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Abstract. Accurate approximations to matrix residuals are ubiquitous in numerical computa-3
tions, particularly to produce mathematically rigorous error bounds of high quality in verification4
methods. This paper builds on the concept of error-free transformations and the so-called Ozaki5
scheme for the accurate computation of matrix residuals. We extend Ozaki’s original approach by6
generalizing the theory to arbitrary floating-point bases, identifying nearly optimal splitting points,7
and introducing improved splitting techniques. Our modifications increase the precision while reduc-8
ing computational complexity and memory usage. Key contributions include optimal and unbalanced9
splitting strategies, the use of Euclidean rather than ∞-norm for parameter selection, and efficient10
implementation techniques tailored to the use of level-3 BLAS routines. The latter is particularly11
beneficial for interpretative environments such as Matlab. The performance of the proposed methods12
is demonstrated through the Matlab algorithms prodK and spProdK, providing accurate approxima-13
tions and/or inclusions for both full and sparse, real or complex matrix residuals.14
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1. Introduction. The accurate computation of good approximations of matrix18

residuals is ubiquitous in numerical computations. In addition, so-called verification19

methods [36, 53, 38] require correct and narrow bounds, being true with mathematical20

rigour.21

There are many methods for the accurate computation of dot products. Some of22

the early references are [62, 31, 29, 24]. Later so-called “error-free transformations”23

[21, 11] were used1 to transform a sum or product of two floating-point numbers f, g24

into an alternative sum of floating-point numbers x, y, where x is the floating-point25

sum or product of f and g, and y is the error in the sense that f + g = x + y or26

fg = x+ y, respectively.227

That technique was used in [37] to introduce “error-free vector transformations”28

where a vector v of n floating-point numbers is transformed into a vector w of the same29

dimension without changing the sum, i.e.,
∑
vi =

∑
wi. The transformed vector w30

satisfies in addition that wn is the result of a floating-point evaluation of
∑
vi and31

that all other values of w have a magnitude no larger than their counterpart of v,32

i.e., |wi| ≤ |vi| for all i < n. In that paper the term “error-free transformations” was33

coined, which was the start of a revival of such methods [8, 13, 14, 15, 54, 39].34

Let vectors a, b be given. By using error-free transformations it is possible to35

transform each individual product aibi into a sum xi+yi of two floating-point numbers,36

implying aT b =
∑
xi + yi. This way an accurate evaluation of a dot product can be37

reduced to an accurate summation. The basis of this transformation is a relative38
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2 MARKO LANGE AND SIEGFRIED M. RUMP

splitting of each individual product aibi.39

Fig. 1. The Zielke/Drygalla scheme to extract high and low order parts

In [64] an absolute splitting of the whole vectors was introduced, following the40

scheme in Figure 1. The vectors a, b are split into high and low order parts a = a′+a′,41

b = b′+ b such that the dot product a′T b′ is computed without error in floating-point.42

The constant µ determines the splitting and is chosen such that all products a′ib
′
i43

and their sum reside in the range of digits of one floating-point number in the given44

format. That method was analysed in [55] and is also used to produce reproducible45

results [2].46

One specific advantage of absolute splittings is the applicability to matrix prod-47

ucts. Applying the scheme recursively, first the matrix A is split into k + 1 parts48

(1) A = A(1) +A(2) + . . .+A(k) +A(k) with A(k) := A−
k∑
i=1

A(i),49

where each part A(i) holds a limited range of mantissa digits and A(k) is the least50

significant part containing the remainder. A similar splitting is applied to B.51

That well-known approach becomes the Ozaki scheme when the ranges for the52

mantissa digits in A(i) and B(j) are chosen in such a way that all the individual matrix53

products A(i)B(j) are computed error-free independent of the order of evaluation.354

Ozaki et al. [43, 45, 42] exploited this by computing AB as the unevaluated sum of55
(k+1)(k+2)

2 individual matrix products456

(2) AB =
∑

i+j≤k+1

A(i)B(j) +

k∑
i=1

A(i)B(k+1−i) +A(k)B︸ ︷︷ ︸
remainder terms

.57

where the sum of these is realized via an accurate summation algorithm, see for58

instance [3, 35, 12, 37]. Then the overall error is determined by the rounding errors59

3This is true for standard matrix multiplication but requires further modifications to work with
asymptotically faster approaches such as the Strassen or the Coppersmith–Winograd algorithm.

4A similar evaluation scheme is used in multiple-precision floating-point arithmetic to save about
half of the multiplications.

This manuscript is for review purposes only.



ACCURATE FLOATING-POINT MATRIX RESIDUALS 3

in the computation of the k + 1 remainder terms, i.e., the least significant terms. By60

using the particular splitting approach proposed in [43], one can expect the error to be61

roughly of magnitude (2nu)k/2+1|A||B|, where u denotes the relative rounding error62

unit. Hence, with increasing k there is a significant increase in the precision.63

A major advantage of Ozaki’s scheme over other approaches for computing ac-64

curate matrix-matrix products is the efficient use of highly optimized level-3 BLAS65

routines. For algorithms based on vector transformations, such as Dot2 [37], reaching66

peak performance is much more difficult and requires to perform optimizations by67

hand. A second benefit is the relatively low computational complexity for small k.68

The biggest drawback is that the computational complexity and the required memory69

increase quadratically with k.570

Ozaki’s scheme received quite some attention, cf. [30, 33, 32, 61, 22, 23]. In this71

note we introduce further improvements to the original Ozaki scheme (2). We begin72

with a generalization of the theory to arbitrary bases β of the underlying floating-point73

system and continue with modifications of the splitting approach. The first of these74

modifications enables us to specify a precise, close to optimal splitting point. When75

compared to the original splitting, this yields roughly k digits additional precision.76

Moreover, instead of the ∞-norms of the respective column or row vectors, we use77

their Euclidean norms to determine suitable splitting parameters. This often yields78

another factor two in precision. We also show a way to gain a little bit more accuracy79

in ill-conditioned cases in return for losing some precision in the well-conditioned case,80

while keeping a high relative accuracy.81

Besides the theoretical and practical extensions to the original Ozaki scheme (2),82

one main contribution of this paper is the introduction of improvements of the splitting83

scheme itself. In particular we show how to identify nearly optimal splitting points,84

the possible use of an unbalanced splitting and introduce a way to reduce the overall85

complexity. It is also pointed out how the memory requirements of this scheme can86

be reduced. In addition, we spent some effort to give the theoretical foundations of87

efficient implementations with special consideration to an interpretative environment88

like Matlab. To that end the use of highly optimized level-3 BLAS routines is most89

important. We demonstrate the benefits of the theoretical considerations by the90

algorithms prodK and spProdK, which are pure Matlab code, for full and sparse matrix91

residuals. They were written by the first author, and from Version 14 they are included92

in INTLAB [51], the Matlab/Octave toolbox for reliable computing. The algorithms93

allow to specify a parameter k corresponding to “as if” computing in (k/2 + 1)-fold94

precision and storing the result in working precision, or to store the result as an95

unevaluated sum of L parts. Those parts are basically non-overlapping, i.e., this96

corresponds roughly to L-fold precision.97

We give some computational results within the sections. All our tests use Matlab98

Version 2024b on a Panasonic laptop CF-SV with Intel(R) Core(TM) i7-10810U CPU99

with 1.10/1.61 GHz and 16 GB RAM.100

5In the standard implementation of Ozaki’s scheme (2) the intermediate products are added in
a sorted order using basic floating-point summation. In this implementation, the memory usage
increases linearly with k, holding the split parts of the matrix factors. However, there is no guar-
antee for error-free summation of the intermediate matrix products. In the original paper accurate
summation algorithms such as AccSum [55] and NearSum [56] were mentioned, which require to keep
all intermediate results in memory.
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4 MARKO LANGE AND SIEGFRIED M. RUMP

2. Notation. Throughout this note we work with a set of base-β precision-p101

floating-point numbers102

(3) F := {m · βe : m ∈ Z, |m| < βp, Emin ≤ e ≤ Emax}103

with p ≥ 2 and underflow range104

U := {m · βEmin : 0 < |m| < βp−1}.105

We assume that the floating-point arithmetic follows the IEEE 754 standard [1] with106

rounding to nearest fl: R→ R and any rounding of the tie [34]. We denote by fl(a◦ b)107

the floating-point result of a ◦ b for ◦ ∈ {+,−, ·, /} such that for a, b ∈ F108

(4) |fl(a ◦ b)− a ◦ b| ≤ u|a ◦ b|109

with the relative rounding error unit u = 1
2β

1−p and provided that for ◦ ∈ {·, /}110

no overflow or underflow occurred. Throughout this note we suppose the absence of111

overflow. Any restrictions regarding the underflow range will be mentioned explicitly112

if present.113

We use float(·) to indicate that an arithmetic expression is evaluated with all114

operations replaced by the corresponding floating-point operations. Assertions using115

float(·) are true for any order of evaluation respecting parantheses. For vectors a, b ∈116

Fn we use the error estimate [19, Theorem 4.2] for the dot product117

(5) |float(aT b)− aT b| ≤ nu|aT ||b|118

being valid without restriction on n. We consider the set of complex floating-point119

numbers F + iF as well. We sometimes use the following sufficient criterion to verify120

that x ∈ R is a floating-point number. Define βZ := {βi : i ∈ Z}. Then121

(6) µ ∈ βZ ∩ F, x ∈ µZ and |x| ≤ βpµ ⇒ x ∈ F.122

Note that we barred overflow, but (6) is true for µ in the underflow range.123

3. Optimal splitting for the dot product. We start with the definition of124

the splitting of a floating-point number into high and low order part.125

Definition 1. Let a ∈ F and µ ∈ βZ. A pair (a′, a′) is called a splitting of a at126

µ if127

(7) a = a′ + a′ with a′ ∈ µZ, |a′| ≤ µ

2
.128

Note that the definition does not require µ ∈ F. This notation extends naturally to129

vectors, where all elements share the same splitting point µ. Additionally, we say that130

(A′, A′) is a (row) splitting of a matrix A at a vector µ if (a′ij , a
′
ij) is a splitting of aij131

at µj for all feasible indices. A splitting as defined above can be realized by using a132

variant of Dekker’s Algorithm FastTwoSum [11].133

We will prove that Algorithm Split produces a splitting (a′, a′) of a at µ even134

when called with µ ∈ βZ but µ /∈ F. As a consequence, Algorithm Split may be135

called with a power of β as argument µ without checking for underflow.136

Algorithm Split uses the specific splitting constant tµ = float((βp − βp−2) · µ),137

and this is the only one we use in this note. However, we will prove that the output138

of Algorithm Split is the desired splitting with some freedom in the choice of tµ.139
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Algorithm 1 Algorithm Split for single floating-point number

Require: a ∈ F, µ ∈ βZ

function Split(a, µ)
tµ ← float((βp − βp−2) · µ)
x← fl(tµ + a)
a′ ← fl(x− tµ)
a′ = fl(a− a′)
return (a′, a′)

end function

Lemma 2. Let a ∈ F and µ ∈ βZ be given and define140

(8) Tµ,a := {t ∈ F : βp−1µ+ |a| ≤ t ≤ βpµ− |a|}.141

Then, replacing the value tµ in Algorithm Split by any tµ ∈ F with tµ ∈ Tµ,a, the142

result (a′, a′) is a splitting of a at µ.143

Proof. For the trivial case a = 0 the algorithm produces the correct splitting144

(0, 0). Henceforth we may assume a 6= 0. The Algorithm Split is a variant of145

Dekker’s FastTwoSum [11, 26]. The definition of Tµ,a and tµ ∈ Tµ,a imply |a| ≤146

tµ − βp−1µ ≤ (1− β−1)tµ. We may therefore use the argument in [26, Theorem 2] to147

show that the subtractions in Algorithm Split are evaluated without rounding errors148

That implies a = a′ + a′.149

Suppose βp−1µ /∈ F. Then, because overflow is barred, βp−1µ = βe with e <150

βEmin , so that (8) and tµ ∈ F imply tµ < βEmin . Hence tµ = 0, a contradiction.151

Therefore βp−1µ, βpµ ∈ F. Now µ ∈ βZ, (8), tµ ∈ F and (3) imply that tµ is an152

integer multiple of µ. Moreover, for all tµ ∈ Tµ,a, (2) yields153

βp−1µ ≤ tµ + a ≤ βpµ and βp−1µ ≤ fl(tµ + a) ≤ βpµ.154

Hence, because of µ ∈ βZ and (3), both fl(tµ + a) and a′ = fl(tµ + a)− tµ are integer155

multiples of µ. That proves a′ ∈ µZ.156

Finally, we use |tµ + a| ≤ βpµ to prove the splitting constraint |a′| ≤ µ
2 . If157

|tµ + a| = βpµ and in the underflow range where summations are error-free [58], it is158

a′ = 0. On the other hand, in the absence of underflow, |tµ + a| < βpµ together with159

|tµ + a− fl(tµ + a)| ≤ ulp(tµ+a)
2 by [34, Theorem 2.2, Definition 2.3]6 imply160

|a′| = |a− a′| = |tµ + a− fl(tµ + a)| ≤ 1

2
ulp(tµ + a) ≤ 1

2
µ161

and complete the proof.162

Next we show that the used splitting constant tµ = float((βp − βp−2) · µ) in163

Algorithm Split implies that the result (a′, a′) is a splitting of a for suitable µ.164

Corollary 3. Let a ∈ F and µ ∈ βZ be given. Assume that βp − βp−2 ∈ F. If165

(9) µ ≥ β2−p|a|,166

then the Algorithm Split with input (a, µ) produces a splitting (a′, a′) of a at µ.167

6Here ulp denotes the unit in the last place, cf. [34]
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6 MARKO LANGE AND SIEGFRIED M. RUMP

Proof. If fl(µ) = 0 then tµ = 0, and Algorithm Split produces the pair (a, 0), a168

correct splitting of a at µ. We henceforth assume fl(µ) 6= 0, so that µ ∈ βZ implies169

fl(µ) ∈ βZ and η := βEmin ≤ fl(µ).170

First suppose µ ≥ η, so that µ ∈ βZ and barring overflow yields fl(µ) = µ.171

Then βp − βp−2 ∈ F requires p ≥ 2 which in turn shows that (βp − βp−2)µ is an172

integer multiple of η. Hence, no underflow error can occur when evaluating tµ =173

fl((βp − βp−2) · µ), and the presence of overflow is excluded by assumption. Since174

µ = fl(µ) is a power of β and βp − βp−2 ∈ F, also tµ = (βp − βp−2)µ ∈ F. Therefore,175

(9) proves tµ ∈ Tµ,a by176

(10) βp−1µ+ |a| ≤ (βp − 2βp−2)µ+ |a| ≤ tµ = (βp − βp−2)µ ≤ βpµ− |a|,177

and the assumptions of Lemma 2 are satisfied. It remains the case µ < η, so that178

fl(µ) 6= 0 yields η = fl(µ) =: µ̃. Using µ̃ > µ ≥ β2−p|a| shows that (10) remains true179

when replacing µ by µ̃, so that by Lemma 2 Algorithm Split with input (a, µ̃) and180

therefore also with input (a, µ) produces a splitting (a′, a′) of a at µ̃. But |a′| ≤ µ̃
2 = η

2181

implies a′ = 0, and a′ ∈ µ̃Z ⊆ µZ finishes the proof.182

The generalization of the Algorithm Split for vector or matrix splittings follows183

straightforwardly. The pseudo code for the latter is given in Algorithm 2.

Algorithm 2 Algorithm Split for a floating-point matrix

Require: A ∈ Fm×n, µ ∈ {βi : i ∈ Z}n
function Split(A, µ)

(A′, A′)← (A, A)
for j ← 1 to n do

tµ ← fl((βp − βp−2) · fl(µj))
for i← 1 to m do

x← fl(tµ + aij)
a′ij ← fl(x− tµ)
a′ij = fl(aij − a′ij)

end for
end for
return (A′, A′)

end function

184

Furthermore, it is possible to extend the code to work for splitting points µ that185

do not satisfy (9). If µ ≤ β1−p|a|, then the output is simply (a, 0). And for all other186

values of µ we can first split a at βµ and then the returned remainder part at µ.187

However, such a modification is not used in our setting.188

In previous applications [37, 43, 40, 44], the addend tµ in function Split was189

chosen to be a power of β, i.e., tµ = βp · µ. The disadvantage of this choice is that190

the resulting splitting point varies depending on the sign of a and thereby changes191

its magnitude: it is µ for non-negative a but β−1µ for negative a. This requires an192

alternative constraint that is tighter than (11) in Lemma 4 and weakens the subsequent193

estimates. Here we follow the idea introduced in [30] for binary, where tµ is chosen to194

be three times a power of two, providing a one-digit bonus when compared to Ozaki’s195

original approach [43]. Our choice for tµ generalizes this idea for arbitrary bases β.196

For the evaluation of a dot product in emulated higher precision, we want to197

compute the most significant parts in an error-free manner. This can be ensured198

using the following result.199

This manuscript is for review purposes only.
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Lemma 4. For given a′, b′ ∈ Fn, let µ, ν ∈ βZ be such that a′ ∈ µZn and b′ ∈ νZn.200

Assume µν ∈ F and let λ ∈ [0, 1] satisfy |a′T b′| ≤ λ‖a′‖2‖b′‖2. If201

(11) (1 + λ)‖a′‖2‖b′‖2 ≤ 2βpµν,202

then float(a′
T
b′) = a′

T
b′ for any n ∈ N and independent of the order of evaluation.203

Proof. To derive a bound for the intermediate values of a′
T
b′, we exploit that204

n∑
i=1

a′ib
′
i − |a′ib′i|

2
=

n∑
i=1

min{a′ib′i, 0} ≤
∑
i∈Ω

a′ib
′
i ≤

n∑
i=1

max{a′ib′i, 0} =

n∑
i=1

a′ib
′
i + |a′ib′i|

2
205

is satisfied for all Ω ⊆ {1, 2, . . . , n}. By |a′T b′| ≤ λ‖a′‖2‖b′‖2 and (11) this yields206

∀Ω ⊆ {1, 2, . . . , n} :

∣∣∣∣∣∑
i∈Ω

a′ib
′
i

∣∣∣∣∣ ≤ |a′T b′|+ |a′|T |b′|2
≤ 1 + λ

2
‖a′‖2‖b′‖2 ≤ βpµν.207

Every element-wise product a′ib
′
i is a multiple of µν. Therefore, every intermediate208

and the final result in the evaluation of a′
T
b′ is a multiple of µν as well. All these209

intermediate results are bounded by βpµν, and by (6) representable with p mantissa210

digits, i.e., in F. Due to the absence of overflow it follows that the floating-point211

evaluation float(a′
T
b′) is error-free.212

The main condition (11) depends on the high order parts a′ and b′, which are only213

known after the splitting. The following corollary states conditions on the splitting214

points µ, ν involving the input a, b and gives further insight into the matter.215

