det(A + €)| > §/2 > 0 for every |¢] < ¢- E, and hence
o(AE) > c.

Assume o0 := 0(A, E) < co. We will show that for small enough £ > 0, there exists some § > 0 such that

both of the following statements are true:
(26) Vee M,(IR): le|]<(c—¢)-FE = det(A)- det(A+e) >4,
(27) Jee M,(IR): le|]<(0c+¢)-E and det(A)- det(A+e) < —4.

(26) is seen as follows. For € > 0, the set of matrices A+ e with |e| < (0 —¢) - E is nonempty and compact.
Hence, det(A) - det(A + e) achieves a minimum on this set. By definition of o, this minimum is positive. To
see (27), observe that det(A) - det(A +e) > 0 for all |e] < o - E. For any index pair i, j, the determinant
det(A+¢- eie;‘r) depends linearly on €. Now proceed as follows. There is some e such that A + e is singular
and |e| = E. If for an index pair i, §, the determinant det(A + e) is independent on e;;, then replace e;; by
0. At each step of this process, det(A + ¢) = 0 and |e| < E. The definition of o(A, E) < oo implies that
during this process we must arrive at some e and an index pair k, [, such that det(A + e) is not constant
when changing ej;. Then defining ¢’ € M,,(IR) by e;; := e;; for (i,7) # (k) and €}, := ex; - (1 +¢) for small
g’ > 0 proves (27).

Now the continuity of the determinant implies for g, E close enough to A, E,
VIe|<(oc—¢)-E: det(A) - det(A+¢) > 6/2 and
el <(o+¢e) E: det(A) - det(A + &) < —6/2,

and therefore o(A, E) —e < 0(A, E) < 0(A,E) +¢. O

COROLLARY 6.2. If (22) holds for each E > 0, then it holds for each E > 0.

Our goal for this chapter is to prove the following upper bound for o(A, FE). The quantities ¢, occuring in

this estimation will be quantified and estimated in §7.

PROPOSITION 6.3. Let A, E € M, (IR) with A nonsingular and E > 0 be given. Define recursively p1 := 1,
wo:=1and o € R, 2 <t € IN to be the (unique) positive root of

t—1
(28)  Pi(z) € R[z] with Pi(z):=a""t —2'72 - Z bt
v=1

9



Then

n-Pn
(29) oA, B) s s,

Therefore, the quantities y(n) defined in (5.4) satisfy
¥(1)=1, 7(2)=2 and
(30)
n<vyn) <n-p,.
The proof divides into several parts and needs some preparatory lemmata. First, we will construct a specific

rank-k perturbation in order to be able to apply Lemma 4.1 to bound ~(n) for general A, E. We use the

same principle as in the proof of Theorem 5.1 adapted to rank-k perturbations.

LEMMA 6.4. Let nonsingular A € M,(IR) and 0 < E € M,(IR) be given, and set C := |A71|- E. For
1 <k <n define

(31) 7o i+ 1 for}§i<k
1 fori =k

and U,V € M, (IR) by
Ui := sign(Ai_Vl) B,y and V=0,
for1 <pu,v<n,1<i<k and the Kronecker symbol 6. Set C:=VTA-U. Then
i) IC| < Clw] for w=(,...,k).
ZZ) 62‘7;/ = Cii’ fO’I" 1 S ) S k.
iii) [UVT| < E.
w) o(A, E) < {po(C)}~t, where 071 is interpreted as oo.

