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Abstract. This article refines a result of Delsarte, Genin, Kamp [5], [6],
regarding the number of zeros on the unit circle of eigenpolynomials
of complex Hermitian Toeplitz matrices and generalized Caratheodory
representations of such matrices. This is achieved by exploring a key
observation of Schur [20] stated in his proof of a famous theorem of
Carathéodory [2]. In short, Schur observed that companion matrices
corresponding to eigenpolynomials of Hermitian Toeplitz matrices H
define isometries with respect to (spectrum shifted) submatrices of H.
Looking at possible normal forms of these isometries leads directly to
the results. This geometric, conceptual approach can be generalized to
Hermitian or symmetric Toeplitz matrices over arbitrary fields. Fur-
thermore, as a byproduct, Iohvidov’s law in the jumps of the ranks and
the connection between the Iohvidov parameter and the Witt index are
established for such Toeplitz matrices.
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1. Introduction

A famous theorem of Carathéodory [2] states that for arbitrary complex
numbers ay,...,a,, n € N 1, not all zero, there exist uniquely determined
data m € N with m < n, pairwise distinct €1, ..., &, € C of modulus one and
positive real numbers 7y, ..., 7, such that

m
a; = ZTjEé (1'1)
j=1

IN:={1,2,3,..}, No :={0,1,2,3,...}
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for all i € {1,...,n}. Carathéodory proved his theorem by means of geometric
considerations on convex bodies. Soon after Carathéodory, Fischer [7], Schur
[20] and also Frobenius [8] gave algebraic proofs of this theorem. From the
very beginning the connection between Carathéodory’s theorem and Hermit-
ian Toeplitz matrices was clear: Define

= p(ar, ..., an) i =r1+ .. + 1y >0,

R := diag(ry, ..., 7m) € C™™ and the Vandermonde matrix

[ 1 1 ... 1 -|
€1 IS} Em

V.= E% E% Egn c (Cn-&-l,m. (12)
€7 €3 Em

Then, the Hermitian Toeplitz matrix

1 aq a9 (47%%
ar M a1 as
- R . : 1,n+1
H:=H(u,a1,...;an) := |Gz a1 p .| ettt
ap ... Q2 a1 [

is positive semidefinite and admits the representation H = VRV . Therefore,
the vector p = (po, ..., Pm;, 0, ...,0)T € C"*! consisting of the coefficients of
the polynomial

p(x) := H(:c —g;) = Zpixi (1.3)
i=1 i=0

is contained in the kernel of H since VIp = (p(e1),...,p(em))T = 0, and
p(z) is the uniquely determined nonzero monic (eigen-)polynomial of smallest
degree with this property. Conversely, given an arbitrary Hermitian Toeplitz
matrix

H = H(ag,...,a,) € C" a4 . a, €C,

which is not a diagonal matrix, i.e., aq, ..., a, not all zero, then, necessarily,

Ai=ap — play,...,an)

is the smallest eigenvalue of H, and, if m < n, &; and r; are chosen accord-
ing to Carathéodory’s theorem for ai,...,a,, then H admits the so-called
Carathéodory representation

H=VRV? 4+ \,.41, (1.4)

where R and V are defined as before. From the previous also follows that
p(zx) as defined in (1.3) is the uniquely determined nonzero monic eigenpoly-
nomial of smallest degree corresponding to the smallest eigenvalue A of H,
and is therefore proved to have simple roots on the unit circle. By replacing
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H by —H, the same holds true for the uniquely determined eigenpolyno-
mial of smallest degree corresponding to the largest eigenvalue of H. This
special root distribution of eigenpolynomials corresponding to the extremal
eigenvalues of Hermitian Toeplitz matrices is widely discussed and repeatedly
reproved in the literature, surely also because of its direct applications in the
area of signal processing, see [4], [11], [10], [15], [16], [18], [19]. A good survey
article on this subject is from Genin [9]. There it is stated that the following
result from Delsarte, Genin and Kamp [5] (see also [6]) is the most general
known one regarding the number of roots on the unit circle of any eigen-
polynomial corresponding to any eigenvalue of a given complex Hermitian
Toeplitz matrix:

Theorem 1.1 (Delsarte, Genin, Kamp). Let H € C**inHl n € Ny, be a
Hermitian Toeplitz matriz with eigenvalues Ag < A\ < ... < Ay, and let Ag,
s € {0,...,n}, be one of them with multiplicity m and Iohvidov parameter k.
The index s shall be chosen such that either s =0 or As > As_1. Then, any
eigenpolynomial ps(x) corresponding to \s has at least |n —m — 2s + 1| and
at most n — 2k zeros on the complex unit circle.

Recall that for complex Hermitian matrices geometric and algebraic
multiplicities of an eigenvalue coincide, i.e.,

dimker(H — A1, 1) = m = max{i € N| (z — \,)" divides det(xI,, 41 — H)} .

Both bounds stated in Theorem 1.1 are sharp in the sense that examples
exist that attain them. The upper bound n — 2k involves the less commonly
known Iohvidov parameter k of an eigenvalue A of a Hermitian, non-diagonal
Toeplitz matrix H = H(ag, ..., a,) € C*T1n+1 Tt is defined as follows: Let
m be the multiplicity of A and let r € {0,...,n} be maximal subject to A
being not an eigenvalue of the principal submatrix H, := H/(ao, ..., a,), i.e.,
H, — M,41 is regular. If such an r does not exist, set r := —1. It follows
from results of Iohvidov [14], that n —m — r is an even, non-negative integer,
wherefore the Iohvidov parameter

k:= %(n—m—r) (1.5)

is well-defined. It is known, (see, for example, [5]) that any eigenpolynomial
q(z) of H corresponding to A has the form

q(x) = 2"p(a)s(z) , (1.6)
where p(x) is the uniquely determined monic eigenpolynomial of degree r + 1
of H, 41 corresponding to the eigenvalue A and s(x) is an arbitrary polynomial
of degree at most m — 1. Since deg(p(x)s(z)) < r+m = n— 2k, this is clearly
an upper bound for the number of zeros on the unit circle of ¢(x). Thus,
actually, only the lower bound |n — m — 2s + 1| given in Theorem 1.1 is
non-trivial.
Delsarte, Genin and Kamp obtain this bound by considering two-variable
Levinson polynomials and exploring their properties. One purpose of this ar-
ticle is to give a different, in my opinion more conceptual proof, exploiting
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the observation of Schur [20] that companion matrices of eigenpolynomials
of Hermitian Toeplitz matrices define isometries of Hermitian forms defined
by certain Toeplitz submatrices. Looking at the signature of these Hermitian
forms and the possible normal forms of those isometries immediately gives
the result. Moreover, this approach additionally allows to deduce statements
not only on the total number of roots on the unit circle but also on their
multiplicities. Recall that also the original result of Carathéodory involves
a statement on multiplicities, namely that all roots of the eigenpolynomial
of smallest degree corresponding to the smallest/largest eigenvalue of a non-
diagonal Hermitian Toeplitz matrix are simple. This fact is by no means
trivial compared to just proving that all roots of that eigenpolynomial are
located on the unit circle. Furthermore, the perspective of normal forms of
Schur’s isometries does not rely on the field of complex numbers and draws
direction to describing the eigenpolynomial structure of Hermitian or sym-
metric Toeplitz matrices over arbitrary fields. This will be explained in the
sequel.

The main result of this article for the classical complex Hermitian case
refining Theorem 1.1 reads as follows:

Theorem 1.2 (Main Theorem for complex Hermitian Toeplitz matrices).