Corollary 5. Let (a′, a′) and (b′, b′) be splittings of floating-point vectors a and216

b at µ, ν ∈ βZ with µν ∈ F, respectively. For some λ ∈ [0, 1] and two real numbers217

qa, qb assume |a′T b′| ≤ λ‖a′‖2‖b′‖2 and218

(12) µ ≥ ‖a‖2
qa −

√
n/2

, ν ≥ ‖b‖2
qb −

√
n/2

with qa, qb >

√
n

2
, qaqb ≤

2βp

1 + λ
.219

Then float(a′
T
b′) = a′

T
b′ for any n ∈ N and independent of the order of evaluation.220

Remark 6. Note that overflow shall not occur by our general assumption, but the221

result of Corollary 5 remains true in the presence of underflow.222

Proof. The restriction qa, qb >
√
n

2 ensures that the denominators in (12) are223

positive. The first two inequalities in (12) are therefore equivalent to224

‖a‖2
µ

+

√
n

2
≤ qa and

‖b‖2
ν

+

√
n

2
≤ qb.225

By Definition 1, every element of a′ is absolute-wise bounded by µ
2 and a = a′+a′, so226

that ‖a′‖2 ≤ ‖a‖2+‖a′‖2 ≤ ‖a‖2+
√
n

2 µ ≤ qaµ. Together with ‖b′‖2 ≤ ‖b‖+
√
n

2 ν ≤ qbν227

and qaqb ≤ 2βp

1+λ , the assumptions of Lemma 4 are satisfied and the result follows.228

The main application is the evaluation of dot products in higher precision. Let229

vectors a, b ∈ Fn with splitting (a′, a′) at µ and (b′, b′) at ν be given. Assume the230

absence of underflow and overflow in the following floating-point estimations. A worst231

case error bound for the standard floating-point evaluation of aT b is232

|float(aT b)− aT b| ≤ nu|a|T |b|,233
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cf. [19, 27, 34] and (5). This bound can be improved significantly if we approximate234

the true dot product aT b via % := float
(
(a′

T
b′) + (a′

T
b′ + a′

T
b)
)
. Let the conditions235

in Lemma 4 be met and define ∆ := float(a′
T
b′ + a′

T
b)− (a′

T
b′ + a′

T
b), then236

(13) |%− aT b| ≤ u|aT b|+ (1 + u)|∆| ≤ u|aT b|+ (1 + u)2nu
(
|a′|T |b′|+ |a′|T |b|

)
. 7237

Since every component of a′ and b′ is bounded absolute-wise by µ
2 and ν

2 , respectively,238

the estimate (13) becomes the better, the smaller µ and ν. We are therefore looking239

for µ and ν with minimal product µν satisfying (12).240

A more detailed analysis leads to the following Theorem 7. We state two bounds241

for |%− aT b|, one with all assumptions of Lemma 4 met, i.e., float(a′
T
b′) = a′

T
b′, and242

a second one without.243

Theorem 7. For given nonzero a, b ∈ Fn choose λ ∈ (0, 1], qa, qb ∈ R, and µ, ν ∈244

βZ such that (12) and µν ∈ F are satisfied. Let (a′, a′) and (b′, b′) be splittings of a and245

b at µ and ν, respectively. Define % := float
(
(a′

T
b′) + ((a′

T
b′) + (a′

T
b))
)

and assume246

the absence of underflow and overflow in its computation. If |a′T b′| ≤ λ‖a′‖2‖b′‖2,247

then248

(14) |%− aT b| ≤ u|aT b|+
√
n(n+ 1)u

2− 4u

(
‖a‖2 ν + ‖b‖2 µ+

√
n/2 · µν

)
.249

On the other hand, if |a′T b′| > λ‖a′‖2‖b′‖2, then250

(15) |%− aT b| < (n+ 1)u

λ(1− u)
|aT b|+

√
n(nλ−1 + n+ 1)u

2− 4u

(
‖a‖2 ν + ‖b‖2 µ+

√
n/2 ·µν

)
.251

Remark 8. Note that Lemma 4 requires |a′T b′| ≤ λ‖a′‖2‖b′‖2, so only the first252

estimate (14) may use float(a′
T
b′) = a′

T
b′. Otherwise, the second estimate (15)253

bounds the error of %.254

Proof. Denote ∆0 := float(a′
T
b′) − a′T b′, ∆1 := float(a′

T
b′) − a′T b′, and ∆2 :=255

float(a′
T
b)− a′T b. Using these definitions together with (4) gives256

% = (1 + ε′)
(
a′
T
b′ + ∆0 + (1 + ε)(a′

T
b′ + ∆1 + a′

T
b+ ∆2)

)
257

for suitable |ε|, |ε′| ≤ u. Subtracting aT b = a′
T
b′ + a′

T
b′ + a′

T
b yields258

%− aT b = ε′aT b+ (1 + ε′)∆0 + (1 + ε′)ε(a′
T
b′ + a′

T
b) + (1 + ε′)(1 + ε)(∆1 + ∆2).259

Using the error estimate for dot products (5) it follows260

(16) |%− aT b| ≤ u|aT b|+ |∆0|
1− u

+
u |a′T b′ + a′

T
b|

1− u
+
nu
(
|a′|T |b′|+ |a′|T |b|

)
1− 2u

.261

Every component of a′ and b′ is bounded absolute-wise by µ
2 and ν

2 , respectively, so262

that ‖b′‖2 ≤
√
nν2 and ‖a′‖2 ≤ ‖a‖2 + ‖a′‖2 ≤ ‖a‖2 +

√
nµ2 . This gives263

|a′T b′ + a′
T
b| ≤ |a′|T |b′|+ |a′|T |b| ≤

√
n

2

(
‖a‖2 ν +

√
n/2 · µν + µ ‖b‖2

)
.264

7This estimate can be derived using arguments in the proof of the following Theorem 7.
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If |a′T b′| ≤ λ‖a′‖2‖b′‖2 is satisfied, then Lemma 4 is applicable and therefore ∆0 = 0.265

That implies the estimate (14). Contrary, for |a′T b′| > λ‖a′‖2‖b′‖2 we have266

|∆0| ≤ nu|a′|T |b′| ≤ nu‖a′‖2‖b′‖2 <
nu

λ
|a′T b′| ≤ nu

λ
|aT b|+nuλ−1

(
|a′|T |b′|+|a′|T |b|

)
.267

Inserting this into (16) yields the estimate (15) and finishes the proof.268

In order to compare the estimates given in Theorem 7 with the error bound269

nu|a|T |b| in (5) for standard evaluation of the dot product, let us take a qualitative270

look on the value of ‖a‖2 ν + ‖b‖2 µ +
√
n/2 · µν. Assume that n � βp and denote271

by q̂ :=
√

2βp

1+λ the optimal choice for qa and qb in a balanced splitting. Good starting272

points to find optimal splittings of a and b are µ̃ := βblogβ(‖a‖2/(q̂−
√
n/2))c and ν̃ :=273

βblogβ(‖b‖2/(q̂−
√
n/2))c, respectively. An optimal pair (µ̂, ν̂) that minimizes ‖a‖2 ν +274

‖b‖2 µ+
√
n/2 · µν and satisfies (12) lies in the set {(µ̃, ν̃), (βµ̃, ν̃), (µ̃, βν̃), (βµ̃, βν̃)}.275

In the best case ‖a‖2/µ̂ ≈ ‖b‖2/ν̂ ≈ q̂, whereas β‖a‖2/µ̂ ≈ ‖b‖2/ν̂ ≈ q̂ and ‖a‖2/µ̂ ≈276

β‖b‖2/ν̂ ≈ q̂ are the worst case scenarios. Thus, ‖a‖2 ν̂+‖b‖2 µ̂+
√
n/2·µ̂ν̂ is bounded277

roughly by (β + 1)q̂−1‖a‖2‖b‖2.278

If the considered dot product is ill-conditioned, then the right-hand side of (14)279

is dominated by280

√
n(n+ 1)u

2− 4u

(
‖a‖2ν̂ + ‖b‖2µ̂+ 1

2

√
n µ̂ν̂

)
/

√
n(n+ 1)u

2
(β + 1)q̂−1‖a‖2‖b‖2.281

This error bound is roughly by the factor 2q̂√
n·(β+1)

, which is
√

2p/n in binary, better282

than the error bound nu|a|T |b| in (5) for standard evaluation.283

Without prior knowledge about |a′T b′|/(‖a′‖2‖b′‖2) the identity float(a′
T
b′) =284

a′
T
b′ can only be ensured if µ̂ and ν̂ satisfy (11) or (12) for λ = 1. On the other hand,285

for smaller values of λ it is often possible to choose a smaller splitting point for one of286

the vectors and improve the error bound in (14) roughly by the factor (β+ 1)/2. The287

average improvement is
√

2/(1 + λ). Even without prior knowledge about the ratio288

|a′T b′|/(‖a′‖2‖b′‖2), it is often advisable to simply set some λ significantly smaller than289

1. Let for instance λ = 0.05. The average improvement in (14) is then
√

2/(1 + λ) ≈290 √
2. And if |a′T b′| ≤ λ‖a′‖2‖b′‖2 is not satisfied, then the dot product is rather well291

conditioned and the significant term (n+1)u
λ(1−u) |a

T b| of the right-hand side of (15) remains292

small in relation to the true result. Much smaller values for λ are of little use because293

the average improvement for the ill-conditioned case remains at approximately
√

2,294

whereas the bound (15) for the well-conditioned case would increase significantly.295

The right-hand side of (14) is an a priori bound for the error of %. In Figure 2296

the left- and right-hand side of (14) is shown in red and dotted blue, respectively,297

for vectors of length 1000 and condition number up to 1025. In addition we calculate298

(a′
T
b′) + ((a′

T
b′) + (a′

T
b)) with directed rounding and show the result in black. As299

expected, there is some overestimation in the right-hand side of (14), but computing300

the error with directed rounding is not far from the error with respect to the true dot301

product.302

4. Complex input. It is surprisingly simple to reformulate our results for com-303

plex input. For z1 := u + ιv, z2 := x + ιy ∈ F + ιF assume that floating-point304

addition and multiplication are computed following the usual rules, i.e., fl(z1 + z2) =305

fl(u+ x) + ιfl(v + y) and fl(z1z2) = float(ux− vy) + ι float(uy + vx).306
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10 MARKO LANGE AND SIEGFRIED M. RUMP

Fig. 2. Left and right-hand side of (14)

The complex dot product of two vectors in Cn is composed of two real dot products307

of vectors in R2n. We adapt the complex splitting by interpreting complex vectors308

as pairs of real vectors and/or as one long vector of the staggered real and imaginary309

parts. Moreover, fl(x + ιy) := fl(x) + ιfl(y) for x, y ∈ Rn. The real and imaginary310

part of z ∈ F + ιF is denoted by R(z) and I(z), respectively. This notion naturally311

extends to vectors and matrices. Next we adapt Definition 1 to complex input.312

Definition 9. Let a ∈ F + ιF and µ ∈ βZ. A pair (a′, a′) ∈ (F + ιF)
2

is called a313

splitting of a at µ if314

(17) a = a′ + a′ with a′ ∈ µZ + ιµZ, |R(a′)| ≤ µ

2
, |I(a′)| ≤ µ

2
.315

Note that a splitting of a at µ means that the real and imaginary parts of (a′, a′)316

are splittings of the real and imaginary parts of a at the real number µ, respectively.317

Recall that the last inequalities in (17) bound the absolute values of the real and318

imaginary part of a′.319

As in the real case, Definition 9 extends naturally to complex vectors, where all320

real and imaginary parts share the same splitting point µ. The Algorithm Split for321

complex input is identical to that for real input except that the requirements322

a ∈ F, µ ∈ βZ change into a ∈ F + ιF, µ ∈ βZ
323

and in the first line of Algorithm Split324

tµ ← float((βp − βp−2) · µ) changes into tµ ← float((βp − βp−2) · (µ+ ιµ)).325

We note that Lemma 2 remains valid for a ∈ F+ιF and µ ∈ βZ, adapting the definition326

of Tµ,a to t ∈ F+ ιF, and that the result is true for any t ∈ (F + ιF)∩Tµ,a. Moreover,327

Corollary 3 remains valid for the real and imaginary parts individually when using328

the assumption a ∈ F + ιF and µ ∈ βZ.329

We now adapt the first main result Corollary 5 of the previous section to complex330

input.331
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ACCURATE FLOATING-POINT MATRIX RESIDUALS 11

Theorem 10. Let z1, z2 ∈ (F + ιF)
n

and µ, ν ∈ βZ be given. Assume µ, ν ∈ F,332

and let (u′, u′) and (v′, v′) be splittings of z1 and z2 at µ and ν, respectively. For333

some λ ∈ [0, 1] assume |R(u′
T
v′)| ≤ λ‖u′‖2‖v′‖2 and |I(u′

T
v′)| ≤ λ‖u′‖2‖v′‖2.334

Furthermore, for real numbers r1, r2, s1, s2 and ` ∈ {1, 2} assume335

(18) µ ≥ ‖z1‖2
r` −

√
2n/2

, ν ≥ ‖z2‖2
s` −

√
2n/2

with r`, s` >

√
2n

2
, r`s` ≤

2βp

1 + λ
.336

Then float(u′
T
v′) = u′

T
v′ for any n ∈ N independent of the order of evaluation.337

Proof. Defining338

a :=

(
R(z1)
I(z1)

)
∈ F2n and b :=

(
R(z2)
−I(z2)

)
∈ F2n

339

means aT b = R(zT1 z2). The assumptions imply that (R(u′),R(u′)) and (R(v′),R(v′))340

are splittings of R(z1) and R(z2) with respect to µ, ν, respectively, and similarly for341

the imaginary part. Hence (a′, a′) with342

a′ :=

(
R(u′)
I(u′)

)
∈ F2n and a′ :=

(
R(u′)
I(u′)

)
∈ F2n

343

is a splitting of a with respect to µ, and (b′, b′) with344

b′ :=

(
R(v′)
−I(v′)

)
∈ F2n and b′ :=

(
R(v′)
−I(v′)

)
∈ F2n

345

is a splitting of b with respect to ν. In order to apply Corollary 5 we replace346

µ, qa, ν, qb, λ by µ, r1, ν, s1, λ, respectively. Then a′T b′ = R(u′T v′), ‖a′‖2 = ‖u′‖2347

and ‖b′‖2 = ‖v′‖2 show that the assumption |a′T b′| ≤ λ‖a′‖2‖b′‖2 is satisfied. Next,348

‖a‖2 = ‖z1‖2 and ‖b‖2 = ‖z2‖2 imply that adapting the vector lengths to 2n the re-349

maining assumptions of Corollary 5 are satisfied as well. Hence, float(a′T b′) = a′T b′ =350

R(u′T v′), so that the floating-point computation of the real part of u′T v′ is error-free.351

In a similar way we prove that the imaginary part of u′T v′, and therefore u′T v′ is352

computed in floating-point without rounding error.353

Similarly, the error of a complex dot product can be estimated along the lines of354

Theorem 7.355

Theorem 11. Let nonzero z1, z2 ∈ (F + ιF)n, λ ∈ (0, 1] and r1, r2, s1, s2 ∈ R be356

given. Let µ, ν ∈ βZ + ιβZ be such that µν ∈ F and (18) is satisfied for ` ∈ {1, 2}.357

Let (u′, u′) and (v′, v′) be splittings of z1 and z2 at µ and ν, respectively. Define % :=358

float
(
(u′

T
v′) + ((u′

T
v′) + (u′

T
v))
)

and assume the absence of underflow and overflow359

in its computation. If |R(u′
T
v′)| ≤ λ‖u′‖2‖v′‖2 and |I(u′

T
v′)| ≤ λ‖u′‖2‖v′‖2, then360

(19) |R(%− aT b)| ≤ u|R(aT b)|+
√

2n(2n+ 1)u

2− 4u

(
‖z1‖2 ν + ‖z2‖2 µ+

√
2n/2 · µν

)
361

and362

(20) |I(%− aT b)| ≤ u |I(aT b)|+
√

2n(2n+ 1)u

2− 4u

(
‖z1‖2 ν + ‖z2‖2 µ+

√
2n/2 · µν

)
.363
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12 MARKO LANGE AND SIEGFRIED M. RUMP

Proof. With the notation of the proof of Theorem 10 we use that (a′, a′) is a364

splitting of a with respect to µ, (b′, b′) is a splitting of b with respect to ν and365

aT b = R(zT1 z2). In order to apply Theorem 7 we replace, as before, µ, qa, ν, qb, λ366

by µ, r1, ν, s1, λ, respectively. Regarding that the length of the vectors increased to367

2n one verifies that all assumptions of Theorem 7 are satisfied, and that proves (19).368

Along the same lines the upper bound (20) for the error of the imaginary part follows.369

All of the results in the following sections are, mutatis mutandis, valid for complex370

input as well. The adaptions are straightforward, so for clarity of the exposition we371

state the following results for real data only.372

5. Multiple and unbalanced splittings. For optimal choices of the splitting373

parameters, we showed that the error bound for our method is roughly by the factor374

2
√
βp−2/n better than the worst case error for the standard floating-point evaluation375

of a dot product. This factor can basically be realized for balanced splittings pairs,376

i.e., when the ratios ‖a‖2/µ and ‖b‖2/ν are of similar size. In the unbalanced case377

the error is basically determined by the smaller of these ratios. The improvement in378

precision compared to the standard evaluation scheme is then roughly the mentioned379

ratio divided by
√
n. Although balanced splitting is, in general, the better choice380

for achieving best accuracy, in some cases unbalanced splitting can be beneficial, for381

instance if one quantity is split into more parts than the other one. A typical example382

is matrix-vector multiplication to be discussed later in this section.383

First we extend the notation of splitting to multiple splitting points.384

Definition 12. Let µ(1) > µ(2) > · · · > µ(k) be powers of β in descending order385

and let a ∈ F be given. A (k + 1)-tuple (a(1), a(2), , . . . , a(k+1)) is called a splitting of386

a at (µ(1), µ(2), . . . , , µ(k)) if387

(21) a =

k+1∑
i=1

a(i) with a(i) ∈ µ(i)Z, |a(i+1)| ≤ µ(i)