Proof. For 1 <1,j < k follows

((VIATU) 5 =1 YD VA Uil <> 1AL - By = Cij,
v=1

v=1 p=1

and therefore |C| < C[w] and i). For 1 <i < k holds

6“‘/ = (VTA_lU)“'/ = Z Z VuiA;l}Uui’ = Z A;l -Sign(A;Vl) . Em‘/ = C“‘/.
v=1 p=1 v=1
and therefore ii). For 1 < u,v < n holds

k
‘(UVT)V;A = Z UviViuil,

i=1
such that ((UVT),,| = E,, for 1 < u <k, and |[(UVT),,| = 0 for k+ 1 < pu < n. This proves iii). For
X:=po(C) >0, it is det(A- I —s-C)=0for s = —1or s = 1. Lemma 4.1 implies
det(A —s-A71-UVT) =det(A) -det(ly —s- A" -VTATIU) = 0.
Together with iii) and the definition (0.2) of o(A, E), this proves iv) and the theorem. O

Our aim is to construct a rank-k perturbation of A with large real spectral radius. Then Lemma 4.1 allows
to give an upper bound on o(A, E). A first step is the following, first generalization of Theorem 5.1. It will
later yield the precise value for v(2).

THEOREM 6.5. Let A € M, (IR) be nonsingular and E € M, (IR) with E > 0. For C := |A™!|- E holds
1

max \/Ci; - Cji

2,

(32)  o(AE)<

10



Proof. For i = j, (32) has been proved in Theorem 5.1. Reordering of indices puts the cycle (i, j), for which
the maximum in (6.7) is achieved, into the cycle (1,2), and Lemma 6.4 proves for i # j existence of a 2
by 2 matrix C = (‘f‘y g) with 0 < 8= Cy;, 0 < v = Cjy, lof < Cy, 6] < Cjj, and 0(A,E) < po(é)’l.
If [ad| > By, then /Cj; - Cj; > /Cyj - Cji and Theorem 5.1 yields (32). Otherwise, det(C) < 0. The
characteristic polynomial of C is A% — trace(C) - A +det(C), so that the eigenvalues of C are 1 { trace(C) +

\/‘clrauce(a)2 —4- det(é)} =1 {OH— 0+ (a—68)2+ 467} are both real. The absolute value of one of them
is not less than /37, i.e. (A, E) < po(C)~1 < (By) V2. O

The idea of the proof of Theorem 6.5 is the following: for a given cycle of C' of length 2, a suitable rank-2
perturbation of A is constructed which allows to prove an upper bound of o(A, E) by using Lemma 6.4. In
the following we will carry this idea to cycles of C' of length k, 1 < k < n.

First, we will identify a class of matrices for which we can give explicit lower bounds for their real spectral
radius. The class of matrices is constructed in such a way that the matrices given in Lemma 6.4 can be used
to bound o(A, E) from above.

LEMMA 6.6. Let nonnegative C € Mp(IR) and some 0 < a € IR be given. Define v1 := 1, w2 := 1, and for

t > 2 define recursively ¢, € IR to be the positive zero of

(33) P (x) € R[z] with P;(z):=a2"! 22~ Z R AL

Suppose

(34) V1<pu<k Vwelu: IzC)'/*<¢,-a
and for w=(1,...,k),

(35)  [(ON'* = x-a

Then, for i defined as in (6.6) and every C € My(IR) with
(36) |C|<C and Cy =Ciy for 1<i<k,

holds

po(C) = a.

Proof. The proof divides in the following parts. First, we transform C into a standard form such that all
Cyi in the cycle (1,...,k) in (35) are equal. Second, we bound C by a circulant, show regularity of that
matrix and det(é — AI) #£ 0 for all 0 < A < a. Finally, the sign of the determinant of any C with (36) is

determined, from which the lemma follows.
The case k =1 is trivial; for k¥ = 2 the proof of po(é’) > a is included in the proof of Theorem 6.5.

Assume k > 2, and set b := |TI,,(C)|'/*. Direct computation shows that any similarity transformation of C

by a diagonal matrix D leaves all cycle products invariant.