Let H € C"t4 4l n € Ny, be a Hermitian Toeplitz matriz with eigenvalues
X <A < o< Ay, and let A = g, s € {0,...,n}, be one of them with
multiplicity m and Iohvidov parameter k. The index s shall be chosen such
that either s = 0 or Ay > As—1. Furthermore, let p(x) be the monic eigen-
polynomial of smallest degree corresponding to X. The distinct roots of p(x)
on the unit circle are denoted by aq,...,aq, a € Ng, and their multiplicities
by my, ..., mg. The remaining non-zero roots of p(x) occur in conjugate pairs

{Bl,Eil},.,.,{ﬁb,Eil}, b € Ny, where 3; and Eﬂ have the same multiplic-
ityng, 1 =1,...,b. Then,
a>{ie{l,...,a} | m; odd}| > |n—m—-2s+1], (1.7)

a

b
m; n—m+1—|n—m—2s+1]
E = E ; < —k. 1.8
Z__lejLi_lm— 2 18

Note that in the extremal cases s = 0 (smallest eigenvalue) and

s=n—m+ 1 (largest eigenvalue) holds
n—m+1—|n—m—2s+1| —0
5 =

wherefore (1.8) implies &k = 0 = b, and m; = 1 for all i« = 1,...,q, i.e., all
roots of p(z) lie on the unit circle and are simple. This is the classical result
following from Carathéodory’s theorem. Note also, that by Equation (1.6)
Theorem 1.2 gives (sharp) lower bounds for the multiplicities of the roots on
the unit circle of any eigenpolynomial.

Next, we want to elucidate the geometrical background of (1.7),(1.8):
The spectrum shifted Hermitian Toeplitz matrix G := H—Asl,,41 hasn_ 1= s
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negative eigenvalues \; — A;, ¢ = 0,...,s — 1, ny :==n+1— s — m positive
eigenvalues, A\; — A;, i = s +m,...,n, and ng := m is the dimension of the
kernel, i.e., the multiplicity of the eigenvalue zero. The triple (n_,ng,ny) is
the index of inertia of G, where n™ and n_ are the positive and negative
index of inertia, respectively. The difference sign(G) := ny —n_ is the signa-
ture of G. By Witt’s decomposition theorem applied to the Hermitian form
defined by G there is an up to isometry uniquely determined G-orthogonal
decomposition C"*1 = A W @ ker(G), where A is G-anisotropic (meaning
here positive or negative definite) with dimension

dim A = |sign(G)| = |ny —n_|=n—m—2s+ 1|, (1.9)
and W is a so-called hyperbolic space of even dimension
dim W = dim C"*! — dim ker(G) — dim A

=n+l-ny—|ny—n_|=n+1l-m—-|n—m-2s+1. (1.10)
The number
_dimW  n4+1-m—|n—m—2s+1]
2 2
is the so-called Witt index of W which is the dimension of a maximal totally

G-isotropic subspace of W. Then, the maximal dimension of a totally
G-isotropic subspace of the whole space C**! clearly is

ind(W) :

(1.11)

ind(G) := ind(W) + ng .

Neglecting the addend ng, which is the dimension of the G-radical ker(G),
ind(W) is the essential part of the Witt index of G. Thus, in the light of (1.9)
and (1.10), Inequality (1.7) means that the number of roots on the unit circle
of the eigenpolynomial p(x) of smallest degree corresponding to the eigenvalue
As is bounded from below by |sign(H — AsI,+1)| and Inequality (1.8) describes
how their multiplicities m; are related to ind(W) — k, the difference of the
essential part of the Witt index and the Iohvidov parameter of H — A1}, 11.
(Clearly, dropping the Iohvidov parameter k& > 0, gives the coarser upper
bound ind(W) = ”+1_m_‘z_m_25+1‘ )