2
for i = 1, . . . , k.388

The notation extends to vectors and matrices in the same manner as before.389

A splitting as defined above can be realized by applying the function Split re-390

cursively to the remainder part. Algorithm 3 demonstrates this exemplary for the391

splitting of a matrix.392

Algorithm 3 Split algorithm for a floating-point matrix

Require: A ∈ Fm×n, µ(i) ∈ {βj : j ∈ Z}n for i = 1, . . . , k
1: function SplitK(A, µ(1), . . . , µ(k))
2: if k = 0 then
3: return A
4: end if
5: (A(1), A(1))← Split(A1, µ

(1))

6: (A(2), . . . , A(k), A(k))← SplitK(A(1), µ(2), . . . , µ(k))

7: return (A(1), A(2), . . . , A(k), A(k))
8: end function

The conditions for a correct splitting via SplitK are given in the following lemma.393

In order to simplify the exposition, we consider the splitting of a single floating-point394

number. The generalization to vectors or matrices input is straightforward.395
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Lemma 13. Consider Algorithm SplitK for some k ∈ N. Let a ∈ F and let396

µ(1) > µ(2) > · · · > µ(k) be powers of β in descending order. Assume βp − βp−2 ∈ F.397

If398

(22) µ(1) ≥ β2−p|a| and µ(i) ≥ 1

2
β2−pµ(i−1) for i = 2, . . . , k399

then SplitK produces a splitting (a(1), a(2), . . . , a(k)) of a at (µ(1), µ(2), . . . , µ(k)).400

Proof. By the first inequality in (22), Corollary 3 is applicable for the first call401

of Split in Line 5. Thus |a(1)| ≤ 1
2µ

(1). The second inequality of (22) then implies402

µ(2) ≥ 1
2β

2−pµ(1) ≥ β2−p|a(1)| so that Corollary 3 is also applicable to the second call403

of Split within the first recursive call of SplitK. A similar argument applies to all404

calls of Split. The individual splittings are error-free and a =
∑k+1
i=1 a

(i) follows.405

Since |a(2)| can be greater than |a(1)|, the property |a(2)| ≤ 1
2µ

(1) does not neces-406

sarily follow by |a(1)| ≤ 1
2µ

(1). Nevertheless, it can be shown as a consequence of the407

properties a(1) ∈ F, a(2) ∈ µ(2)Z, |a(1)| ≤ 1
2µ

(1), and |a(2) − a(1)| ≤ 1
2µ

(2). The latter408

two inequalities imply |a(2)| ≤ 1
2µ

(1) + 1
2µ

(2). For even bases β we exploit that 1
2µ

(1)409

is an integer multiple of µ(2) and that there is no larger integer multiple of µ(2) that is410

bounded by 1
2µ

(1) + 1
2µ

(2). For odd bases β the difference between 1
2µ

(1) and the next411

larger integer multiple of µ(2) is exactly 1
2µ

(2). Furthermore, if β is odd, |a(1)| ∈ F is412

strictly smaller than 1
2µ

(1), so that |a(2)| ≤ |a(1)|+ |a(2)− a(1)| < 1
2µ

(1) + 1
2µ

(2). Since413

a(2) ∈ µ(2)Z, this implies |a(2)| ≤ 1
2µ

(1) − 1
2µ

(2). The remaining inequalities of (21)414

follow by induction.415

As an example of an unbalanced splitting, consider a dot product aT b of a, b ∈ Fn.416

Let (a′, a′) and (b′, b′′, b′′) be splittings of a and b at µ and (ν, ν′), respectively. If the417

splitting points are chosen appropriately, then it is ensured that a′
T
b′ as well as a′

T
b′′418

are evaluated without rounding errors. We exploit this by evaluating the dot product419

via420

% := float
(
((a′

T
b′) + (a′

T
b′′)) + ((a′

T
b′′) + (a′

T
b))
)
.421

For the moment assume that the addition of a′
T
b′ and a′

T
b′′ is error-free. Then a422

similar line of arguments as in the proof of Theorem 7 can be used to show423

|%− aT b| ≤ u|aT b|+ (n+ 1)u

1− 2u

(
|a′|T |b′′|+ |a′|T |b|

)
424

≤ u|aT b|+
√
n(n+ 1)u

2− 4u

(
‖a‖2 ν′ + ‖b‖2 µ+

√
n/2 · µν′

)
.425

426

To minimize this error bound, it is much more advisable to balance the ratios ‖a‖2/µ427

and ‖b‖2/ν′ rather than balancing ‖a‖2/µ and ‖b‖2/ν.428

As a suitable choice for nearly optimal splitting points, we propose to use the429

smallest powers of β satisfying430

(23) µ ≥ ‖a‖2
qa −

√
n/2

, ν ≥ ‖b‖2
qb · 2/(1 + λ)−

√
n/2

, and ν′ ≥
√
n/2 · ν
qb

431

with432

qa = (16/n)1/6 β2p/3 and qb = (n/16)1/6 βp/3.433
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14 MARKO LANGE AND SIEGFRIED M. RUMP

The inequalities in (23) imply434

µqa ≥ ‖a′‖2, νqb
√
n ≥ (1 + λ)‖b′‖2, ν′qb

√
n/2 ≥ ‖b′′‖2,435

and thereby436

(1 + λ)‖a′‖2‖b′‖2 ≤ 2βpµν and ‖a′‖2‖b′′‖2 ≤ βpµν.437

If λ is chosen correctly, i.e., |a′T b′| ≤ λ‖a′‖2‖b′‖2 [which is always satisfied for λ = 1]438

and µν ∈ F, then the conditions of Lemma 4 are satisfied and a′
T
b′ is evaluated439

without rounding error. By a similar rationale as in Section 3, it is advisable to440

use small but not too small values for λ without requiring a priori knowledge about441

the ratio |a′T b′|/(‖a′‖2‖b′‖2). However, this statement applies solely to the splitting442

parameters for the most significant dot product a′
T
b′. Even if aT b is extremely ill-443

conditioned, the product a′
T
b′′ is typically rather well conditioned. With the proposed444

splitting points we ensure that a′
T
b′′ is computed without rounding error independent445

of the choice of λ.446

Assume that n is significantly smaller than βp. In the best case scenario we then447

have ‖a‖2µ ≈ qa and ‖b‖2ν′ = ‖b‖2
ν ·

ν
ν′ ≈

2qb
1+λ ·

2qb√
n

= qa
1+λ . Hence, ‖a‖2 ν′ and ‖b‖2 µ are448

of similar size and the proposed splitting points can be expected to be close to the449

optimal feasible choice minimizing the term ‖a‖2 ν′ + ‖b‖2 µ+
√
n/2 · µν′. Moreover,450

in ill-conditioned cases with condition numbers well above 4qb/
√
n and dimensions n451

significantly smaller than βp, we have452

|a′T b′ + a′
T
b′′| ≤ |aT b|+ |a′T b′′ + a′

T
b| <

√
n

4qb
‖a‖2‖b‖2 ≤

√
n

4qb
qaµ qaν

′ = βpµν′.453

In this case, the floating-point addition of a′
T
b′ and a′

T
b′′ is error-free as well. The454

error term is then dominated by455

√
n(n+ 1)u

2− 4u

(
‖a‖2 ν′ + ‖b‖2 µ+

√
n/2 · µν′

)
/

√
n(n+ 1)u

2
· β + 1

qa
‖a‖2‖b‖2.456

Now the worst case error nu|a|T |b| in (5) for the standard floating-point evaluation457

of a dot product is improved by roughly the factor 2
β+1 (2βp/n)2/3. The same error458

estimate does not hold true for problems with smaller condition numbers. Neverthe-459

less, it is again straightforward to check that the possibly introduced rounding error is460

very small compared to the true result of the dot product aT b if its condition number461

is below 4qb/
√
n.462

An actual minimizer for the error bound above can be computed by using a similar463

approach as in Section 3. The proposed splitting serves as a starting point and we464

check whether neighboured configurations that result in smaller error bounds still465

satisfy the conditions (11) or (12).466

To emulate the evaluation in an even higher precision, we can apply the splitting467

approach recursively either to the remainder a′ or to b′′. The former leads to a468

balanced splitting approach as used in the original Ozaki’s scheme (2), the latter469

leads to an even more unbalanced splitting.470

To explore this let us now consider a more general setting where a and b are471

split into ka + 1 and kb + 1 parts, respectively. For reasons that will become clear in472

Section 7, we do not follow Ozaki’s scheme here. Instead, we evaluate all intermediate473

dot products, only combining the products that are subject to rounding errors. To474
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be precise, the dot products a • b := aT b shall be evaluated according to the following475

representation:476

(24) a • b =
∑

i≤ka,j≤kb

a(i) • b(j) +
(
a− a(ka+1)

)
• b(kb+1) + a(ka+1) • b,477

where (a(1), a(2), , . . . , a(ka+1)) and (b(1), b(2), , . . . , b(kb+1)) are splittings of a and b at478

(µ(1), µ(2), . . . , µ(ka)) and (ν(1), ν(2), . . . , ν(kb)), respectively.479

The splitting point shall be chosen in such a way that the dot products a(i) • b(j)480

are computed without rounding error for all indices i ≤ ka and j ≤ kb. If the the sum481

in (24) is evaluated using an accurate summation algorithm, then the overall error is482

determined by the rounding errors within the evaluation of (a− a(ka+1)) • b(kb+1) and483

a(ka+1) • b. Following the previous argument, the worst case error is then minimized484

by balancing the ratios ‖a‖2/µ(ka) and ‖b‖2/ν(kb). Using a similar setup as above and485

choosing the splitting points as the smallest powers of β satisfying486

(25) µ(1) ≥ ‖a‖2
qa −

√
n/2

, ν(1) ≥ ‖b‖2
qb −

√
n/2

, µ(i) ≥
√
n

2
· µ

(i−1)

qa
, ν(j) ≥

√
n

2
· ν

(j−1)

qb
487

for i = 2, . . . , ka and j = 2, . . . , kb, these ratios are approximately ‖a‖2/µ(ka) ≈488

(2/
√
n)ka−1qkaa and ‖b‖2/ν(kb) ≈ (2/

√
n)kb−1qkbb . In the light of this, we propose to489

use (25) with qa, qb being the positive solution to the nonlinear system490

qa · qb = βp491

(2/
√
n)ka−1qkaa = (2/

√
n)kb−1qkbb ,492493

which can be derived analytically as494

(26) q̂a := (2/
√
n)

kb−ka
ka+kb β

p·kb
ka+kb , q̂b := (2/

√
n)

ka−kb
ka+kb β

p·ka
ka+kb .495

We refrain from doing a detailed error analysis here. Nevertheless, following the496

previous argument, it becomes clear that the error is roughly determined by497

1

2

√
n · nu

(
‖a‖2 νkb + ‖b‖2 µka

)
≈ nu

((√
n

2q̂b

)kb
+

(√
n

2q̂a

)ka)
‖a‖2‖b‖2.498

Clearly, the accuracy that can be achieved using a strongly unbalanced splitting499

scheme is much lower than for balanced splitting schemes with similar complexity.500

Therefore, an unbalanced splitting scheme is only advisable if the dimensions of the501

factors are unbalanced as well.502

A particularly useful application for the unbalanced splitting scheme is the com-503

putation of matrix-vector products in emulated higher precision. On today’s plat-504

forms the limiting factor for the performance of computing a matrix-vector product is505

rather the time for memory accesses than the pure computational time. With respect506

to Ozaki’s scheme that was observed in [33]. The actual throughput can be signifi-507

cantly lower than theoretically possible. For matrix summations, which involve more508

memory accesses than matrix-vector products, the throughput is even worse. Hence,509

when applying the discussed splitting approaches to a matrix-vector product, a signif-510

icant amount of the overall running time is used for the splitting of the matrix. Due511

to the unbalanced workload for splitting a matrix as for a vector and the significant512

impact on the overall performance, an unbalanced splitting scheme is preferable for513

matrix-vector products.514
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16 MARKO LANGE AND SIEGFRIED M. RUMP

As an example where an unbalanced splitting is useful consider a linear system515

in n unknowns with approximate solution x computed by Matlab’s A\b. Even for516

a very ill-conditioned matrix A a residual iteration with an accurate computation517

of the residual Ax − b will usually approximate the true solution A−1b to almost518

machine precision. This is even true for extremely ill-conditioned systems with a519

condition number exceeding 10300 as shown in Section 8.3. Our methods have been520

implemented by the first author in the versatile function prodK. For example, the call521

[r,e] = prodK(A,x,-1,b,k);522

is an efficient implementation of [A b]*[x;-1] and uses the balanced splitting of523

both factors into k parts. It produces an approximate result r and vector e satisfying524

the entrywise error estimate |Ax− b− r| ≤ e. The accuracy of r is as if computed in525

nearly (k/2 + 1)-fold precision. In contrast, the call526

[r,e] = prodK(A,x,-1,b,[k1,k2]);527

uses an unbalanced splitting of the first factor into k1 and of the second factor into528

k2 parts with the same error estimate |Ax− b− r| ≤ e.529

In order to monitor the difference of the unbalanced and balanced splitting for530

k > 2 we calculate an approximate solution of the linear system Ax = b as an531

unevaluated sum x+ y of two vectors [48]532

x = A\b; y = A\prodK(1, b, A,−x, 3);533

Then using534

[r1, e1] = prodK(A, x, A, y,−1, b, k); [r2, e2] = prodK(A, x, A, y,−1, b, [k, ks]);535

implies the two entrywise estimates536

|Ax+Ay − b− r1| ≤ e1 and |Ax+Ay − b− r2| ≤ e2 .537

We use this to show in Table 1 that in a similar computing time the unbalanced538

splitting may produce more accurate results. For different dimensions n we compare539

the balanced splitting of both factors into k parts with the unbalanced splittings540

[k, k+1] and [k, k+2]. After the dimension and value of k the third and fourth column541

of Table 1 show the median ratio of computing times of the unbalanced versus the usual542

splitting for some 105 random tests. The fifth to seventh column show the median of543

the spectral norms ‖e1‖ and ‖e2‖ of the errors, the latter for ks ∈ {k + 1, k + 2}.544

Before interpreting computing times we have to admit that, at least for smaller545

dimensions and smaller number of splittings, the computing times for identical settings546

may differ significantly. In order to decrease the volatility we first perform every task547

two times before actually measuring computing times.548

The computing times in Table 1 for balanced and unbalanced splitting do not549

differ too much. Thus, in particular the splitting [k, k + 2] yields significantly better550

error bounds for the residual of the linear system in a similar computing time.551

We close this section with some accuracy and performance comparisons for the552

balanced splitting approach. A comparison of the accuracy Ozaki’s method and our553

new Algorithm prodK is shown in Figure 3. For a similar computational cost we554

observe a substantial gain in accuracy, the larger the value of k, the greater the555

benefit. The examples are computed using Matlab on a standard Laptop, in particular556
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Table 1
Results for balanced vs. unbalanced splitting

n k
median time ratio median relative error

[k, k + 1]/k [k, k + 2]/k ‖e‖ ‖e1‖ ‖e2‖
2 1.00 0.98 1.32 · 10−22 8.45 · 10−23 3.30 · 10−25

500 3 0.94 0.97 1.55 · 10−29 9.58 · 10−30 1.33 · 10−32

4 0.98 0.83 2.92 · 10−36 1.93 · 10−36 5.27 · 10−39

2 0.98 0.99 4.12 · 10−21 3.45 · 10−21 3.37 · 10−24

1000 3 0.96 0.94 9.82 · 10−28 4.04 · 10−28 2.81 · 10−31

4 0.95 0.77 1.87 · 10−34 8.26 · 10−35 1.53 · 10−38

2 1.00 1.03 1.50 · 10−20 1.77 · 10−20 6.90 · 10−23

2000 3 0.99 1.11 3.58 · 10−27 2.12 · 10−27 2.96 · 10−30

4 1.00 1.08 6.85 · 10−34 4.32 · 10−34 1.70 · 10−36

2 0.99 1.03 6.60 · 10−19 2.39 · 10−19 4.67 · 10−22

5000 3 1.00 1.04 3.50 · 10−25 1.23 · 10−25 2.40 · 10−28

4 0.99 1.05 1.59 · 10−31 5.43 · 10−32 2.48 · 10−35

Fig. 3. Accuracy of dot products of length 1000 for condition numbers up to 1025

using IEEE 754 double precision with relative rounding error unit 2−53 ≈ 10−16, i.e.,557

roughly 16 decimal digits precision. As the new method is based on the Euclidean558

rather than the ∞-norm we expect a little better accuracy. The relative error of the559

result for dot products and k ∈ {1, 2, 3} splittings is shown red for Ozaki’s scheme,560

and in blue for the new method. The larger the spread of the magnitude of the vector561

elements, the fewer digits are contained in the high order parts of the splittings and562

the better is the accuracy, as can be seen in Figure 3.563

For a randomly generated matrix A and right-hand side b we use Matlab’s back-564

slash operator to compute an approximate solution x of Ax = b. It is known that,565
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18 MARKO LANGE AND SIEGFRIED M. RUMP

basically independent of the condition number, the computation of the residual Ax−b566

is ill-conditioned.567

The accurate computation of residuals is the key to successful residual iterations.568

A suitable candidate to realize this in Matlab is the multiple-precision toolbox Ad-569

vanpix [17].8 It provides a large number of Matlab functions with specifiable precision570

and is an extremely useful tool in numerical analysis. Our own implementation prodK571

is entirely written in Matlab suffering from interpretation overhead, while Advanpix572

is written in highly-optimized C-code.573

The value k corresponds in prodK to about (k/2+1)-fold precision relative to the574

relative rounding error unit, which is u = 2−53 ≈ 10−16 in binary64 (double precision).575

In Advanpix mp.Digits(p) is used to specify roughly p decimal digits precision. Thus576

the values for k = 2, . . . , 5 correspond to p = 32, 40, 48, 56, respectively. The value577

p = 34 is reserved in Advanpix for a particularly fast implementation of extended578

precision, and numerical evidence suggests that using p = 34 is up to some 50% faster579

than p = 32. Therefore we use p = 34 in Advanpix to correspond to k = 2 in prodK.580

In the left of Table 2 we display the ratio of computing times for the real vector581

residual Ax− b, and in the right for its complex counterpart.