Thus (34) and (35) remain valid for any diagonal D with positive diagonal entries. Define diagonal D €
M (IR) by

fir=b"'Ci and Dy:=][[f, for1<i<k

We show that w.l.o.g. C' can be replaced by D~*C'D. We have f; > 0, and (6.10) implies D1y = 1. It is

k
(37) (DilCD)ii/ = <H fy1> : u’ . <H fl/) Ou’ z =b.

v=t

11



If C € M(IR) is any matrix satisfying (36), then |D~'CD| < D~'CD, and (37) yields (D~'1CD);; =
(D71CD);;y = b. Since the set of eigenvalues of C and D~1CD are identical, we can restrict our attention
to matrices C € M,(IR), C > 0 and

Set
1,1 b Clh—1 -+~ 1,2
C2,2 C2,1 b C2k—1 --- €23
(39) C- e b
Ck—1,k—1 Ck—1,k—2 ce. b
b €0,k—1 e Co,1

Let p € IN, 1 < p < k be given and define @ € I'y, by @ = (1,..., ). Then setting ¢ := a/b, (34) implies
p—1
cup [0 < (pu-a)  and therefore ¢y, <b- ¢l - g".
i=1

Applying the same argument successively for @ = (4, (i + 1) mod g, ..., (i + p) mod p) yields

(40) Cip <b-gl-q" forall 0<i<k, 1<p<k.

Therefore,
c1 1 Cl—1 C2
Co C1 1 Ck—1 +-- C3
1 _
41)  C<b “ —b-C
Ck—1 Ck—2 R 1
1 Ck—1 C1

with ¢, == ¢l - ¢" for 1 < p <n.

Let C' € My (IR) with (36) be given, and let A € IR with 0 < A < a. Next we show that all matrices C — AI

are nonsingular. By assumption (6.11) and using (6.16),
(42)  |C=MN|<C+AX-I<b-C+X and (C—A) =Ciy =Cir =b.

By (41) and (33), using ¢ := a/b < ¢, ! from (35) and 2 = 1, we have for k > 3,

k-1 k—1 L k—1
Atb- ) cu<b-{q+ > ¢Z~q”} §b~{<p; + 2 %w;?”}
v=1 v=1 v=1
(43)

k=1
—p- sOI:k:-‘rl . {@2_2 + Zl QOZ . SOlkc—u—l} —b- (p;k-‘rl . @Z_l =b.
V=
This shows that the element b = éu" = (y strictly dominates the sum of the absolute values of the other
components in each row of C' 4+ Al and of C — M. That means, multiplication by a suitable permutation
matrix produces a strictly diagonally dominant matrix and proves regularity of every C—\I with C satisfying
(36) and 0 < \ < a.

We proved that for every C € M (IR) with (36), the determinant of C'— AI is nonzero for 0 < A < a.
Therefore, the value of the characteristic polynomial p(A) = det(A —C) of C has the same sign for 0 < A < a.
Now p(A) — 400 for A — 4o00. Therefore, the lemma is proved if we can show p(0) < 0, because in this case

the characteristic polynomial must intersect with the real axis for some A* > a, thus proving po(C) > \* > a.

We already proved that every matrix C satisfying (36) is nonsingular. Therefore

12



sign(p(0)) = sign(det(—B)) for every matrix B with |B| < C and B;; = Cj;y = b. Define

B — Oiy for j =7
S 0 otherwise

Then sign (det(B)) = (—1)**! and therefore sign(p(0)) = (—=1)?**! = —1. The theorem is proved. O

EXAMPLE 6.7. One can show that, at least for odd n, the bounds in Lemma 6.6 are sharp in the sense that
there are examples with equality in (34) and (35) such that C with (36) exists with po(C) = a. Consider

a b c —a b —c
C:=|¢c a b with b:=¢3-a and c:=a/p3 and C:= —c —-a b
b ¢ a b —c —a

Then Ci1 = ¢1-a = a, VC12C21 = @3 -a = a and (012023031)1/3 = 3 - a. C is a circulant, and
its eigenvalues compute to P(¥), k = 0,1,2 where ¢ = €*>™/3 and P(z) = ba® — cx — a (cf.[6]). It is
b—c—a=>bl-¢3¢>—01q) =b- @3—1 = a with q := a/b. The other two eigenvalues are complex, thus

po(C) = a. The example extends to odd n € IN.