In the extremal cases s = 0 and s = n, |sign(H — \Ih1)|=n+1—m
is maximal which clarifies the symmetry of both cases. In general, for the
considered purpose, for any eigenvalue A of H of multiplicity m,

th:=|sign(H— AM41)| =n+1+my —2-ind(H— M,41) , (1.12)

which is the dimension of the anisotropic subspace (the core form) in a Witt
decomposition of H — Al 1, can be seen as the more direct, appropriate
label for A than its position s in the ordered chain of all eigenvalues which
relies on the ordering of the real numbers. In this regard, recall that the
index of inertia as defined here for complex Hermitian matrices is not avail-
able for arbitrary fields. In contrast, Witt’s decomposition theorem remains
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true for Hermitian and also for symmetric or symplectic 2 matrices over
arbitrary fields K (with characteristic char(K) # 2 in the symmetric, non-
symplectic case). Accordingly, the Witt index is always well-defined in these
cases. Since, in such general cases, algebraic and geometric multiplicities of
eigenvalues may differ, m) must be taken as the geometric multiplicity, i.e.,
my = dimker(H — Al,41). See Section 2 for basic facts in geometric alge-
bra like Witt decomposition, Witt index, etc. In this spirit, we obtain the
following general main theorem from which Theorem 1.2 follows as a special
case.

Theorem 1.3 (Main Theorem for Hermitian or symmetric Toeplitz matrices
over arbitrary fields).

Let K be a field, let o be an involutory field automorphism of K, i.e
a? =idg, and let H € K*Hbntl n e Ny, be an a-Hermitian or symmetric
Toeplitz matriz. We assume « # idg for the Hermitian case and o = idg and
char(K) # 2 for the symmetric case. Thus, a(H;;) = H; ; = Hy j for all
i,7,4',7 €40,...,n} with |i — j| = i’ — j'|. Now, let A\ € K be an eigenvalue
of H with a(X\) = X\ and geometric multiplicity m, and let p(z) € K[z] be the
uniquely determined monic eigenpolynomial of smallest degree corresponding
to X Then, p(x) admits a prime factor decomposition

b
= z" H gi(x)™ T (rs(@)r} (2)a(r; (0)) )™ (1.13)
Jj=1
where a,b,k € No, mi,n; € N, gi(z),rj(x),75(x)a(r;(0))"" € Klz]\{z} are
pairwise distinct, monic prime polynomials, and the ¢;(x) are a-symmetric,
i=1,..,a,j=1,..,b. Here, for a polynomial s(z) = ¢, s;a" € K[z] of de-
gree d > 0, the a-reciprocal polynomial is defined by s*(x) = z%a(s)(z™!) =
S a(s)x®t | and s(x) is a-symmetric if s* (x) is a scalar multiple of s(z).
Since (H — )\InH)T = a(H — A 41) is a-Hermitian respectively symmetric,

t:=n+14+m—2-ind(H — Alp41) (1.14)
1s well-defined. It satisfies

> deg(qi(z)) > ¢t (1.15)

i=1
m; odd
a b
n—m+1—1t
deg(gi(2)) + > njdeg(rj(z) < ——————— —k 1.16
1_1[ ‘| deg(ai( ;1:] 8(r;()) . (1.16)

=ind(H — Mp41) —m—k

The reason why in the Hermitian case a # idg only eigenvalues A with
a(A\) = A are considered is that H —\I,, 41 shall again be a Hermitian Toeplitz

2A Matrix S € K™" is symplectic, if v Sv = 0 for all v € K. This is equivalent to
ST = —S and S;; = 0 for i = 1,...,n. If char(K) # 2, then the latter condition follows
from the former and can therefore be dropped in that case.
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matrix for which, in particular, ind(H — Al,41) is well defined. For K = C
and Hermitian H, all eigenvalues of H are real wherefore that condition is no
restriction. In this case (1.7), (1.8) of Theorem 1.2 follow from (1.15), (1.16).

We remark that it seems not much promising to consider more general
divisors ¢(x) of the characteristic polynomial of H with a(c)(z) = ¢(z) in-
stead of just linear ones like  — A because, even though ¢(H)T = a(c(H))
means that ¢(H) is again Hermitian or symmetric, ¢(H) will in general not
be Toeplitz which is essential for the proof of Theorem 1.3. Also, it does
not make much sense to include symplectic Toeplitz matrices, as for \ # 0,
H — A, ;1 will not be symplectic. Indeed, for char(K) = 2, H— A\, 41 would
be symmetric but Witt’s decomposition theorem does not hold true for sym-
metric, non-symplectic forms in characteristic 2 so that ind(H — AI,,41) would
be not well-defined. Nevertheless, some aspects of symplectic Toeplitz matri-
ces will be considered on the way to the proof of Theorem 1.3. Finally, we
remark that it will be shown that the definition of the Iohvidov parameter k,
see (1.5), appearing without further explanation in (1.13) as exponent of z,
and the eigenspace representation (1.6) remain valid for the general situa-
tion of Theorem 1.3 so that (1.15), (1.16) can again be adapted to arbitrary
eigenpolynomials corresponding to A.