Table 2
Ratio of computing times of Advanpix’s mp to prodK for real and complex residuals

n
real residual Ax− b complex residual Ax− b

k = 2 k = 3 k = 4 k = 5 k = 2 k = 3 k = 4 k = 5
200 1.1 2.1 2.1 2.2 1.0 2.3 2.6 2.1
500 2.3 5.3 4.4 4.4 1.5 3.2 3.1 2.7

1000 2.3 5.1 3.4 4.1 1.5 2.4 2.8 2.7
2000 1.8 4.1 3.0 3.1 2.5 5.7 5.4 4.8
5000 1.5 3.5 2.6 2.5 1.0 2.2 2.2 2.1

582

We see in Table 2 that our prodK is significantly faster than the mp toolbox for real583

and for complex vector residuals. However, we want to stress that the comparison584

is not completely fair as prodK is tuned to matrix and vector residuals while the585

mp-toolbox provides a general arbitrary-precision arithmetic. Besides that, according586

to the author Pavel Holoborodko [18] the main reason that Advanpix is slower than587

prodK is the significant overhead that MATLAB itself imposes for custom data types.588

This involves extra data copying and a time-consuming process of creating new mp-589

objects by calling the MATLAB interpreter from within native code.590

6. Matrix-matrix products. Before discussing certain specifics to and adap-591

tations of the algorithm for matrix-matrix products, a few words about the compu-592

tational cost of evaluating a dot product aT b in nearly 1.5-fold precision using the593

presented algorithm with k = 1. Determining the splitting parameters µ̂ and ν̂ for594

given vectors a, b ∈ Rn requires the computation of the Euclidean norms of these595

vectors. This involves roughly 4n floating-point operations, which can be halved if596

the fused multiply-add (FMA) operation [34] is available. The splitting of a and b597

into (a′, a′) and (b′, b′), respectively, involves another 3n operations for each vector.598

And the evaluation of float
(
(a′

T
b′) + ((a′

T
b′) + (a′

T
b))
)

requires 6n operations, which599

8One might think to use the variable precision arithmetic vpa of the symbolic toolbox of Matlab
to compare with, however, tests show that it is more than two orders of magnitude slower than
Advanpix when using the same precision.
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can be halved as well by using FMA. Overall the method discussed in the previous600

section involves 16n or 11n operations without or with FMA, respectively.601

The Algorithm Dot2 [37] yields typically an even higher accuracy but involves 25n602

floating-point operations without FMA, reducing to 10n operations if the error free603

transformation of the individual products is realized using FMA. One big advantage604

of the presented method is that the computations can be done using highly opti-605

mized BLAS routines [5]. An efficient implementation of Dot2 and related algorithms606

requires to perform optimizations by hand, which becomes even more difficult in in-607

terpreted high-level languages such as MATLAB or Python. The second advantage608

of the discussed method is the efficiency when used with matrix-matrix products.609

To show the latter, consider the product AB of two square matrices A,B ∈ Rn×n.610

Their product involves n2 individual dot products but only 2n vectors {a1, . . . , an}611

and {b1, . . . , bn} where ai corresponds to the ith row of A and bj to the jth column612

of B, respectively. The Euclidean norms of the respective vectors can therefore be613

computed in O(n2) operations. Similarly, the computational effort for the splitting614

of the vectors ai and bj can be reduced. Instead of computing optimal splitting615

parameters (µ̂ij , ν̂ij) for each individual dot product aTi bj , we will determine nearly616

optimal parameters µi for each ai and νj for each bj so that (12) is satisfied for all617

pairs (i, j). This can be realized simply by using the same qa for all rows of A and618

the same qb for all columns of B.619

Let µi, νj to be the minimal powers of β satisfying (12) for given vectors ai, bj and620

qa = qb = q̂ :=
√

2βp/(1 + λ). In the worst case scenario µi ≈ β ‖ai‖2qa
and νj ≈ β ‖bj‖2qb

621

such that622

‖ai‖2 νj + ‖bj‖2 µi + 1
2

√
nµiνj ≈ 2βq̂−1‖ai‖2‖bj‖2.623

Compared to the setting where we choose optimal (µ̂ij , ν̂ij) for each individual dot624

product, the error bound increases at most by the factor 2β
β+1 , which is an increase of625

about 33% in binary format. The better performance outweighs this loss in accuracy.626

By computing µi and νj as described above, we derive splitting vectors µ for627

A and ν for B. The splitting of A and B into (A′, A′) and (B′, B′), respectively,628

requires O(n2) operations. The main computational effort is therefore the evaluation629

of float
(
(A′

T
B′)+((A′

T
B′)+(A′

T
B))

)
, which requires roughly 6n3 or 3n3 operations630

without or with FMA, respectively. This is significantly better than the 25n3 or 10n3631

floating-point operations when using Dot2.632

Ozaki’s scheme (2) also performs favourably when compared to multi-word arith-633

metic. Consider for instance the double-word arithmetic introduced in [21, 11, 4].634

Without support for FMA the double-word multiplication is typically realized using635

24 floating-point operations and addition by 11 operations, so that this amounts for636

the product of quadratic n×n matrices to 35n3 floating-point operations. To achieve637

a similar accuracy with Ozaki’s scheme as with double-word arithmetic, we have to638

set k to at least 2. In this setup, the computational effort is determined first and639

foremost by the involved matrix multiplications. For k = 2 the algorithm requires 6640

matrix multiplications and therefore 12n3 floating-point operations. If FMA is avail-641

able, the complexity reduces from 35n3 to 19n3 for the double-word multiplication642

[20, Algorithms 5 and 11], and from 12n3 to 6n3 operations for Ozaki’s scheme.643

One might argue that the comparison is rather unfair because the complexity644

for the double-word arithmetic assumes double-word input data, and because the645

error estimate of prodK for k = 2 is worse than that of double-word arithmetic. In646

Subsection 8.3 we show that multiple-precision input does not inherently increase the647
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complexity of our algorithm Hence the comparison of this setup is still reasonable.648

Nevertheless, even if we consider the double-word multiplication of single-word input,649

which reduces to the TwoProductFMA algorithm [34], and compare it with the accuracy650

setup k = 3, the complexity estimate is still in favour Ozaki’s scheme (2): 13n3 for651

the double-word arithmetic versus 10n3 floating-point operations for Ozaki’s scheme.652

Moreover, with the alternative evaluation scheme that will be introduced in Section 7653

and the various improvements discussed in Section 8, the complexity consideration is654

even more in favour of our approach.655

From a practical point of view, even more important than the advantageous com-656

plexity bound is the possibility to use highly optimized level-3 BLAS routines for the657

computations. Algorithms based on cascaded summation approaches, such as Dot2,658

require to implement optimized micro-kernels for the respective BLAS routines on659

different platforms; keeping them up to date requires quite some effort.660

At this point it is noteworthy that the benefit of choosing fixed splitting points661

µi or νj for each vector instead of optimal splitting points (µ̂ij , ν̂ij) for each pair of662

vectors lies not so much in the reduced effort for the splitting but rather the efficient663

use of the level-3 BLAS routines. To see this, define µ̃i := βblogβ(‖ai‖2/(qa−
√
n/2))c664

and ν̃j := βblogβ(‖bj‖2/(qb−
√
n/2))c for all feasible indices. From the discussion in the665

previous section, we know that for any index pair i, j the corresponding optimal666

splitting points (µ̂ij , ν̂ij) lie in the set {(µ̃i, ν̃j), (βµ̃i, ν̃j), (µ̃i, βν̃j), (βµ̃i, βν̃j)}. It667

is therefore sufficient to apply two splittings to each column vector of A and B so668

that the effort for the splitting remains insignificant. A drawback of using individual669

splitting points is that it jeopardizes an efficient use of level-3 BLAS routines.9670

Assume that we have10 some function to compute the next power of β to some671

floating-point number, i.e., NextPowerOfBeta(f) := min{βi : i ∈ Z, βi ≥ |f |}. If672

the environment enables directed rounding modes, it is straightforward to compute673

rigorous upper bounds for the left-hand sides in (23). In the absence of directed674

rounding modes, one can exploit the error estimate from [34] to compute verified675

upper bounds in floating-point arithmetic using rounding to nearest. To be precise,676

we compute µ and ν by Algorithm 4.677

A possible implementation for evaluating a matrix product in higher precision is678

given in Algorithm 5. In the subsequent sections we will discuss modifications of this679

algorithm for further improvements.680

Similar to Figure 3 in the previous section, we now compare the accuracy of681

the product of two n × n matrices for n = 1000 for condition numbers up to 1025.682

In Figure 4 a condition number c means that all n2 dot products share the same683

condition number c. The displayed data is computed with the algorithms presented684

up to now. In the next section a further acceleration using Karatsuba’s method will685

be introduced, therefore we mention “without Karatsuba” in the title of Figure 4.686

As can be seen the new method is more accurate than Ozaki’s scheme (2), in687

particular for larger number of splittings. Note that for condition number up to 1016688

and k = 3 the results of both Ozaki’s scheme and the new scheme in prodK are689

maximally accurate.690

For the sake of completeness and due to the absence of highly optimized imple-691

mentations of multi-word matrix products, we repeat the comparison of Table 2 for692

9The most efficient approach that we came up with is based on a splitting of A and B into three
parts that match the two possible splittings into two parts. This still doubles the computational
effort when compared to the nearly optimal splitting. There are better alternatives to use additional
computations to increase the precision of the output, see Section 5.

10Similar to NextPowerTwo for binary in [55].
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Algorithm 4 Algorithm to compute µ from q

Require: A ∈ Fm×n, q ∈ F, q >
√
n/2 + 1, η := min{f ∈ F : f > 0}

1: function ComputeMu(A, q)
2: for j ← 1 to n do
3: s← 0
4: for i← 1 to m do
5: s← float(s+ aij · aij)
6: end for
7: su ← float(((m+ 1)u) · (s+m · η)) . su ≥ ‖a:j‖22
8: tu ← float(

√
su/((1− 4u)q −

√
n/2)) . tu ≥ ‖a:j‖2/(q −

√
n/2)

9: µi ← NextPowerOfBeta(tu)
10: end for
11: return µ
12: end function

Algorithm 5 Evaluate ATB in nearly 1.5-fold precision with λ = 1

Require: A ∈ Fm×na , B ∈ Fm×nb
1: function MatProd2(A, B)
2: qa ← fl(

√
βp)

3: qb ← fl(((1− u)βp)/qa)
4: µ← ComputeMu(A, qa)
5: ν ← ComputeMu(B, qb)
6: (A′, A′)← Split(A,µ)
7: (B′, B′)← Split(B, ν)

8: return float((A′
T
B′) + ((A′

T
B′) + (A′

T
B)))

9: end function

its matrix counterpart, i.e., for the ratio of computing times between the mp-toolbox693

and our prodK implementation when applied to the matrix residual RA − I for an694

approximate inverse R of A and I denoting the identity matrix.

Table 3
Ratio of computing times of Advanpix’s mp to prodK for real and complex matrix residuals

n
real residual RA− I complex residual RA− I

k = 2 k = 3 k = 4 k = 5 k = 2 k = 3 k = 4 k = 5
200 13.7 32.2 28.7 38.9 30.2 82.7 84.6 81.4
500 33.6 57.7 46.6 42.1 53.3 91.1 71.7 70.6

1000 50.6 74.8 63.9 59.1 72.1 126.2 98.6 101.0
2000 62.9 112.1 91.4 93.4 93.2 170.7 141.5 143.3
5000 87.9 153.2 118.7 99.8 105.6 185.0 141.4 152.2

695

We want to stress again that the comparison is not completely fair, see the remarks696

following Table 2. Having said this we see in Table 3 that our prodK is up to two697

orders of magnitude faster than the mp toolbox for matrix residuals. The ratios for698

complex matrix input are even more in favour prodK.699

For complex matrix multiplication the “3M”-method [59, 63], going back to700

Strassen’s famous paper about non-optimality of Gaussian elimination, was also used701

in combination with Ozaki’s scheme [22, 23]. Unfortunately our own “3M”-version702
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Fig. 4. Accuracy of matrix products of dimension 1000 for condition numbers up to 1025

of prodK offered only marginal speed improvements on our computational environ-703

ment, possibly due to interpretation overhead, the additional matrix summations and704

Matlab/BLAS optimizations of complex matrix products. We therefore refrain from705

giving computational results here.706

We close this section with a timing comparison between our prodK and ordinary707

floating-point matrix multiplication. The former is implemented in pure Matlab code708

suffering from interpretation overhead and other obstacles, where the latter calls a709

highly optimized BLAS routine. We generate an n × n matrix A with condition710

number 1012 randomly and test RA − I for R = inv(A). The accuracy is measured711

as the median of all entries of |RA− I − res| for res denoting the floating-point and712

prodK result, respectively. Table 4 shows the results for prodK(R,A,-1,eye(n),k)11,713

where the upper part is for k = 1 and the lower for k = 2.714

For k = 1 the results are more accurate than pure floating-point with a time715

penalty of a factor 3 to 4, for k = 2 much more accurate with more time penalty. In716

many applications an inclusion of RA− I is important. To that end we may calculate717

R*A-eye(n) in floating-point in rounding downwards and upwards to obtain mathe-718

matically true bounds. The call [res,E] = prodK(R,A,-1,eye(n),k) produces res,719

E such that res − E ≤ RA − I ≤ res + E is mathematically correct using entrywise720

comparisons.721

As expected and shown in Table 5, the result by prodK is more accurate with some722

time penalty. Results for k = 3 are not displayed because all inclusions by prodK are723

11The mechanism and benefit of the residual formulation will be described in Subsection 8.2.
Moreover, in order to see the inherently achieved accuracy we actually use prodK with the option for
multiple-precision output. To be precise, we use prodK(R,A,-1,eye(n),k,’OutputTerms’,L) with
L = 4 meaning that, as mentioned in the introduction, the result of AB is stored in an unevaluated
sum of L matrices. More details will be given in Subsection 8.3. Without that option all values in
the last column of Table 4 are of size 10−16.
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Table 4
Timing and accuracy for approximating RA− I using prodK and ordinary floating-point arith-

metic

k n tfl tprodK tprodK/tfl acc fl acc prodK

1

1000 0.02 0.09 4.1 3.0e-12 1.1e-18
2000 0.12 0.52 4.4 9.4e-13 6.6e-19
5000 1.57 6.83 4.3 1.8e-13 2.3e-19

10,000 18.30 50.60 2.8 5.1e-14 1.0e-19

2

1000 0.02 0.16 7.3 3.1e-12 1.7e-24
2000 0.12 0.87 7.4 9.5e-13 1.3e-24
5000 1.57 11.86 7.6 1.9e-13 5.2e-25

10,000 18.00 89.80 4.9 5.2e-14 3.0e-25

Table 5
Timing and accuracy for including of RA− I using prodK and floating-point arithmetic

n tfl
tprodK/tfl acc fl

accuracy prodK

k = 1 k = 2 k = 1 k = 2
1000 0.03 2.8 5.0 8.9e-5 7.4e-8 4.6e-13
2000 0.24 2.2 3.7 3.5e-5 7.4e-8 9.0e-13
5000 3.62 1.9 3.2 9.8e-6 7.4e-8 5.0e-13

10,000 31.20 1.8 3.0 3.8e-6 6.8e-8 9.4e-13

maximally accurate, i.e., the error is below the relative rounding error unit 10−16.724

Further computing times with and without split part reduction are postponed to725

Table 9 in the next section in order to combine them with using Karatsuba’s method.726

7. Karatsuba’s and Toom-Cook’s method for a more efficient evalua-727

tion of accurate matrix-matrix products. The main drawback of Ozaki’s scheme728

(2) is the large computational complexity for higher emulated precision: when split-729

ting into k parts, the computational effort increases quadratically with k. The focus730

of this section is a reformulation of Ozaki’s scheme (2) to tackle this drawback. We731

use the notation from the introduction.732

To reduce the complexity of Ozaki’s scheme, we borrow from strategies for long733

integer multiplication. Let given matrices A and B be split into k+ 1 parts as in (1).734

The straightforward evaluation of the product of these sums involves (k+ 1)2 matrix735

products. As in long integer multiplication, Ozaki et al. [43] reduce this number to736
(k+1)(k+2)

2 by combining the less significant half of these products into k+1 remainder737

terms. Here we take a slightly different approach and only combine the products that738

might not be computed error-free into two remainder terms. Instead of (2) we consider739

the balanced matrix version of (24):740

(27) AB =
∑
i,j≤k

A(i)B(j) + (A−A(k))B(k) +A(k)B︸ ︷︷ ︸
remainder terms

.741

For k > 2 this evaluation scheme involves more matrix products than Ozaki’s orig-742

inal scheme (2), however, the benefit is a rather straightforward application of fast743

multiplication strategies such as the Karatsuba algorithm. As an example, consider744

a balanced splitting of AT and B at (µ, τµ) and (ν, τν), respectively:745

AT = A′
T

+A′
T

+A′′
T

and B = B′ +B′′ +B′′,746
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where µ, ν are vectors of splitting points and τ ∈ βZ is the constant factor to the next747

order splitting point. Above we use the transpose of A to clarify that the splittings748

at µi and µ′i are applied row-wise and not column-wise as for B. The constant749

factor τ between the first and second splitting point of each element deprives us750

of the freedom to choose individually optimized second splitting points. In return751

for a very small reduction of the accuracy, this allows for a significant reduction of752

the computational complexity. We exploit the idea of Karatsuba’s algorithm and753

reformulate A′B′′ +A′′B′ as754

(τA′ +A′′)(B′ + τ−1B′′)︸ ︷︷ ︸
=:T2

−τ A′B′︸ ︷︷ ︸
=:T1

−τ−1A′′B′′︸ ︷︷ ︸
=:T3

.755

756

The reformulation involves O(n2) additional operations but saves us one expensive757

matrix product. Let T4 := float
(
(A′+A′′)B′′

)
and T5 := float(A′′B) be (approximate)758

floating-point evaluations of the remainder terms in (27). The approximation of C =759

AB is then derived via760

(28) C̃ = float
(
(T1 + (T2 − τT1 − τ−1T3)) + (T3 + T4 + T5)

)
.761

This approach reduces the number of matrix products from six for Ozaki’s evaluation762

scheme (2) to five. Moreover, the ordered summation of the first two matrix products763

yields a very small relative error. In very ill-conditioned cases this summation is764

error-free and the overall error is determined by the rounding errors in T4 and T5.765

The evaluation scheme in (28) makes only sense if we can ensure that T1, T2, and766

T3 are evaluated without rounding errors. To that end, a sufficient condition is given767

in the following lemma. We consider a dot product rather than a matrix product for768

the ease of notation.769

Lemma 14. Let a, b ∈ Fn and µ, ν, τ ∈ βZ be given. The tuples (a′, a′′, a′′) and770