The combination of Lemma 6.4, Theorem 6.5, and Lemma 6.6 gives the key to construct a rank-k perturbation
of A to achieve an upper bound for o(A,E). The following theorem is the generalization of Theorems 5.1
and 6.5 for cycles of length k, 1 < k < n.

THEOREM 6.8. Let A, E € M, (IR) with nonsingular A and E > 0 be given and define C := |A~|- E. For
1<k<nand any w € I'g,, set

1/k
(44)  0# 7= (T,(C)"/".
Then for ¢ defined as in Lemma 6.6,
o(AE) < pr/T.

In other words, ¢y, divided by the geometric mean of the elements of any cycle of C' bounds o(A, E) from
above.

Proof. Let some w € I'y, and 7 from (44) be given and set a := 7/py. If for k = 1 or k = 2 there exists
some @ € Ty, with {TI5(C)}'/* > ¢ - a, then ¢; = ¢o = 1 and Theorem 5.1 and Theorem 6.5 imply
0(A,E) < a=' = ¢, /7. Therefore, we may assume {II5(C)}'/* < ¢ - a for all @ € I'y, and k € {1,2}.
Hence, there is some m € IN, 2 < m < k such that

Vi<pu<m VwWel,,: (HU(C’))U“ <u-a,
and
30 €T : IzCNY™ > o -a.
After suitable rearrangement of indices we may assume w = (1,...,m), and Lemma 6.4 yields a matrix

C € M,,(IR) with properties i) and ii) of Lemma 6.4 and (A, E) < po(C)~'. But Lemma 6.6 shows for all

such matrices po(C) > a = 7/¢pm. Regarding m < k, the theorem is proved if we can show

(45) telN = ¢ <.

We know @1 = o = 1, from the definition (6.8) we see @3 = 14 /2, and for t > 3
Piii(x) = - P(2) — ¢}

Hence P;11(¢:) < 0 and @¢41 > ¢¢. The theorem is proved. O

Theorem 6.8 reduces the problem of finding upper bounds of o (A4, F) to finding proper cycles of some length
k of |A7Y| - E with large geometric mean corresponding to a suitable rank-k perturbation. This is done in
the following proof of Proposition 6.3.
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Proof. of Proposition 6.3. Corollary 6.2 allows us to assume E > 0. Therefore, |A~!| - E is positive, and
Perron-Frobenius Theory yields existence of a positive eigenvector x € V,,(IR) with |A~!|-E-2 = p(|A7Y-E)-
z, p(|A7Y - E) > 0. Define the diagonal matrix D, € M,,(IR) by (D,)i; := z;. We may replace A by A- D,
and F by E - D,, because for any nonsingular diagonal matrices D1, Da, 0(A, E) = o(D1ADs, D1ED5).
This is because |0A| < o F iff |Dy1-0A-Ds| < o-|D1EDs| and A+ 0A is singular iff DyADg + Dy -§A - Do

is singular (cf. [3]). Then
C:=|(A-Dy) '|"E-Dy=D;" - |A7"-E-D, and C-(1)=p(|A7"[-E)-(1).
That means C' is a multiple of a row stochastic matrix. Set p := p(|A7}| - E).

Denote an index of the maximal component of C in row ¢ by m;. Then either {m; |1 <i<n}={1,...,n}
or, there is a cycle mj, mjq1,...,mjtx—1, M4t = m; of length k. That means, with a suitable renumbering,
there is some k € IN, 1 < k < n such that for the upper left k£ by k& principal submatrix of C' holds

(46) Ciw > p/n  for 1<i<k,

where 4’ is defined as in (6.6).

Then Theorem 6.8, (6.20) and (6.21) imply for w = (1,..., k),
o(A,B) <o (O} ¥ <n-gp/p<n-pu/p. O

In the remaining §7, we will replace the bound (30) by giving explicit bounds for v(n) only depending on n.
An asymptotic bound will be given as well.