Continuing Theorem 1.3, the following Theorem 1.4 formulates a gen-
eralization of the classical Caratheodory representation (1.4) for arbitrary
eigenvalues A with a(\) = A.

Theorem 1.4 (Generalized Caratheodory representation).

The notation of Theorem 1.3 is kept and k is the Iohvidov-Parameter of
H—\I,, 1. Suppose that all roots of p(x) are contained in K, i.e. g;(x) = x—¢;
and rj(xz) = x—9§; for suitable €;,d; € K\{0} such that a(e;)e; = 1 # a(d;)9;
and such that all e;,8;,(0;)7, i =1,...,a, j = 1,...,b, are pairwise distinct.
Thus, p(x) = 2% [T (2 — 20)™ [T (@ — 85)(@ — al6;) ")) Set
r:=deg(p(z)) —k—1= Z?zlmi+2zg-=1nj —l=n—-m-=2k. Ifr > -1,
let Ve KPti=kr+l be the confluent Vandermonde matriz

V=[Vi,., Vo, Wy, Wi, . Wy, Wi, (1.17)
Vii=V(en+1—km)eKH=rkmi -1 a,
Wi =V (;,n+1—kmn;) e RKI7Fn o5 =1 ..b,
Wr=V(a(d;) n+1—kn;) e KH0m =10,

where for arbitrary p € K and s,t € N, V(u, s, t) € K® is defined by

G ifi> g, 8
Vinsty = { P00 (113

fori=20,..,s—1,j =0,..,t — 1. Let H,_;, € KrT1=kn+t1=k genote the
upper left submatriz of H of order n+ 1 — k. Then,

Hy, x=a(V)RVT 4 N, 114, (1.19)
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for some regular block diagonal matriz R = diag(Q1, ..., Qa, R1, ..., Rp) with
AT

Q; € Kmimi Oé(Qi)T = Q;, Rj _ {g OZ(SOJ) c Kan,an} Sj c Knimi ]f

J

r=—1, then Hy,_ = A, 4+1—k-

We recall the meaning of V'(u, s,t) defined in (1.18) under the simplify-
ing assumption char(K) = 0: For an arbitrary polynomial

s—1
= Z gz’ € Kz]
i=0

of degree at most s — 1 with coefficient vector ¢ := (go, g1, .-+, gs—1) holds

OV (15.0) = (000).0/0). 5" () 507 (0), o gy )

where
s—1

i
D) () = i
gV (z) = ——q;T
(®) ; (@ =)
is the formal j-th derivative of g(x). Thus, if s > ¢, then ¢V (u,s,t) = 0 if|
and only if, u is a t-fold root of g(x).

Corollary 1.5. If k =0 and H # A,,41 (i-e. r > —1) in Theorem 1.4, then
H=VRVT 4 ALy . (1.20)

If moreover all roots of p(x) are simple, i.e. m; =1 =n; for all i,j, then V
18 the usual Vandermonde matrix

1 o1 1 1 o1 1

€1 ... & 01 a6t .. & ald)h
vl ... e 0 ad)? ... 6 ald)?

el el O a(d)™™ ... 0 afdy)T™

and R becomes
o 0 04(81):| {0 a(sb)})
R = diag (rl,...,ra, Ll 0 ] s, 0

for nonzero r;,s; € K with a(r;) = r;. Thus, the first matriz row of (1.20)
reads componentwise

a

b
ho :=Hoo= A+ Z’l‘i + Zsj + a(sj) (1.21)

i=1 j=1

hy == Hy, —Zns +ZSJ5 +a(s;)ald), 1=1,..,n. (1.22)