(b′, b′′, b′′) shall be splittings of a and b at (µ, τµ) and (ν, τν), respectively. Define771

t1 := float
(
a′
T
b′
)
, t2 = float

(
(τa′ + a′′)T (b′ + τ−1b′′)

)
, t3 := float

(
a′′
T
b′′
)
.772

If τ2µν ∈ F and773

(29)

(
‖a′‖2
µ

+
‖a′′‖2
τµ

)
·
(
‖b′‖2
ν

+
‖b′′‖2
τν

)
≤ βp,774

then775

a′
T
b′ = t1, a′

T
b′′ + a′′

T
b′ = float(t2 − τt1 − τ−1t3), and a′′

T
b′′ = t3.776

In particular, (29) is satisfied if777

(30) µ ≥ ‖a‖2
βp/2 − 1+τ

2τ

√
n
, ν ≥ ‖b‖2

βp/2 − 1+τ
2τ

√
n
, and

1 + τ

2τ
<

√
βp

n
.778

Proof. The condition (29) implies the following inequalities779

‖a′‖2‖b′‖ ≤ βpµν, ‖τa′ + a′′‖2‖b′ + τ−1b′′‖2 ≤ βpτµν, ‖a′′‖2‖b′′‖ ≤ βpτ2µν.780

Hence we can apply Lemma 4 to all three dot products t1, t2, t3. It is also straightfor-781

ward to show that the intermediate results of float(t2 − τt1 − τ−1t3) are all bounded782
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by βpτµν. The subtraction is therefore error-free as well and the main statement of783

Lemma 14 follows.784

The third inequality in (30) ensures that the denominators of the other fractions785

are positive. From the first inequality we then derive786

βp/2 ≥ ‖a‖2
µ

+
1 + τ

τµ
·
√
nµ

2
≥ ‖a‖2

µ
+

1 + τ

τµ
· ‖a′′‖2 ≥

‖a′‖2
µ

+
‖a′′‖2
τµ

.787

Similarly, the second inequality in (30) implies βp/2 ≥ ‖b
′‖2
µ + ‖b

′′‖2
τµ , which proves the788

implication (30) ⇒ (29).789

A suitable choice for the factor τ is790

τ := β−b(p−logβ n)/2c.791

For reasonable dimensions n � βp, this yields 1+τ
2τ

√
n ≈ 1

2τ
−1
√
n ≈ 1

2β
(p−1)/2.792

The smallest feasible µ and ν satisfying (30) are then approximately of the sizes of793

2β(1−p)/2‖a‖2 and 2β(1−p)/2‖b‖2, respectively. Let the dot product aT b be evaluated794

according to (28). By a similar argument as before, the overall error of the computed795

approximation is either very small in relation to the true result or it is dominated by796

the rounding errors in t4 := float
(
(a′ + a′′)T b′′

)
and t5 := float(a′′

T
b), where797

|(a′ + a′′)T b′′ + a′′
T
b− float(t4 + t5)| ≤ (n+ 1)u

1− u

(
|a′ + a′′|T |b′′|+ |a′′|T |b|

)
.798

Hence, the error bound is roughly by the factor ‖b
′′‖2
‖b‖2 + ‖a

′′‖2
‖a‖2 ≈

√
nτν

2‖b‖2 +
√
nτµ

2‖a‖2 ≈ 2nβ1−p799

better than the error bound for standard evaluation.800

If the considered application demands for even higher precision, then we have801

to split A and B into more parts. The Toom-Cook multiplication can be seen as a802

generalization of Karatsuba’s algorithm [21]. The method consists of the following803

steps:804

• interpret the first k split parts as coefficients of polynomials of degree k − 1,805

• evaluate the polynomials at 2k − 1 points,806

• compute the values of the product polynomial via point-wise multiplication,807

• apply interpolation to compute the coefficients of the product polynomial,808

• reinterpret and accumulate the computed coefficients.809

For a detailed explanation of the Toom-Cook algorithm and further details see [21]810

and the references therein.811

As an example, consider the matrix product evaluation for balanced splittings812

into four parts. For k = 3, Ozaki’s original scheme (2) involves ten matrix products,813

while the basic evaluation scheme in (27) requires eleven matrix multiplications. By814

applying the Toom-Cook multiplication approach, the number of matrix products can815

be reduced to seven. Let (A′
T
, A′′

T
, A′′′

T
, A′′′

T
) and (B′, B′′, B′′′, B′′′) be splittings816

of AT and B at (µ, τµ, τ2µ) and (ν, τν, τ2ν), respectively. We follow the Toom-Cook817

multiplication approach and select {−1, 0, 1, 2,∞} as interpolation points. In our818
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setting the corresponding matrix products are819

T1 := float
(
(A′ − τ−1A′′ + τ−2A′′′)(B′ − τ−1B′′ + τ−2B′′′)

)
,820

T2 := float
(
(τ−2A′′′)(τ−2B′′′)

)
,821

T3 := float
(
(A′ + τ−1A′′ + τ−2A′′′)(B′ + τ−1B′′ + τ−2B′′′)

)
,822

T4 := float
(
(4A′ + 2τ−1A′′ + τ−2A′′′)(4B′ + 2τ−1B′′ + τ−2B′′′)

)
,823

T5 := float(A′B′).824825

By using the scaling factor τ−2 in T2, we force all matrix products to be element-wise826

integer multiples of µνT . To ensure the error-free evaluation of T1, . . . , T5, we require827

that (mini µi)(minj νj) ∈ F and replace the condition (29) with828

(31) ∀i, j :

(
4
‖a′i‖2
µj

+ 2
‖a′′i ‖2
τµi

+
‖a′′′i ‖2
τ2µi

)
·
(

4
‖b′j‖2
νj

+ 2
‖b′′j ‖2
τνj

+
‖b′′′j ‖2
τ2νj

)
≤ βp,829

where ai and bj denote the ith row of A and the jth column of B, respectively. The830

interpolation at {−1, 0, 1, 2,∞} then yields831

A′B′ = T5,832

A′B′′ +A′′B′ = τ
(
− 1

6T1 + 1
2T2 − 1

2T3 + 1
6T4 − 2T5

)
,833

A′B′′′ +A′′B′′ +A′′′B′ = τ2
(

1
2T1 − T2 + 1

2T3 − T5

)
,834

A′′B′′′ +A′′′B′′ = τ3
(
− 1

3T1 − 1
2T2 + T3 − 1

6T4 + 2T5

)
,835

A′′′B′′′ = τ4T2.836837

The evaluation of AB using the five matrix products T1, . . . , T5 together with the838

two remainder terms (A − A′′′)B′′′ and A′′′B is rather straightforward. However,839

some caution is necessary with intermediate results that might not be representable840

as floating-point matrices, for instance, 1
3T1 or 1

6T4. This issue can be resolved by841

putting 1
6 outside the brackets. Optimal and error-free evaluation sequences for Toom-842

Cook multiplication are discussed in [6, 7].843

By a similar argument as in Lemma 14, we derive the simplified conditions844

∀i, j : µi ≥
4‖ai‖2

βp/2 − 3+4τ
2τ

√
n
, νj ≥

4‖bj‖2
βp/2 − 3+4τ

2τ

√
n
,

3 + 4τ

2τ
<

√
βp

n
,845

which implies (31). In this setting, we advise to set846

τ = β−b(p−logβ(6n))/2c.847

The reduced complexity compared to Ozaki’s original scheme (2) is achieved in return848

for a little loss of accuracy. With increasing k the conditions to ensure the error-849

free evaluation of the involved matrix products become more strict, which leads to850

smaller step lengths between the splitting points. As in the application of integer851

multiplication, at some point it becomes more advisable to apply the Toom-Cook852

algorithm recursively instead of further increasing the degree of the polynomial for853

interpolation. The largest value of k for which the described reformulation approach854

still makes sense depends on the dimension of the involved matrices and the precision855

of the underlying floating-point format. An often used format is binary64 of the856

IEEE 754 standard, where p = 53. In this setting it makes sense to use Toom-Cook857
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for k = 5. For the rare cases of even further splittings (k > 5) we advise to apply858

Karatsuba and Toom-Cook recursively.859

In our implementation prodK, for reasons of simplicity and a better performance860

at low and medium problem sizes, we focus on the Karatsuba recursion. As in the861

Karatsuba algorithm, for k being powers of two, the recursive application of the862

discussed reformulation is pretty straightforward. This allows for a reduction of the863

complexity from k2 to roughly klog2 3 matrix products. If k is not a power of two, the864

remainder terms are divided into sub-problems exploiting already computed matrix865

products. As an example, consider the convolution for k = 3 as above.866

Let again (A′
T
, A′′

T
, A′′′

T
, A′′′

T
) and (B′, B′′, B′′′, B′′′) be splittings of AT and867

B at (µ, τµ, τ2µ) and (ν, τν, τ2ν), respectively. For the convolution of the two most868

significant parts, i.e., (A′ + A′′)(B′ + B′′), we need to evaluate the following three869

matrix products:870

T1 := float(A′B′),871

T2 := float
(
(A′ + τ−1A′′)(B′ + τ−1B′′)

)
,872

T3 := float(τ−1A′′ · τ−1B′′).873874

Instead of individually computing all remaining products with factors A′′ and B′′,875

respectively, we exploit that A′B′ and A′′B′′ have already been computed. Following876

Karatsuba’s approach, we additionally evaluate877

T4 := float
(
(A′ + τ−2B′′′)(B′ + τ−2B′′)

)
,878

T5 := float
(
(τ−1A′′ + τ−2A′′)(τ−1B′′ + τ−2B′′′)

)
,879

T6 := float(τ−2A′′′ · τ−2B′′′)880881

and use, for suitable choices of µ, ν, and τ , the equations882

A′B′′′ +A′′′B′ = τ2(T4 − T1 − T6),883

A′′B′′′ +A′′′B′′ = τ3(T5 − T2 − T6),884

A′′′B′′′ = τ4T6.885886

Together with the two error terms, this approach requires overall 8 matrix products.887

This is one multiplication more than the direct application of Toom-Cook but still888

two matrix multiplications less than the original approach (2) by Ozaki.889

Algorithm 6 demonstrates a recursive method for implementing the Karatsuba890

approach. The input matrices A and B shall already be split and scaled in the891

caller function, such that Ai = τ1−iA(i) for i = 1, . . . , ka, and Bj = τ1−jB(j) for j =892

1, . . . , kb. In turn, the output of ConvKara has to be scaled back, i.e., C
(i)
out = τ i−1Ci893

for all feasible indices, and we still need to consider the error term AB(k) +A(k)(B −894

B(k)) in the caller function. For k > 1 most of the work is done in ConvKara, which895

is initially called with noff = 0 and ks = 0. The distinction of the splitting parts into896

ka and kb is required to deal with our reduction option, where all zero remainder897

parts are omitted from the calculation. The recursion given in Algorithm 6 is still a898

simplification of the actual implementation prodK, which includes further code paths899

omitting all products and sums with zero.900
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Algorithm 6 Recursive convolution algorithm for Karatsuba evaluation

1: function ConvKara(A1, . . . , B1, . . . , ka, kb, noff , ks)
2: k = NextPowerOf2(max(ka, ka))
3: if noff > 0 then
4: Ai ← Ai +Ai+noff for i = 1, . . . , 1 + ka
5: Bi ← Bi +Bi+noff for i = 1, . . . , 1 + kb
6: ka, kb ← k, k
7: end if
8: k1, k2 ← k/2,NextPowerOf2(max(ka, kb)− k/2)
9: if k = 1 then

10: return (A1B1, 0) . S1 is not used
11: end if
12: Ci ← 0 for i = 1, . . . , k + 2k2 − 1 . (AhighBhigh, AlowBlow)
13: Si ← 0 for i = 1, . . . , k + 2k2 − 1 . for intermediate results
14: Xi ← 0 for i = 1, . . . , k − 1 . AhighBlow +AlowBhigh

15: (C1, . . . , Ck−1, S1, . . .)← ConvKara(A1, . . . , B1, . . . ,min(ka, k1),min(kb, k1), 0, ks)
16: if ka ≤ k1 then
17: (X1, . . .)← ConvKara(A1, . . . , B1+k1 , . . . , ka, kb − k1, 0, 0)
18: else if kb ≤ k1 then
19: (X1, . . .)← ConvKara(A1+k1 , . . . , B1, . . . , ka − k1, kb, 0, 0)
20: else if k2 = k1 then
21: (X1, . . .)← ConvKara(A1, . . . , B1, . . . , k1, k1, 0, 0)
22: (Ck+1, . . . , Sk+1, . . .)← ConvKara(Ak1+1, . . . , Bk1+1, . . . , ka − k1, kb − k1, 0, ks)
23: else
24: for j ← 0 to k1/k2 − 1 do
25: (Y1, . . .)← ConvKara(A1+jk2 , . . . , B1+jk2 , . . . , k2, k2, k1 − jk2, 0)
26: Xi+jk2 ← Xi+jk2 + (Yi+jk2 − Si+2jk2 − Ck+i) for i = 1, . . . , 2k2 − 1
27: end for
28: (Ck+1, . . .)← ConvKara(Ak1+1, . . . , Bk1+1, . . . , ka − k1, kb − k1, 0, 0)
29: end if
30: Ck1+i ← Ck1+i +Xi for i = 1, . . . ,min(k − 1, k1 + 2k2 − 1)
31: if ks = k then
32: Si ← Ci for i = 1, . . . , 2k − 1
33: end if
34: return (C1, . . . , S1, . . . )
35: end function

From Algorithm 6 we can extract a recursive definition of the actual number of901

matrix multiplications required for the multiplication of two splittings into ka+1 and902

kb + 1 parts, respectively. Unfortunately, we were not able to form a nice closed form903

from the recursive definition. An upper bound for the number of required matrix904

products is given by 3dlog2(max(ka,kb))e + 2. Table 6 compares the number of required905

matrix multiplications between Ozaki’s and our scheme for various values of k. It is906

assumed that there are no omitted remainder terms, i.e., A and B are each split into907

k + 1 parts.

Table 6
Number of matrix multiplications for various values of k and nonzero remainder terms

k 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

Ozaki 6 10 15 21 28 36 45 55 66 78 91 105 120 136 153
Kara 5 8 11 16 20 26 29 38 44 53 56 70 74 80 83

908
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Before we complete this section by a performance comparison between our Karat-909

suba based and Ozaki’s scheme, let us have a look at possible accuracy implications910

from this reformulation. Let each matrix, A and B, be split into k + 1 parts with µ,911

ν, and τ defining the splitting points similar as above. If k is a power of two, then in912

the presented Karatsuba scheme there is one matrix multiplication that involves all913

k significant parts of both matrix splittings, i.e.,914

Tx := float
(( k∑

i=1

τ1−iA(i)
)( k∑

i=1

τ1−iB(i)
))
.915

The resulting matrix elements have to fit into floating-point numbers with precision916

p and the condition in (29) has to be adapted accordingly. In comparison to Ozaki’s917

scheme (2), here the splitting vectors µ and ν as well as the factor between spitting918

points τ have to be multiplied roughly by the number of addends k in order to satisfy919

the condition on error-free evaluation. Overall this means a loss of accuracy of almost920

k · dlogβ(k)e digits when compared to Ozaki’s original scheme (2). By the reduced921

number of error terms, the actual loss in accuracy is a little bit smaller than that, but922

the rough estimate remains valid.923

On the other hand, there are cases where the Karatsuba based scheme has a sig-924

nificant advantage over Ozaki’s scheme not only performance-wise but also accuracy-925

wise. If k is chosen large enough to cause zeroed splitting remainders A(k) and B(k)
926

in (27), the evaluation using the Karatsuba based approach is completely error-free927

whereas Ozaki’s scheme (2) may still have non-zero error terms.928

In Table 7 we compare the accuracy of prodK when evaluating ill-conditioned ma-929

trix products with Ozaki’s scheme and the Karatsuba based approach. More precisely,930

we consider the products AB of two real square matrices with condition numbers of931

all dot products (AB)ij ranging from 1010 up to 1050. When k is large compared to932

the condition number, results are maximally accurate. Table 7 shows the median of933

the mean of relative errors of all entries of the product AB for n = 1000 over 100934

samples.12 The value “0” indicates that most entries are equal to the correct floating-935

point approximations, the value “1” that mostly no digit is correct. As can be seen,936

the Karatsuba based scheme shows better accuracy for k ≥ 3, much better accuracy937

for larger k. This is slightly counter intuitive since the factor τ actually increases for938

the Karatsuba based approach, but it can be explained by the same argument as be-939

fore. The error in evaluating Equation (27) is determined solely by the two remainder940

terms. If k is chosen large enough to diminish the effect of these remainder terms, the941

Karatsuba based scheme typically outperforms Ozaki’s scheme. For larger condition942

numbers, wider exponent ranges of the matrix entries and larger problem dimen-943

sions, the values of k, where the Karatsuba approach starts to yield more accurate944

results than Ozaki’s scheme (2), also increases. Please note that our implementation945

is not suitable for the use of lower precision arithmetic when attempting to compute946

residuals with large dimensions for larger values of k.947

The observed loss of accuracy is not an inherent aspect of the approach but is948

caused instead by our implementation. Rather than handling the summations of949

a Karatsuba step as addition of the individual split parts as in Lines 4 and 5 of950

Algorithm 6, it is possible to add the represented and rescaled higher and lower951

12In order to see the inherent accuracy for larger values of k we used, similar as in Table 4,
prodK(A,B,k,’OutputTerms’,4) to store the result as an unevaluated sum of 4 terms. For more
details see Subsection 8.1.
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Table 7
Median of mean relative errors for computing ill-conditioned square matrix products of dimen-

sion n = 1000 for different values of k without and with Karatsuba.