7. Explicit bounds for y(n). The main result in §6 is the upper bound (30) in Proposition 6.3. This
bound is given in terms of ¢y, the positive zeros of the polynomial P; defind in (28). In the remaining part
of the paper we will give bounds on v(n) showing the dependence on n by a simple function. Moreover, the

asymptotic behaviour of v(n) for n — oo is given.

The polynomials P;(z) € IR[x] defined in (28) satisfy
t—1

(47) Pz)=a"t —a'? - Z el -2t and Py(¢) =0 for t > 2.
v=1

Therefore, for n > 3,
n—1

48) o'+ ) et =1
=1

n—1 . .
By (6.20), x + > ¢! -z is strictly increasing for x > 0. Hence, for z > 0,
i=1

n—1

(49) x4+ Z hox® <1 implies = <¢,', thatis ¢, <z '
i=1

We are aiming on a bound of the form

(50) or <c -k

for some constants ¢ and . To determine ¢ and «, we notice that if (7.4) is satisfied for 1 < k < n, then

n—1 N7}
(51) Z (Z> <1l—c¢t-n™ implies ¢, <c-n®.
n

i=1

This is because the left hand side of (7.5) yields
n—1 n—1
1>ct-n 4 Zim T > (c-n®) T 4 Z i (e -n*)™",
i=1 i=1

and (7.3) implies (c-n®)~! < L.
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Therefore, our first step is to derive upper bounds for

n—1 .\ o
7
(52) ZEZI o; with o <n)

o; depends on n and a. We use the abbreviation o; for fixed n and o and omit extra parameters for better
readability. In order to estimate the sum (52), we will split it into 3 parts, which will be bounded individually.
For 7 > 1 holds

e (1 1><””°‘ O €8 R A I O 1,)“*”"‘ - (5 e
ag; n 2 n n 2 n

and therefore

[e3
(53) o; < (%) ~oi11 for i>1.

For all # € R with 1 < 8 < e and k := [%2] holds k — 1 < ™2 < k. Then (53) gives

n—1 o
ZO’L<0'n 1+Z (Z 6) 0'7,+1=O'»,L_1—|—'Z <(Z_nl)e) 0y,

and therefore

and 7= < B! yields

0n1—0k> E g;.

1=k+1

By choice, 3 > 1, and a > 0 implies (1 — 37%)~1 > 1. Therefore,

61) Zaz (-5 )_1'%1=(1—ﬁ_“)_1'(n_l)(n_l)a:un

n

holds for every a > 0,1 < f < e and k := ("—f] This is the first part of the sum (7.6) for a suitable k to be
determined. Define

flz) = (%)m with f/(z) = (%)m . {a ‘In L4 a} :

n

For > 0, f(z) has exactly one minimum at 2 = Z. Then f(i) = o; shows

) =

(55) op>o; for 1<k<I<Z, and op<o for “<k<l<n-—1
e

Set M := [n/e]. Then k = (”—f] satisfies M < k < n, and (55) implies for n > 3,
k—1
5 os-ton < (Per-2) () <2 g (%)
i=M e e e

ﬂ nBTa+1
<n- (e) = Vp.

This is the second part of the sum (7.6). Finally, (7.9) implies

(57) Mi oi < (;)a + <Z)2a + <z)3a + (i)m- (%) = ¢

i=1

(56)

which is the third part of the sum (7.6). The inequalities (54), (56) and (57) together yield
n—1 .\ o
i
58 - — <n~¢ n n+ & | > 3.
(58) n —l—;:l (n) <nT4 pp s +€ or n

15



Next, we show that all three sequences ., , vy, &, are decreasing for large enough n. (1 + %)n is monotonically
increasing for n > 1, therefore for n > 2,

n+1 no n (n—-1a
n Z n—1 = Hn+1 S M-

Suppose

o )"

Then for n > ng,

Lo fo (nt1)22 1 n8e 41
1+1<(e> :>(n+1)-(6> <n :>(n+1)-(ﬂ> <n~(5> ,
n 1) e e «

and therefore v, 11 < v, for n > ny with ng satisfying (59). Finally, for n > 1 and a > 0.25, 1 —4a < 0 and

therefore

4 %Y 1 4 da
(n+ 1) < pldo <n+1> (n: ) < (n) (%) = &nt1 < &n-

Summarizing, this proves the following lemma.