3For z,y € Ng with z >y, z := (z) € N is interpreted as an element of K in the usual way
as Zle 1g which might be zero if char(K) divides z.
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For K = C and Hermitian H, (1.21) and (1.22) are equivalent to Theo-
rem 5 of [6]. 4 In this case, and if ) is the smallest eigenvalue of H, then, by
Theorem 1.2, as noted before, k = 0 =b and H — Al,,41 is non-negative defi-
nite wherefore r; > 0 for all ¢. Thus (1.22) becomes the classical Result (1.1)
of Caratheodory. (If H = M, 41, i.e. if = —1, then a = 0 = b and (1.22)
still holds true.)

The article is organized as follows: In Section 2 normal forms of isome-
tries of classical Hermitian, symmetric and symplectic forms over arbitrary
fields are revisited. Section 3 fixes a notation and states some simple prop-
erties of Toeplitz matrixces which are needed in the subsequent sections.
Section 4 establishes an extension theorem for Hermitian or symmetric or
symplectic Toeplitz matrices over arbitrary fields. Originally, this was proved
by Iohvidov [14] for complex Hermitian Toeplitz matrices. In section 5 Schur’s
isometry related to the monic eigenpolynomial of smallest degree in the ker-
nel of a singular Hermitian or symmetric or symplectic Toeplitz matrix is
introduced. In Section 6 the proof of Theorem 1.3 is given by simply looking
at normal forms of Schur’s isometries. As already mentioned, Theorem 1.2
follows as a special case. Finally, Theorem 1.4 is proved.

2. Normal forms of Isometries

In this section we shortly state the classification of all possible normal forms of
isometries of finite-dimensional, regular, Hermitian, symmetric or symplectic
spaces. The description follows Huppert’s book [13].

The derivation of normal forms of finite-dimensional linear mappings
is one of the main topics in undergraduate linear algebra lectures and is
also taught to students of applied sciences, wherefore linear normal forms
are broadly known also to engineers. Also metric structures like Hermitian or
Euclidean inner products on finite-dimensional vector spaces and correspond-
ing isometries, i.e., linear mappings that preserve the given metric structure,
belong to the basic linear algebra education. In view of the importance of
symmetry considerations in all areas of natural sciences, this is well justified.
Even though near at hand, classifying the possible normal forms of isometries
does not belong to the usual undergraduate linear algebra canon and is, for
general fields K and regular unitary, symmetric or symplectic sesquilinear
forms, even hardly known to mathematicians. In my opinion, this is quite a
gap in basic education. Theorems 2.1 and 2.2 below state this general clas-
sification. The casual reader or those who are anyway only interested in the
classical case of complex numbers, which is probably of most importance in

4Ciccariello and Cervellino [3] published a slightly different version of Theorem 5 of [6].
They also consider the case of Iohvidov-Parameter k& = 0 which is Condition (i) in their
“Generalized Carathéodory theorem” on page 14916. Their main improvement seems to
be the replacement of the assumption that all roots of p(x) are simple by a second Condi-
tion (ii) based on their Lemma A which assures this and also that all roots are unimodular,
i.e. b = 0. Actually, this Lemma A is not new as they proposed but follows directly from
a Theorem of Herglotz and Krein, see [14] Theorem A.I.2, p.194.
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view of applications, may skip these theorems and just take note of Theo-
rem 2.3.