Cond Kara k = 1 k = 2 k = 3 k = 4 k = 5
1010 no 2.4 · 10−16 5.6 · 10−23 0 0 0

yes 1.7 · 10−16 1.2 · 10−22 0 0 0

1020 no 5.7 · 10−06 4.5 · 10−12 6.2 · 10−19 0 0
yes 2.8 · 10−06 5.0 · 10−12 5.6 · 10−22 0 0

1030 no 1 1.6 · 10−02 3.1 · 10−09 8.9 · 10−16 2.8 · 10−23

yes 1 2.5 · 10−02 1.8 · 10−13 1.2 · 10−17 4.9 · 10−23

1040 no 1 1 9.8 · 10−01 2.7 · 10−05 3.6 · 10−12

yes 1 1 4.8 · 10−03 1.6 · 10−13 8.6 · 10−18

1050 no 1 1 1 1 1.1 · 10−01

yes 1 1 1 1.6 · 10−03 3.6 · 10−14

part of the respective matrices. For instance, Line 4 could be replaced by the sum952

(
∑
i τ
i−1Ai) + (

∑
i τ
i−1Ai+noff

), then be split again into ka parts and scaled back953

accordingly. This way the summation causes only a loss of a single bit instead of954

log2(ka) bits. The bit loss can be distributed among the split parts in such a way955

that, ultimately, no more than 2 bits are lost per split part, even for very large values956

of k. The drawback of this method is that it requires a reinterpretation and re-957

splitting of intermediate results in every summation step, i.e., the Lines 4, 5, 26 and958

30 of ConvKara. The implementation is particularly involved for multiple precision959

input, which will be discussed in Section 8.3. Due to the significantly increased960

number of matrix summations, this approach is, first and foremost, beneficial for961

larger dimensions or when dealing with low-precision arithmetic. For this note we962

refrain from implementing and evaluating such an approach.963

By default our method switches automatically to use the Karatsuba scheme de-964

pending on the problem dimension. For completeness we repeat Figure 4 with the965

default setting, i.e., using the Karatsuba method. We see in Figure 5 a diminished966

gain for k = 2, but a significantly better accuracy for k = 3.967

Besides the General Matrix Multiply (GEMM), Ozaki’s scheme can also be used968

efficiently in combination with more specialized routines, such as Triangular Matrix969

Multiply (TRMM) and Symmetric Rank-K Update (SYRK). Our Karatsuba based970

scheme has this in common with Ozaki’s scheme. Indeed, for an efficient application971

of SYRK within Algorithm 6, it is not even necessary to reformulate the problem972

as Uchino et al. [60] did for Ozaki’s scheme. If the considered matrix product is973

a symmetric rank-k update AAT we can simply replace the matrix multiplications974

in Algorithm 6 with their SYRK equivalent. In Matlab SYRK can be triggered by975

writing explicitly A*A’ instead of A*B for B=A’, which lets the interpreter replace the976

GEMM call with its SYRK counterpart.977

Table 8 shows the relative speedup for using the SYRK implementation of prodK978

compared to the GEMM implementation applied to the same symmetric problem. For979

large dimensions and large values of k, the theoretically possible speedup tends to a980

factor two. In practice, there is a considerable overhead from Matlab’s interpretation981

and the auxiliary computations within prodK. For k ≥ 2 we see an average speedup982

of about 40 percent. The ratios in Table 8 are computed using prodK with default983

settings, i.e., the algorithm switches automatically between Ozaki scheme and Karat-984
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Fig. 5. Accuracy of matrix products of dimension 1000 for condition numbers up to 1025

Table 8
Time ratios for variants of prodK(A’,A,k) without and with SYRK

n
randorth(n) randn(n) randmat(n,1e14)

k = 1 k = 2 k = 3 k = 1 k = 2 k = 3 k = 1 k = 2 k = 3
1000 1.09 1.39 1.45 1.13 1.44 1.44 1.04 1.44 1.50
2000 1.12 1.37 1.37 1.25 1.39 1.38 1.14 1.20 1.31
5000 1.20 1.31 1.39 1.26 1.33 1.41 1.24 1.31 1.37

10,000 1.30 1.42 1.43 1.27 1.50 1.76 1.27 1.30 1.45

suba scheme depending on k and the problem dimension. We did numerical tests for985

both methods individually and measured a similar speedup for their respective SYRK986

implementations.987

The TRMM case does not require any modification of Ozaki’s scheme or our988

Karatsuba based approach. The triangular pattern is kept for all split parts of the989

respective matrix. Unfortunately, as of now, we are not aware of a possibility to use990

optimized TRMM routines within pure Matlab or Octave13. Thus, we refrain from991

considering residuals involving triangular matrices in our numerical tests.992

We close this section with some timing comparisons for different values k of split-993

tings. In our implementation prodK we introduced an option NoReduction. In order to994

show the effect of the four combinations of using NoReduction and using Karatsuba,995

we intentionally switch Karatsuba on and off.996

For the timing comparison in Table 9 we compute matrix products AB which are997

created such that each individual inner product (AB)ij has condition number 1030.998

Table 9 shows the ratio of computing time of Ozaki’s method to prodK with the four999

13According to Kai Torben Ohlhus, one of the developers of Octave, as of now, there is no
optimized BLAS routine for TRMM directly implemented into Octave.
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different settings. The presented values are the mean ratios for 104/n test runs, i.e.,1000

20 runs for n = 500, 2 runs for n = 5000 and so on.1001

Table 9
Time ratios of Ozaki’s method compared to different settings of prodK

n Reduction Kara k = 2 k = 4 k = 6 k = 8 k = 12 k = 16

500
no

no 1.09 0.88 0.82 0.85 0.74 0.78
yes 1.15 1.11 0.89 1.01 0.93 1.06

yes
no 1.05 0.99 1.10 1.39 2.74 4.41
yes 1.17 1.08 0.99 1.54 2.90 4.76

1000
no

no 0.90 0.91 0.88 0.83 0.81 0.80
yes 1.04 0.98 0.93 0.99 1.01 1.10

yes
no 1.01 0.88 1.03 1.43 2.78 4.58
yes 1.02 0.97 0.99 1.55 2.99 4.81

2000
no

no 1.02 0.96 0.91 0.90 0.87 0.87
yes 1.11 1.14 1.09 1.22 1.20 1.36

yes
no 0.97 0.93 1.05 1.33 2.99 4.20
yes 1.09 1.13 1.20 1.86 3.66 6.06

5000
no

no 0.89 0.89 0.87 0.88 0.86 0.89
yes 0.99 1.08 1.10 1.24 1.06 1.19

yes
no 0.89 0.88 0.96 1.30 2.07 4.47
yes 1.00 1.10 1.15 1.84 3.61 6.73

In the first two lines of each block of Table 9 we compare the two schemes with-1002

out omitting multiplication with all-zero split parts. Our implementation of Ozaki’s1003

scheme is about 10% till 20% slower than Ozaki’s standard implementation, which is1004

mainly caused by the additional overhead for the techniques that will be presented1005

in Subsections 8.1 and 8.2. On the other hand, we see a noticeable speed up for the1006

Karatsuba based scheme with increasing benefit for larger values of k.1007

The latter two lines of each block of Table 9 show the relative throughput for1008

these schemes when all zero split parts are omitted from the calculation. For larger1009

values of k the elimination of all-zero split parts has often a bigger impact than1010

the application of the Karatsuba based evaluation scheme. To be specific, for the1011

constructed matrix products with individual inner product condition of 1030 the first1012

5 till 7 split parts of the matrices A and B are typically non-zero. For k ≥ 8 we see1013

a significant benefit of using the reduction option of prodK. Typically, we would need1014

a priori knowledge about the condition number to choose appropriate values of k.1015

The automatic reduction of trivial matrix products allows the user to set some higher1016

value of k without risking unnecessary computations. We see an improvement of the1017

computing time of our prodK for larger values of k of up to a factor 6. For smaller1018

condition number or even higher values of k, the difference can be even higher. The1019

benefit is similar without and with Karatsuba.1020

In [43] another improvement was introduced, namely, that split parts may become1021

sparse although the input factors are full. This can be seen as an extension of our1022

reduction approach and is easily added to prodK. To that end a parameter δ steers1023

that intermediate m × n matrices with less than mnδ nonzero entries are stored as1024

sparse matrix. We use δ = 0.02, i.e., switch to sparse representation if there are less1025

than 2% nonzero entries. We reproduce the results as in Tables 1 and 2 in [43], where1026

matrices1027

A = (rand(n)− 0.5). ∗ exp(phi ∗ randn(n))1028
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are used. For increasing ϕ the spread of the entries of A increases. We show in1029

Table 10 the ratio of computing times to ordinary floating-point multiplication for1030

prodK with k ranging from 1 to 3, each for δ = 0, i.e., the original prodK, and for1031

δ = 0.02.1032

Table 10
Ratio of computing times to ordinary matrix multiplication when changing to sparse computa-

tions in prodK depending on the parameter δ

n ϕ
k = 1 k = 2 k = 3

δ = 0 δ = 0.02 δ = 0 δ = 0.02 δ = 0 δ = 0.02

1000

1 3.6 3.7 7.1 7.3 13.2 12.4
5 3.8 3.8 7.1 7.7 13.0 12.5

10 3.8 3.5 7.0 7.1 12.9 12.4
15 3.6 3.7 6.8 7.1 12.0 12.0
20 3.6 2.9 7.0 5.9 11.4 10.0

2000

1 3.1 3.5 7.0 7.0 11.6 10.9
5 3.4 4.0 7.6 7.7 12.8 12.8

10 3.7 4.2 8.3 8.1 13.6 13.5
15 3.3 2.3 7.1 4.4 12.1 7.8
20 3.2 2.2 6.8 4.5 11.5 8.2

5000

1 3.4 3.5 6.7 6.9 11.1 10.3
5 3.7 3.8 7.3 7.3 12.6 12.3

10 3.7 3.7 7.3 7.4 12.1 12.1
15 3.0 1.5 6.1 3.2 10.2 5.7
20 3.3 1.5 6.6 3.1 10.8 5.6

10,000

1 3.3 3.3 6.6 6.6 11.4 10.1
5 3.4 3.4 6.6 6.7 11.6 11.2

10 3.6 2.7 6.8 5.4 11.5 9.7
15 3.2 1.4 6.6 2.8 11.1 5.4
20 3.2 1.4 7.5 2.4 12.1 4.5

There is quite an advantage, in particular for larger dimensions and larger spread1033

of matrix entries. For δ = 0 and fixed k there is very little change in the computing1034

times. Apart from the usual measurement inaccuracies, the time ratios are a little bit1035

worse for lowest matrix dimension n = 500 due to the larger relative impact of the1036

matrix summations in our algorithm. Maybe surprisingly, for n ≥ 2000 the impact of1037

the involved matrix multiplications does not change much with increasing dimension.1038

Here we show computing times for the final version of prodK, which also implements1039

the technique described in Subsection 8.1. Thus larger matrix product are partitioned1040

into smaller subproblems, typically yielding a better accuracy but also causing a non-1041

diminishing computation overhead of the O(n2) operations. On the other hand, for1042

the sparse option δ = 0.02 we see quite some improvement with increasing ϕ. If ϕ is1043

large enough for the density of the leading split part to fall below 2%, then this part1044

is treated as a sparse matrix, yielding a significant speedup. For n = 1000, this effect1045

can be seen for ϕ = 20. For larger dimensions and thereby larger splitting factors1046

τ , this effect can already observed from ϕ = 15. A closer look at Table 10 reveals1047

another speedup for narrow spreads ϕ = 1 and k = 3. Unlike the observed speedup1048

for larger values of ϕ, this is realized by handling the tailing split parts with low1049

non-zero density as sparse matrices.1050
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8. Further modifications towards an efficient practical implementation.1051

In the previous sections, we already discussed the main benefit of splitting based meth-1052

ods, such as Ozaki’s scheme [41, 42], when compared to algorithms based on cascaded1053

summation approaches or long accumulators. The idea of error-free transformations1054

is applied on the level of vector and matrix operations. This enables splitting based1055

implementations to heavily use optimized BLAS routines and gives them an edge1056

over many other algorithms for the computation of accurate matrix-vector or matrix-1057

matrix products. Nevertheless, the competitive running times are bought through1058

shortcomings. These include for example the limitation on the dimension n, the sen-1059

sitivity to scaling of individual floating-point entries, and the relatively large memory1060

overhead. In this section we briefly describe countermeasures for some of these issues1061

and discuss other modifications to improve the practical usage of our algorithm.1062

8.1. Ordered summation for large problem sizes. Most of the presented1063

conditions, such as (12) and (23), imply a restriction on the problem size n. The1064

bound on n, which is roughly βp, is introduced artificially for the ease of applying1065

the respective conditions. Our basic result in Lemma 4 is satisfied without limit on1066

n. Though the condition (11) does not restrict the problem size directly, it may be1067

difficult to apply Lemma 4 to problems of extremely large sizes n ' βp. That may1068

not be a problem in IEEE 754 binary64, but may become problematic in binary321069

or even smaller precision formats. At some point the product of the norms ‖a‖2‖b‖21070

will be that much larger than the individual products |ajbj | that also µν > |ajbj | for1071

any pair µ, ν satisfying (11). Then the most significant term a′
T
b′ contains not much1072

information any more.1073

The following strategy circumvents the limitation on n, cf. [33, 46]. We break the1074

original problem into smaller subproblems and add up the results of all subproblems1075

in an error-free manner. For example, consider the matrix product AB and let the1076

matrices be blocked into N chunks with appropriate sizes:1077

A =
[
A1 A2 · · · AN

]
and B =


B1

B2

...
BN

1078

so that AB = A1B1 + A2B2 + · · · + ANBN . This way we obtain N subproblems1079

with roughly 1
N of the size of the original problem. Even if n is well below the bound1080

βp, the division into smaller subproblems may still be beneficial for increasing the1081

emulated precision. The size of the subproblems should be kept just large enough to1082

preserve the efficient usage of BLAS routines.1083

We can compute optimal splitting points for each of the subproblems individually.1084

However, a major issue of this approach is that we have to keep all intermediate1085

matrix products until the final accurate summation. This would increase the memory1086

requirements and the computational effort for the accurate summation significantly.1087

In the following we demonstrate an efficient way to circumvent both issues.1088

Consider the partitioned matrix product above and let µi, νj , τ be powers of base1089

β satisfying1090

(32) µi ≥
‖eTi A`‖2

(1− u)βp/2 − 1+τ
2τ

√
n
, νj ≥

‖B`ej‖2
(1− u)βp/2 − 1+τ

2τ

√
n
,

1 + τ

2τ
<

√
βp

n
.1091

for all feasible indices i, j, `. Moreover, for all ` ∈ {1, . . . , N}, let (A′`
T
, A′′`

T
, A′′`

T
) and1092
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(B′`, B
′′
` , B

′′
` ) be splittings of AT` and B` at (µ, τµ) and (ν, τν), respectively. Define1093

Z ′` = A′`B
′
`, Z ′′` = A′`B

′′
` +A′′`B

′
`, Z ′′` = float(A′′`B

′′
` + (A′` +A′′` )B′′` +A′′`B`).1094

Then, using a similar argument as in the proof of Lemma 14, (32) implies1095

(33) ∀i, j, ` :

(
‖eTi A′`‖2

µi
+
‖eTi A′′` ‖2
τµi

)
·
(
‖B′`ej‖2
νj

+
‖B′′` ej‖2
τνj

)
≤ βp − β.1096

If in addition τ2
(

mini µi
)(

minj νj
)
∈ F, then each individual dot product satisfies the1097

conditions in Lemma 14. Hence the intermediate results Z ′` and Z ′′` can be evaluated1098

without rounding error using the methods described in the previous sections.1099

Following the original approach, we would keep the 3N intermediate results as1100

input for an accurate summation algorithm such as AccSum [55] or NearSum [56]. The1101

following lemma demonstrates that this is not necessary.1102

Lemma 15. Assume given floating-point matrices Z1, Z2, . . . , ZN of same dimen-1103

sions are element-wise integer multiples of T , where all entries of T shall be powers1104

of β. Suppose that |Z ′`| ≤
(
βp −

⌊
β
2

⌋)
T is satisfied for all ` ∈ {1, . . . , N}. Let the1105

floating-point matrices S, E be evaluated according to1106

1: (S,E)← (Z1, 0)
2: for `← 2 to N do
3: Sold ← S
4: S ← float(Sold + Z`)
5: E ← float(E + ((Sold − S) + Z`))
6: end for

If no overflow occurs and1107

(34) N ≤ βq

β + 1
+ 2βp−q with q :=

⌊
p+ 2 + logβ 2

2

⌋
,1108

then S + E =
∑N
`=1 Z`.1109

Proof. The result is basically taken from [26, Corollary 1] with a slightly different1110

setting. In particular, the reformulated upper bound
(
βp −

⌊
β
2

⌋)
T on the addends1111

ensures the error-free transformation via the Fast2Sum procedure independent of the1112

base β of the underlying floating-point system. Although [26, Corollary 1] is restricted1113

to β ∈ {2, 3}, the corresponding proof is kept general enough to be applicable to1114

general β as well.1115

The tiny modification of the condition (29) towards (32) yields the slightly dif-1116

ferent right-hand side of (33). It ensures that |A′`||B′`| ≤ (βp − β)µνT and |A′`||B′′` |+1117

|A′′` ||B′`| ≤ (βp − β)τµνT . Hence, the summation strategy in Lemma 15 is applicable1118

to the set {Z ′`} with T = µνT as well as to the set {Z ′′` } with T = τµνT . Since1119

the remainder terms Z ′′` may already involve rounding errors, we can add them using1120

ordinary floating-point arithmetic. Thus, the 3N intermediate results can be accu-1121

mulated into five matrices while keeping all the information of the significant entries.1122

There is no need to keep the intermediate results. The accumulation of the three re-1123

sulting matrices of a single subproblem into these five accumulation matrices requires1124

nine matrix summations, which is insignificant compared to the overall computational1125

effort.1126
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The memory requirement can be reduced even further by exploiting the limited1127

size of the scaling factor τ . Let Z ′′` be split at µνT into (Z̄ ′′` , Z̃
′′
` ). If the conditions1128

in (32) are satisfied, then the sums Z̃ ′` := Z ′` + Z̄ ′′` are still representable as a floating1129

point matrix. Hence Z̃ ′` = float(Z ′` + Z̄ ′′` ) and Z̃ ′` + Z̃ ′′` = Z ′` + Z ′′` . Moreover, the1130

updated matrices Z̃ ′` still satisfy the same bound constraints: |Z̃ ′`| ≤ (βp − β)µνT .1131

Similar as before, we can apply the summation algorithm in Lemma 15 to the set1132

{Z̃ ′`} with T = µνT . The benefit is that the matrices Z̃ ′′` are absolute-wise bounded1133

via |Z̃ ′′` | ≤ 1
2µν

T . If N ≤ 2βpτ , then
∑N
`=1|Z̃ ′′` | ≤ βpτµνT so that their floating-point1134

summation is necessarily error-free. Hence a single matrix suffices for the error-free1135

summation of the second order error terms Z̃ ′′` . For splitting settings with k > 2, the1136

same principle can be applied recursively to all terms but the most significant ones.1137

Only k + 2 matrices need to be kept for the accumulation of all intermediate results.1138