LEMMA 7.1. Define p1 := 1, @9 := 1 and recursively o, to be the positive zero of P,(x) given in (47). Let
constants c,a € IR, a > 1In2 and 3 < ng € IN be given with v, < c¢-n® for n < ng. If a constant § € IR,
1 < B < e exists such that (59) is satisfied and i, vy, &, defined in (54), (56), (57) satisfy

(60) n" %4 py +vp+&, <1 for n=ng,
then
on <c-n® forall nelN.

Proof. (50) is satisfied for 1 < k < n, and (58) and (7.14) prove the left hand side of (51) for n = ng, and
therefore (7.4) for k = n. The quantities n=%, u,, v, and §, are decreasing for increasing n. Thus, (7.14)

and therefore (7.4) is valid for all n > ng. By assumption, ¢, < ¢-n® for n < ng as well. |

For example, for 3 := 2.697, a := 0.7 and ng := 3000, one checks by explicit calculation ¢, < 2.321 - n®
for 1 < n < ng. The lower bound (59) for ng is less than 183, wu, < 0.992, v, < 0.0003, &, < 0.0038, and
n~%* < 0.0038 for n = ng. This proves the following result.

COROLLARY 7.2. For alln > 1, ¢, < 2.321 - n%7. The difference 2.321 - n07 — ©n s less than 2.8 for
1 <n <20, and less than 2.0 for 20 < n < 2000.

Summarizing, Corollary 7.2, Proposition 6.3, and Lemma 5.7 prove the following result.

PROPOSITION 7.3. Let A, E € M,,(IR) with nonsingular A and E > 0 be given. Then for all n > 1

1 v(n)
— e S oA E) S 1,
oA g = S g
with
n < y(n) < 2.321 b7,
The lower bound for v(n) is sharp.

Finally, we will show the asymptotic behaviour of upper bounds for v(n). Let o := In(2 + 2n), n > 0. For
any 1 < f < e and n — oo,

N =0, pp— (1-0"9"1e* v, —0 and &, — 0.
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For In g := (2+1n)/(2+ 2n), a short computation yields

vl 2+1
1)y tego— =70 __
(A=) e = o o <

Hence, for this § and large enough ng, (59) holds and
N+, +v, +& <1 forall n>ng.

Therefore, for large enough ¢ with ¢, < c¢-n® for n < ng, Lemma 7.1 implies that ¢, < c¢-n® for all n € IN.
Using « > In2 proves the following.

PROPOSITION 7.4. Let v(n) be defined as follows:
v(n) :=inf{c(A,E)-p(|A"'|-E) | A€ M,(IR) nonsingular and 0 < E € M,(IR) }.

Then y(n) is finite for alln € IN. Moreover, for any € > 0 there exists some ng € IN such that for all n > ng
holds

(61) n S ,}/(n) S n1+1112+€.

The lower bound in (61) is sharp. t)

In his paper [3], Demmel showed that for the Bauer-Skeel condition number (A, E) := |||[A7!| - E| with
any p-norm, 1 < p < oo, there holds
1 1

p(|A-Y-E) min k(AD, ED)’

where the minimum is taken over all diagonal D. Thus, Proposition 7.3 and Proposition 7.4 prove that the
componentwise relative distance to the nearest singular matrix for any weight matrix £ > 0 is not too far
from the reciprocal of the smallest condition number achievable by column scaling. The evidence presented
in this paper leads us to the following conjecture.

CONJECTURE 7.5. For all nonsingular A € M, (IR) and 0 < E € M, (IR) holds

1 n
pa T B =B S Sy

If the conjecture is true, Lemma 5.7 shows that it is sharp.

(62)
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