Since the accumulation of the k+ 2 matrices does not require additional memory,1139

the implementation of Ozaki’s scheme within prodK requires between k+ 1 and k+ 21140

times the memory of an ordinary matrix multiplication. The splittings use k+1 times1141

the memory of A and B, respectively. The intermediate output terms use k+ 2 times1142

the memory of C. The Karatsuba scheme has a higher memory consumption due to1143

the additional sums of the split parts and the increased number of output terms. To1144

be precise, the split parts of the input matrices together with the intermediate sums1145

in the Lines 4 and 5 of Algorithm 6 require k ·
∑k−1
i=0 2−i times the memory of their1146

respective input matrices A and B; and there are at most 3k− 2 intermediate output1147

terms. By applying the operations in a memory efficient order, our implementation1148

of the Karatsuba scheme requires roughly twice as much memory as Ozaki’s scheme.1149

The memory consumption grows linearly in k for both implementations, which is1150

much more efficient than applying AccSum [55] or NearSum [56] to all intermediate1151

results of Ozaki’s original implementation.1152

In the final step, we need to compute an accurate floating-point approximation1153

of the sum of k + 2 matrices.14 The use of a possibly expensive accurate summation1154

algorithm can be avoided. An ordered summation in higher precision is sufficient1155

to ensure a high relative accuracy, see [47, 12, 25]. For the applicability of these1156

summation algorithms it is not necessary that the addends are ordered according to1157

their absolute values. It is sufficient to sort the floating-point numbers with respect1158

to some feasible ranges of exponent positions. In our application we already have1159

such an ordering. We just need an extended precision format to sum the intermediate1160

results accordingly.1161

The availability of an extended precision floating-point format on the platform1162

and within the software environment cannot be guaranteed. Moreover, even if such1163

a format is available, using it in a matrix structure might be complicated and/or1164

reduce the computational performance. A good alternative to an extended floating-1165

point number is a pair arithmetic such as Double-Double [4] or cpair in [28]. In1166

particular, we refer to [26, Theorem 4] where the ordered summation into a pair of1167

floating-point numbers is considered. In our setting we can use a pair of floating-point1168

matrices to accumulate all intermediate matrix product results. Due to the limited1169

number of addends, we can expect the computed output to be at least a faithful1170

approximation of the true sum.1171

In the implementation of the function prodK, we went one step further. On the ba-1172

sis of the proof of [26, Theorem 4] it is possible to realize an efficient re-normalization1173

14If the original problem is not broken up into subproblems, then there are k + 1 matrices with
similar properties.
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of the output matrices. We exploit this to realize the option of a multiple-precision1174

output in terms of another unevaluated sum. The multiple-precision output is setup1175

via the optional parameter ’OutputTerms’ or directly via the number of output ar-1176

guments. Let {R1, R2, . . . , Rm} be the m-fold precision output of prodK, then1177

(35) |Ri+1| ≤ 4u|Ri| for 1 ≤ i < m.1178

The overall approximation error |AB−
∑m
i=1Ri| is bounded by 8u · |Rm| plus the ap-1179

proximation error estimate for the remainder terms discussed in the previous sections.1180

This allows prodK to compute an approximation of the result as multiple-precision1181

output, i.e., an unevaluated sum of m terms, together with a rigorous upper bound1182

for the approximation error of
∑m
i=1Ri. We already used multiple-precision output1183

in Tables 4 and 7 to show the accuracy of the computed results.1184

8.2. Lower precision due to outliers. An essential drawback of lifting the1185

splitting to vector or matrix level is the sensitivity to bad scaling. To demonstrate1186

this, consider the linear system Ax = b with a well conditioned system matrix A1187

(‖A‖2 ≈ 1) and a norm-wise significantly larger right-hand side b (‖b‖2 � 1). Then1188

it is safe to assume that also the Euclidean norm of the initial approximate solution1189

x0 is significantly larger than ‖A‖2. To apply the presented evaluation scheme the1190

residual would typically be reformulated into1191

(36) r =
[
A b

]︸ ︷︷ ︸
=:At

(
x0

−1

)
︸ ︷︷ ︸

=:xt

.1192

The issue with this formulation is that the product of the norms is fundamentally1193

determined by the large norms ‖b‖2 and ‖x0‖2, while the actual result is significantly1194

smaller. Since the splitting points are chosen according to the norm products and not1195

the actual maximal intermediate result, more splitting steps are necessary to emulate1196

the desired precision.1197

There are various ways to solve this issue. For instance, we can use the knowledge1198

about the original problem and treat b as an addend in the final summation, i.e., first1199

computing z(1), z(2), . . . , z(k), z(k) whose sum approximates Ax0 with high emulated1200

precision and then evaluating
∑k
i=1 z

(i) +z(k)−b with high relative accuracy. Another1201

possibility to circumvent this issue is the normalization of the columns of At or the1202

entries of xt. Let D be a diagonal matrix whose diagonal elements are powers of β1203

approximating |xt|. Then all elements of D−1xt are close to one. The complement1204

scaling has to be applied to the first factor: AtD. If we ensure the absence of underflow1205

and overflow errors, the transformation is error-free. For the transformed problem we1206

can choose smaller values of k to achieve the same accuracy as before.1207

In the example above, bad scaling causes significantly different magnitudes of the1208

involved elements. The product of the norms is fundamentally determined by a few1209

outliers with much larger magnitude than the rest. If bad scaling is the cause for1210

these outliers, then it is not difficult to circumvent this issue. Nevertheless, there1211

are many cases where this is not that easy. Consider for instance the multiplication1212

of two diagonally dominant matrices A and B. Then a normalization step will have1213

little influence on the result. The splitting parameters µ and ν are fundamentally1214

determined by the products of the diagonal elements of A and B, respectively. And1215

only the diagonal elements of the resulting matrix will be computed in the anticipated1216

emulated precision. The accuracy of the computed off-diagonal elements suffers from1217

the relatively large product of the norms of the involved vectors.1218
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The described issue is an inherent property of any method that applies the split-1219

ting on vector or matrix level. The accuracy will be relative to the products of the1220

largest elements15 even if these are not actually multiplied in the inner product. To1221

some extent, it is still possible to find efficient ways around this issue. For instance,1222

if the outliers are very sparse and strongly separable from the remaining entries, as1223

in the example above, then we can split the matrices into a sparse part containing1224

the outliers and the remainder. This leads to three subproblems. For an efficient1225

computation of the product of the matrices containing the outliers, we can exploit1226

the sparsity and/or structure of the problem. The remainder parts are treated just1227

as before.1228

In our Matlab implementation prodK, we did not yet implement an automatism1229

to handle outliers accordingly. On the other hand, it is possible to divide the product1230

manually into subproblems and let prodK handle the splitting and the accumulation1231

of the intermediate results.1232

We show the effect of outliers by computing the residual Ax0−b of a linear system1233

Ax = b for an approximate solution x0. As has been mentioned earlier, the residual1234

is ill-conditioned basically independent of the condition number of A. We compare1235

(37) r1 = Ozaki([A b], [x0;−1], k) and r2 = prodK([A b], [x0;−1], k)1236

computing C*c for C = [A b] and c = [x0;-1] with1237

(38) r3 = prodK(A, x0,−1, b, k).1238

The formulations in (37) correspond to (36). Since these are calls of a single matrix-1239

vector multiplication, the information about possible outliers in the form of a different1240

scaling of the subproblems is lost. In contrast, A and b are separate input parameters1241

in the third call (38), and that enables prodK to compensate a different scaling of the1242

two sub-problems.1243

To show the effect we use A = randn(n) and b = phi*randn(n,1) to generate a1244

random linear system with the right-hand side b being upscaled to produce outliers.1245

The results for k ∈ {2, 3} and different scaling factors ϕ are shown in Table 11, the1246

upper block of four lines for the scaling factor ϕ = 105 and the lower block of four1247

lines for ϕ = 1012.1248

Table 11
Median relative errors for r1 and r2 as in (37) and r3 as in (38) for ϕ = 105 and ϕ = 1012

n
k = 2 k = 3

rel1 rel2 rel3 rel1 rel2 rel3
1000 2.2 · 10−10 1.3 · 10−12 1.1 · 10−15 7.4 · 10−17 1.1 · 10−19 9.5 · 10−21

2000 1.3 · 10−10 7.7 · 10−13 7.7 · 10−16 6.0 · 10−17 7.9 · 10−20 5.5 · 10−21

5000 5.7 · 10−10 1.1 · 10−12 1.6 · 10−15 2.8 · 10−16 4.2 · 10−19 2.9 · 10−21

10,000 1.2 · 10−09 4.7 · 10−13 8.0 · 10−16 1.2 · 10−15 1.8 · 10−19 1.7 · 10−21

1000 3.9 · 10−04 1.2 · 10−05 1.1 · 10−15 2.8 · 10−10 3.0 · 10−12 9.4 · 10−21

2000 2.2 · 10−04 6.7 · 10−06 7.6 · 10−16 1.8 · 10−10 1.9 · 10−12 5.6 · 10−21

5000 8.1 · 10−04 9.8 · 10−06 1.7 · 10−15 1.3 · 10−09 5.7 · 10−12 2.9 · 10−21

10,000 1.7 · 10−03 4.3 · 10−06 8.1 · 10−16 5.7 · 10−09 2.8 · 10−12 1.8 · 10−21

15That is a common observation in numerical analysis; for example, a computed singular value is
usually accurate relative to the norm of the input matrix.
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Following the dimension in Table 11 there are two vertical blocks for k = 2 and1249

k = 3 with three columns each. The three columns show the median of relative errors1250

relν over all entries of r1, r2 and of r3 as in (37) and (38), respectively. As before we1251

used multiple-precision output to make the achieved internal accuracy visible. As can1252

be seen, for both k = 2 and k = 3 and for both scaling factors ϕ = 105 and ϕ = 10121253

the results r3 by the call (38) are close to maximally accurate because this formulation1254

enabled prodK to compensate the different scaling of the two subproblems. In contrast,1255

the calls as one matrix-vector product as in (37) are significantly less accurate, slightly1256

more for Ozaki’s method than for prodK. For k = 3 the results are of course more1257

accurate than for k = 2 but the observations about r1, r2 and of r3 are similar in1258

both cases.1259

Concerning the computing time, Ozaki’s method is slightly slower than prodK in1260

(37) for small dimensions up to n = 2000, and for the larger dimensions up to 25%1261

faster.1262

In all cases the call of prodK producing r3 as in (38) is some 10 to 20% faster than1263

the call of prodK computing r2 by one matrix-vector product as in (37). Summarizing,1264

the call (38) allowing prodK to take care of outliers is easier to read, it is faster, and1265

moreover significantly more accurate than the call in (37).1266

In the context of matrix residuals, combined calls like prodK(R,A,-1,eye(n),k)1267

or prodK(A,x0,-1,b,k) bear a significant advantage in computing time. We compare1268

to Ozaki’s algorithm where in [39] a fast splitting method was introduced for the1269

specific case k = 1. We use a matrix residual RA − I for A being a random matrix1270

with condition number 1012. In Table 12 the modes 0 and 1 refer to the usual and1271

fast splitting in Ozaki’s method, respectively. The table shows the computing times1272

and the median of |RA − I − C| where C denotes the computed result by Ozaki’s or1273

our method.1274

Table 12
Time and accuracy of RA− I for Ozaki’s method with usual and fast splitting and for prodK

n
time Ozaki

tprodK
accuracy Ozaki

acc prodK
mode=0 mode=1 mode=0 mode=1

1000 0.488 0.204 0.098 4.5e-14 8.6e-14 1.3e-14
2000 3.49 1.07 0.51 2.0e-14 3.6e-14 7.7e-15
5000 57.2 13.3 6.9 1.2e-14 2.3e-14 2.2e-15

10,000 440.1 106.2 53.9 7.9e-15 1.8e-14 1.4e-15

As can be seen there is a significant speed-up for the fast splitting in Ozaki’s method,1275

and again a speed-up by a factor 2 for prodK with slightly more accurate results.1276

8.3. Multiple-precision input. In Section 7 we have shown how a Karatsuba-1277

based scheme can be used to reduce the computational complexity for evaluating1278

matrix products in higher precision. But even with this modification, for k > 2,1279

our approach can complexity-wise not compete with algorithms that are based on an1280

initial transformation of each individual floating-point product into an unevaluated1281

sum of floating-point numbers combined with the subsequent application of an accu-1282

rate summation algorithm. The main benefit of the discussed matrix splitting based1283

evaluation scheme remains the possibility to apply high performance level-3 BLAS1284

routines. The prospect changes substantially if we consider multiple-precision input1285

data.1286

The precision of a quantity may be increased by using a representation as an1287
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unevaluated sum. For two terms this is the principle of error-free transformations or1288

double-double arithmetic [31], and also for several terms it is a well-known technique,1289

cf. [47, 57]. It was already introduced in the realm of verification methods in [48]. To1290

that end it is natural to allow for multi-word input for our algorithms as our main1291

goal is the accurate computation of matrix residuals.1292

Instead of a simple matrix product A ·B consider the product of two unevaluated1293

sums (
∑r
i=1Ai) · (

∑s
i=1Bi). A straightforward way to deal with this input would be1294

to divide the problem into rs subproblems. However, one can do significantly better1295

by transforming the unevaluated matrix sums into splittings of k + 1 parts:1296

Algorithm 7 Split algorithm for an unevaluated sum of floating-point matrices

Require: Ai ∈ Fm×n, µ(i) ∈ {βj : j ∈ Z}n
1: function SplitK(A1, . . ., Ar, µ

(1), . . ., µ(k))
2: for i← 2 to min(r, bk/2c+ 2) do
3: (Ai−1, Ai)← Fast2Sum(Ai−1, Ai)
4: end for
5: if k = 0 then
6: return A1

7: end if
8: (A(1), A(1))← Split(A1, µ

(1))

9: (A(2), . . . , A(k), A(k))← SplitK(A(1), A2, . . . , Ar, µ
(2), . . . , µ(k))

10: return (A(1), A(2), . . . , A(k), A(k))
11: end function

The function SplitK defined by Algorithm 3 is basically a specialization of this1297

algorithm. And Algorithm 7 is an extension of Algorithm 3 for multiple-precision1298

input with an additional re-normalization step in the Lines 2 to 4.1299

Algorithm 7 does not necessarily produce an actual splitting (A(1), . . . , A(k), A(k))1300

of the unevaluated sum
∑r
i=1Ai. If the unevaluated input sum represents more1301

significant digits than are representable with the aimed splitting, there will be an1302

approximation error.1303

The approximation of the multiple-precision input requires slight modifications to1304

our algorithm. Since A−A(k) is no longer representable via a single floating-point ma-1305

trix, the remainder terms in Equation (27) cannot be written as (A−A(k))B(k)+A(k)B.1306

Instead, we further approximate the remainder terms and consider the evaluation of1307

AB ≈
∑
i,j≤k

A(i)B(j) + float(
∑
i≤k

A(i)) ·B(k) +A(k) · float(
∑
i

B(i))︸ ︷︷ ︸
approximate remainder terms

.1308

Moreover, even if the multiple-precision input is perfectly normalized, i.e., satisfying1309

|Ai| ≤
1

2
ulp(Ai−1) for 2 ≤ i ≤ r,1310

it can typically not be guaranteed that1311

(39) |A(i)ej | ≤
1

2
τ i−2µj for 2 ≤ i ≤ k and all feasible indices j.1312

As a consequence, the output does not satisfy (21). The conditions for error-free1313
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evaluation of the significant dot products, including (11), (18), and (29), have to be1314

adapted accordingly.1315

As an example consider the product ABC of three matrices. To simulate an1316

evaluation in higher precision of the complete term, it is necessary to keep the inter-1317

mediate result of the first product in the respective precision. The multiple-precision1318

output feature of prodK serves exactly this purpose. We therefore compute AB with1319

higher precision, storing the intermediate result in the unevaluated sum
∑m
i=1Ri. To1320

avoid a significant loss of accuracy in the intermediate presentation, m should be no1321

smaller than 1 + k
2 . The second step is then the multiplication of

∑m
i=1Ri with C,1322

where prodK internally transforms the high precision input using Algorithm 7.1323

For performance reasons, the intermediate result is not perfectly re-normalized1324

but the addends of the unevaluated output sum satisfy (35). In combination with the1325

additional re-normalization step in Lines 2 to 4 of Algorithm 7, assuming τ ≥ β−p/21326

and p > 8, it can be shown for our application that1327

|A(i)ej | ≤
1

2

(
1 + β4− p2

)
τ i−2µj for 2 ≤ i ≤ k and all feasible indices j.1328

The conditions for error free multiplication of the significant splitting parts have to1329

be adapted accordingly. This can cause a moderate reduction of accuracy. On the1330

other hand, even with incremented splitting number k, this approach is typically1331

significantly more efficient than dividing the multiple-precision matrix product in1332

subproblems.1333

Next we report computing times to demonstrate that specifying cell arrays as a1334

parameter to prodK is not only easier to read but also faster. For our model problem1335

ABC we first execute1336

R = prodK(A, B, k,′ OutputTerms′, ot);1337

for different values of ot and display in Table 13 the ratio of computing times of1338

prodK(R{1},C,R{2},C,R{3},C,R{4},C,R{5},C,k) and prodK(R,C,k);1339

here written for ot = 5. The matrices A and B are randomly generated with entries1340

covering a larger range of exponents. That ensures that the approximation R of AB1341

as unevaluated sum has close to k terms. The data in Table 13 shows that indeed the1342

second formulation, with a single parameter for the unevaluated sum R, is not only1343

easier to read but also much faster.1344

As another interesting example for the benefit of multiple-precision input and out-1345

put, we consider the problem of computing an inverse of an extremely ill-conditioned1346

matrix. A well-known rule of thumb tells that an approximate inverse R of a matrix1347

A with condition number exceeding u−1 has no correct digit. However, in about 19841348

the second author discovered numerical evidence that nevertheless the relations be-1349

tween the entries of R can be used to solve a linear system with that matrix. Because1350

of lack of analysis it was not published, only put into a Technical Report [49] until an1351

analysis followed in [52].1352

Recently that method gained attention as so-called “mixed-precision iterative1353

refinement” [9, 16]. The idea is to solve a linear system in low precision thus saving1354

memory and computing time. The initial approximation may have no correct digit,1355

however, it can be improved to full precision inO(n2) operations using higher precision1356

calculation of residuals.1357
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Table 13
Time ratio between prodK(B{1},C,B{2},...,k) and prodK(B,C,k)

n k ot = 2 ot = 3 ot = 4 ot = 5

1000

2 1.56 1.55 1.44 1.51
3 1.44 1.66 1.62 1.74
4 1.75 1.78 1.84 1.83
5 1.94 1.96 1.97 1.91

2000

2 1.52 1.46 1.42 1.44
3 1.58 1.62 1.68 1.65
4 1.58 1.70 1.72 1.79
5 1.42 1.64 1.52 1.69

5000

2 1.40 1.37 1.41 1.32
3 1.50 1.62 1.61 1.66
4 1.66 1.73 1.69 1.61
5 1.40 1.86 1.55 1.60

Our algorithm prodK allows an elegant formulation of the technique presented in1358

[52] to invert matrices with extremely large condition number. Executable Matlab1359

code is displayed in Algorithm 8.1360

Algorithm 8 Accurate inverse of A stored in the cell array R as unevaluated sum

function R = InvIllco(A)

R = inv(A); % initial approximation of inverse of A

k = 1;

while 1

k = k+1;

P = prodK(R,A,2*k-1); % product R*A with increasing precision

X = inv(P); % floating-point inverse

% Storing the next approximation R in k output terms

R = prodK(X,R,2*k-1,’OutputTerms’,k);

% stop iteration when R is close to full precision

if norm(prodK(R,A,-1,eye(n),2*k+5))<1e-14, break, end

end

The anticipated approximate inverse R of A is stored with increasing number1361

of output terms. Note that the call prodK(R,A,2*k-1) in the second line of the1362

while−loop is an efficient way to calculate R1A+R2A+... in (2k−1)/2+1 = (k+1/2)-1363

fold precision.1364

Following is an example for a matrix A with condition number κ(A) = 5.9 · 10299.1365

The matrix is exactly representable in floating-point binary64 and is constructed1366

using the methods in [50]. The multiple-precision package [17] shows ‖A‖ = 6.2 · 109,1367

‖A−1‖ = 9.8 · 10289, and for the initial floating-point inverse ‖R‖ = 8.3 · 107.1368

In Table 14, we demonstrate the behaviour of Algorithm 8 when applied to this1369

problem. We skipped the display of the iterates 7 to 16 because nothing unexpected1370

happens. Up to the second last iteration the condition number of P is of the order1371

u−1, then it moves to perfectly well-conditioned κ(P ) = 1. The intermediate results1372

of X show the same behaviour. The condition number of the approximate inverse1373

R =
∑k
ν=1Rν must increase towards κ(A−1), whereas the residuals ‖I − RA‖ stay1374
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Table 14
Intermediate results of Algorithm 8

k cond(P) cond(X) cond(R) ‖I −RA‖
2 2.2 · 1021 2.3 · 1017 9.7 · 1032 10
3 3.6 · 1018 8.5 · 1016 4.9 · 1047 6.1
4 3.8 · 1018 4.3 · 1017 3.3 · 1063 7.9
5 5.1 · 1017 3.4 · 1018 8.9 · 1079 50
6 3.8 · 1018 3.7 · 1017 1.3 · 1092 4.8

· · · · · ·
17 3.2 · 1023 5.1 · 1017 4.6 · 10256 600
18 8.1 · 1024 2.3 · 1018 4.4 · 10270 29
19 1.1 · 1022 9.9 · 1017 1.4 · 10284 10
20 1.2 · 1018 1.4 · 1019 1.0 · 10302 0.011
21 2.1 · 106 2.1 · 106 6.1 · 10299 1.1 · 10−10

22 1.0 1.0 6.1 · 10299 2.0 · 10−16

around 1, i.e., R is not useful, until finally ‖I−RA‖ is of the order u, a perfect inverse.1375

8.4. Sparse matrix products. A very important practical application requir-1376

ing modifications to the introduced algorithm is the multiplication of sparse matrices.1377

One of the core difficulties in sparse matrix computations is the efficient traversal1378

through the sparsity structure. Although SIMD optimizations can still be effective for1379

certain operations with sparse matrices, e.g., multiplying nonzero matrix entries with1380

vectors, the effectiveness of vectorization techniques in sparse matrix multiplications1381

is typically rather limited. Even with highly optimized implementations like those1382

that come with the SuiteSparse library [10], the biggest advantage of our presented1383

splitting scheme, namely the performance benefit by using highly optimized level-31384

BLAS routines, is diminished. Nevertheless, with some modifications, our algorithm1385

can still compete with state-of-the-art algorithms for multiple-precision evaluations.1386

The most obvious modification to our implementation, in order to work efficiently1387

with sparse matrices, is the adaptation of every intermediate operation for sparse1388

matrix input. That includes all matrix additions and multiplications. In Matlab most1389

of this is done automatically just by changing the type of the input matrices. However,1390

special attention is necessary for the splitting method. The loop in Algorithm 2 should1391

iterate over the nonzero elements only and in the order of the used memory format,1392

which is in Matlab the compressed sparse column (CSC) format. In our tests we1393

found that the best performance is achieved by applying the splitting directly to the1394

nonzero data vector using the corresponding index vectors to gather the respective1395

splitting points.1396

When dealing with dense matrices, the overhead of some additional matrix sum-1397

mations is typically insignificant compared to the computational cost of the matrix1398

multiplications. This changes for sparse matrix multiplication, where the part of actu-1399

ally evaluated nonzero floating-point products may drastically decrease compared to1400

the product of full matrices. Here every matrix addition counts and makes a measur-1401

able difference to the overall performance. In this context, even the already efficient1402

accurate bucket summation approach introduced in Lemma 15 is not optimal.1403
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Let A,B ∈ Fn×n be large sparse real matrices and define1404

(40) nij :=

n∑
h=1

|sign(Aih ·Bhj)| for all feasible indices i, j,1405

where sign denotes the signum function. Hence nij is the count of nonzero products1406

within the dot product of the ith row of A and jth column of B. Since nij is typically1407

significantly smaller than n for most or all feasible indices, the division of the matrix1408

product AB into subproblems is mostly neither necessary nor helpful. In our Matlab1409

implementation spProdK for sparse matrix products, also by the first author, we go1410

the opposite way. Even if the input is given as a sum of products such as in1411

r = spProdK(A,x0,-1,b,k);1412

the internal interpretation of spProdK would be as in Equation (36), although without1413

actually concatenating the matrices. The individual condensed dot product dimen-1414

sions defined in (40) are determined as if the subproblems would be concatenated.1415

For similar reasons we use a splitting setup where products of the same signifi-1416

cance have identical splitting point products. To be precise, for splittings of AT at1417

(µ(1), . . . , µ(k)) and B at (ν(1), . . . , ν(k)), we require that1418

i+ j = i′ + j′ =⇒ µ(i)T ν(j) = µ(i′)T ν(j′) for all feasible i, j.1419

This is realized by a constant factor τ between subsequent splitting points, such that1420

µ(i) = τ i−1µ(1) and ν(i) = τ i−1ν(1) for 1 < i ≤ k.1421

By the splitting properties in (21), we have1422

‖eTi A(h)‖2≤
√
n · µ

(h−1)
i

2
for all feasible h, i1423

and similarly1424

‖B(h)ej‖2≤
√
n · ν

(h−1)
i

2
for all feasible h, j.1425

To ensure that condition (12) is satisfied for all individual significant dot products,1426

we require1427

n

4τ−2
≤ βp.1428

In practice, that does not impose an additional restriction on n. In our implementation1429

for sparse matrix residuals spProdK we tighten this condition and choose for τ the1430

smallest power of β satisfying1431

(41)
k

4τ−2
·
(

max
i,j

nij
)
≤ βp.1432

The benefit is that, assuming a suitable choice of the initial splitting vectors µ(1) and1433

ν(1), all matrix products of the same significance can be added into the same bucket1434

without producing rounding errors, i.e.,1435

(42) float
( ∑
i+j=h

A(i)B(j)
)

=
∑
i+j=h

A(i)B(j) for 2 ≤ h ≤ k + 11436
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independent of the order of evaluation. It is then possible to evaluate (42) for every h1437

together with Ozaki’s residual term and apply ordered summation to obtain a floating-1438

point approximation with high relative accuracy. This approach requires only a single1439

matrix addition per individual matrix product.1440

The most noteworthy difference between applying Ozaki’s scheme to dense matrix1441

input and to sparse matrices is the actual complexity of the convolution. In the1442

original Ozaki scheme the number of matrix products grows quadratically with k, and1443

so does the complexity when dealing with dense floating-point matrices. However, this1444

is no longer the case for sparse floating-point matrices because the average nonzero1445

density over the splitting parts of a sparse matrix decreases when increasing the1446

number of splitting parts.1447

To see this, let (A(1), . . . , A(k), A(k)) be a splitting of a sparse floating-point matrix1448

A ∈ Fn×n at (µ, τµ, . . . , τk−1µ). Each significant part of the splitting takes a subset1449

of − log2 τ digits from the floating-point range.16 Since any nonzero element of A can1450

only fill a range of p subsequent digits, it cannot reside in all parts of A. Assuming1451

optimal choices for τ satisfying (41), in most applications any nonzero floating-point1452

entry of A will be split into no more than three or four nonzero splitting parts. Almost1453

independent of the choice of k, all splitting parts of A together have no more than1454

four times the number of nonzero elements as the input A itself. This means also1455

that the evaluation of Ozaki’s scheme in (2) does involve no more than 16 times1456

the number of non-zero floating-point products as the original matrix product AB,1457

basically independent of k.1458

In our tests with large random sparse matrices or samples from the Suite Sparse1459

Matrix Collection [10] the situation was even better. On the average, the number1460

of non-zero floating-point products differed only by some factor 9 rather than 16.1461

Although every sparse matrix product implementation comes with a certain com-1462

putational overhead, the computing times of sparse matrix products are basically1463

determined by the density of the input matrices and the actual number of nonzero1464

floating-point multiplications. Especially for larger values of k the computational ef-1465

fort is therefore much lower than a quick look on Ozaki’s scheme may initially suggest.1466

For the multiplication of sparse matrices, the reformulation using Karatsuba’s1467

approach is actually counterproductive because it involves more matrix additions and1468

keeps a higher density of non-zero elements in many of the intermediate factors. It1469

would still make sense to apply the Karatsuba reformulation in the context of multiple-1470

precision input. However, we did not implement this feature yet and can therefore1471

give no definitive statement about its possible benefit.1472

We close this section with some performance data for sparse matrix residuals.1473

For a randomly generated sparse matrix A and right-hand side b we use Matlab’s1474

backslash operator to compute an approximate solution x of Ax = b and monitor1475

computing times to calculate the residual Ax − b with k = 2 and k = 3 for Ozaki’s1476

method, for spProdK and when using the multiple-precision Advanpix toolbox [17].1477

In case k = 2 we compare to mp.Digits(34), a particularly fast implementation of1478

extended arithmetic in the Advanpix toolbox.1479

In Table 15 two numbers are displayed per column k = 2 and k = 3, namely left1480

the time ratio Ozaki vs. spProdK, and right the time ratio mp vs. spProdK. Examples1481

are shown for 1 percent and 0.1 percent density of the matrix. All numbers are larger1482

than 1, i.e., spProdK is faster than both competitors in all examples.1483

16If the splitting vector µ is chosen optimal for the corresponding matrix product in accordance
with (12), the most significant part A(1) contains typically even more digits.
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Ozaki’s implementation has an option for sparse input but does not offer a split-1484

ting approach particularly designed for sparse matrices. That explains the large time1485

ratio to spProdK, so that we omit the data for n ≥ 30, 000. The toolbox mp is1486

highly optimized for sparse input, however suffering from the mentioned obstacles1487

from Matlab. Our spProdK is significantly faster in all examples.1488

Table 15
Time ratios, left: Ozaki vs. spProdK and right: mp vs. spProdK

n
density = 0.01 density = 0.001

k = 2 k = 3 k = 2 k = 3
1000 8.5 2.9 13.7 2.9 15.3 1.2 19.7 1.2
3000 19.4 5.3 25.4 5.9 59.5 2.5 82.2 2.4

10,000 13.9 4.5 17.4 4.0 136.6 4.7 179.2 4.4
30,000 - 4.0 - 3.6 - 4.1 - 3.7

100,000 - 4.8 - 4.4 - 3.5 - 3.3

We repeat the test in Table 12 for the usual and fast splittings introduced [39],1489

now for sparse input data. Recall that this applies only to k = 1. We test the residual1490

Ax̃ − b for sparse random A with density 10/n, i.e., some 10 nonzero elements per1491

row of A.

Table 16
Time and accuracy of Ax̃− b for Ozaki’s method with usual and fast splitting and for spProdK

n
time Ozaki

tspProdK
accuracy Ozaki

acc spProdK
mode=0 mode=1 mode=0 mode=1

100,000 1.71 1.66 0.10 4.7e-24 4.7e-24 2.6e-22
200,000 6.06 6.22 0.24 4.7e-24 4.7e-24 2.6e-22
500,000 36.76 36.29 0.71 4.7e-24 4.7e-24 5.2e-22

1,000,000 156.90 161.00 1.90 4.7e-24 4.7e-24 5.2e-22

1492

Ozaki’s implementation is outperformed by spProdK for both usual and fast splitting.1493

On the other hand, although limited to k = 1, the Ozaki splitting methods are more1494

accurate for matrix-vector products than our norm based splitting approach. In this1495

setup spProdK is less accurate.1496

The benefit in terms of accuracy of Ozaki’s splitting modes typically diminishes for1497

larger matrix-matrix products. Finally we show results for matrix multiplication and1498

compute ATA for the same sparse A as before, i.e., with density 10/n and condition1499

number 1012.1500

Table 17
Time and accuracy of ATA for Ozaki’s method with usual and fast splitting and for spProdK

n
time Ozaki

tspProdK
accuracy Ozaki

acc spProdK
mode=0 mode=1 mode=0 mode=1

100,000 0.458 1.684 0.077 1.9e-15 1.9e-15 1.2e-17
200,000 1.609 6.291 0.172 1.9e-15 1.9e-15 1.2e-17
500,000 0.383 1.2e-17

1,000,000 0.832 1.2e-17

Our algorithm spProdK is fast and accurate. The entries for Ozaki’s algorithm1501
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for n ≥ 5 · 105 are empty because it finished with “out of memory”.1502

9. Summary. The accurate approximation and/or inclusion of matrix residuals1503

is ubiquitous in numerical computations. By means of error-free transformations1504

individual products may be represented as the sum of two floating-point numbers,1505

and to that end the task is to approximate and/or enclose the value of a possibly1506

extremely ill-conditioned sum of floating-point numbers.1507

We presented in this note efficient algorithms to compute accurate approximations1508

of real or complex matrix residuals. Combined with the given error analysis this1509

further allows for rigorous and accurate inclusions. The algorithms allow to specify1510

a parameter k corresponding to “as if” computing in (k/2 + 1)-fold precision and1511

storing the result in working precision, and a parameter L to store the result as an1512

unevaluated sum of L parts. Those parts are basically non-overlapping, i.e., this1513

corresponds roughly to L-fold precision.1514

A major goal was to design our algorithms to use highly optimized level-3 BLAS1515

routines. This speeds up our algorithms almost independent of the underlying archi-1516

tecture. We demonstrated that by the Matlab implementations prodK for full and1517

spProdK for sparse matrices written by the first author, both included in INTLAB1518

[51], the Matlab/Octave toolbox for reliable computing, starting from Version 14. Al-1519

though these pure Matlab codes suffer from interpretation overhead, they are often1520

significantly faster than the highly optimized C-code of the multiple-precision toolbox1521

in Advanpix [17].1522

Our algorithms are based on splitting the factors into an unevaluated sum. The1523

size of the parts is determined by splitting-points, and we presented a new and nearly-1524

optimal determination of those. Another drawback of previous methods was using the1525

∞-norm of matrix rows or columns. That is particularly disadvantageous if there are1526

outliers, i.e., few large entries. We solved this problem by showing and analysing how1527

to use the Euclidean norm instead.1528

All our results hold true for a base-β precision-p arithmetic following the IEEE 7541529

standard with rounding to nearest and any rounding of the tie. We introduced various1530

ways to speed up our algorithms. For example, the splittings are based on some1531

splitting constants, say t. We show that our results hold true when using certain real1532

numbers t, and remain true when t is rounded into floating-point. As a result, there1533

is no need to check whether t or other data is in the underflow range.1534

What we discussed up to now may serve as a good general purpose algorithm for1535

the accurate approximation and/or inclusion of matrix residuals. In the remaining of1536

the note we spent much effort to improve the performance and/or accuracy for several1537

important practical applications.1538

For example, we discussed that when computing a matrix-vector product Av in1539

higher precision, it may be suboptimal to split both factors into the same number of1540

parts. To that end we introduced and analysed unbalanced splittings. As an example,1541

A and v may be split into k and k + 2 parts, respectively.1542

For matrix-vector products each row of the matrix is used once which simplifies1543

the splitting of the matrix. In contrast, special care is necessary for matrix-matrix1544

products. We discussed and analysed how to minimize the splitting effort while re-1545

taining highest possible accuracy.1546

In addition to using highly optimized level-3 BLAS routines, we achieved another1547

speed-up by using efficient matrix multiplication schemes such as Karatsuba or Toom-1548

Cook. That is analysed and incorporated into our algorithms from a certain problem1549

size on. Numerical evidence showed that the computing time of our algorithm im-1550
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proved by some 20 percent, and becomes often faster by a factor 2 and more when1551

compared to state of the art algorithms.1552

When using single precision (binary32) or an even shorter format, special care is1553

necessary for larger matrix sizes. To that end we showed how to split a problem into1554

subproblems with almost no penalty on the performance and accuracy.1555

The output of our methods may be an unevaluated sum of L terms. A typical1556

application is the accurate computation of the product of three matrices ABC. Then1557

AB may be approximated by R1 + R2 followed by computing R1C + R2C. Our1558

algorithm prodK(R,C,k) accepts a cell array R as input. This is not only more easy1559

to read but we showed that the method we used for that is significantly more efficient1560

and more accurate as well.1561

For the case of symmetric rank-1 updates such as in A*A’, Algorithm prodK uses1562

SYRK rather tham GEMM for general matrix products with a significant performance1563

improvement.1564

Yet specific considerations were necessary for sparse matrices. We discussed dif-1565

ferent approaches to reduce the number of matrix additions and described why the1566

application of schemes such as Karatsuba or Toom-Cook is not beneficial for sparse1567

matrix input. Although the advantage of the presented matrix splitting based eval-1568

uation schemes is not as big for sparse matrices as for dense ones, our Matlab im-1569

plementation is significantly faster than the state-of-the-art multiple-precision library1570

Advanpix written in highly-optimized C-code.1571
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