For formulating the stated theorems, we need to introduce some mainly
commonly known facts and standard notation: In the sequel K always denotes
a field, for example, K = C, the field of complex numbers, or K = R, the field
of real numbers, or K = F,, the finite field with ¢ elements, where ¢ is some
prime power. Furthermore, V' denotes a finite-dimensional vector space over
K of some dimension n € N, and « denotes a field automorphism of K i.e.,
a bijection of K which satisfies a(ab) = a(a)a(b) and a(a +b) = a(a) + a(d)
for all a,b € K. An a-sesquilinear form on V is a function f: V x V — K
that satisfies

a) f(quv,w) = f(uvw) +f(v,w)

b) f(uvv+w) = f(uvv) +f(u7w)

c) flau,v) = a(a)f(u,v)

d) f(u,av) =af(u,v)
for all u,v,w € V and all a € K. It is called orthosymmetric if f(u,v) =0
implies f(v,u) =0 for all u,v € V, i.e., if the orthogonality relation

ulv & f(u,v)=0

is symmetric, which will be assumed from know on.

Two nonempty subsets U, W of V are called orthogonal if v 1 w for all
u € U, we W, and we write U 1. W in this case. If two subspaces U, W
of V satisty U L W and U NW = {0}, then their direct sum U & W is
also denoted by U O W in order to stress the orthogonality relation. The
orthogonal complement of a nonempty subset U of V is defined by U+ :=
{v €V |v LU} Recall that U+ is always a subspace of V. If U is a subspace,
then dim U+ = dim V —dim U. The subspace U is called regular, if its radical
rad(U) := UNU" is the zero space. In this case holds V = U @ U~. The
form f is called regular, if the radical rad(f) := rad(V) = V1 = {0}. As it
is generally known, f is orthosymmetric if, and only if, one of the following
cases holds: .

a) a =idg and f is symmetric, i.e f(u,v) = f(v,u) for all u,v € V.

b) a =idk and f is symplectic, i.e f(u,u) =0 for allu € V.

c) a? =idg # a and there is a nonzero a € K such that the a-sesquilinear
form g defined by g(u,v) := a - f(u,v), u,v € V, is a-Hermitian, i.e.,
g(u,v) = a(g(v,u)) for all u,v € V.

d) a #idg and dimrad(V) > dim V' — 1. (negligible, trivial case)

Recall that for symplectic f always holds f(u,v) = —f(v,u) for all u,v € V|
and, if the characteristic of K, denoted by char(K), is distinct from 2, then
this property is equivalent to f being symplectic. If char(K) = 2, this is not
true, but note, since —1 = 1 in this case, a symplectic form is always a special
kind of a symmetric form. For char(K) # 2, the property f(u,v) = —f(v,u)
for all u,v € V is known as skew-symmetry. Thus, in this case, symplectic
forms are also called skew-symmetric forms. Analogously, for a? = idx # «
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and char(K) # 2 forms satisfying a(f(u,v)) = —f(v,u) are called skew-
Hermitian, but, since there exists always a nonzero a € K with a(a) = —a,
the form a - f is Hermitian so that c¢) applies.

From now on we assume that either o = idg and f is symmetric or
symplectic or o? = idg # « and f is Hermitian (meaning a-Hermitian). In
matrix notation this translates to

where
G = (f(vi,v5)o<ij<n—1) € K"

is the Gramian matrix of f corresponding to some basis vy, ...,v,—1 of V,
and e := —1 if char(K) # 2 and f is symplectic, and ¢ := 1 otherwise. The
Gramian matrix G is symmetric or symplectic or a-Hermitian if, and only if,
f has this property.

A vector u € V is called isotropic if f(u,u) = 0, i.e.,, v L u, and
anisotropic if f(u,u) # 0. A subspace U of V is called totally isotropic if
f(uy,uz) = 0 for all uy,us € U, and it is called anisotropic if all its non-
zero vectors are anisotropic. ® A regular subspace H of V is a hyperbolic
space if it admits a decomposition H = H; @ H into two totally isotropic
subspaces Hy and Hy. Then, necessarily, dim H; = dim H,, and therefore
dim H = 2dim H; is even. In case of dim H; = 1, ¢ = 1,2, H is called a hy-
perbolic plane. In general, a hyperbolic space H always admits an orthogonal
decomposition into m := %dimH hyperbolic planes, and, conversely, every
direct orthogonal sum of hyperbolic planes is a hyperbolic space.

An orthosymmetric a-sesquilinear form f is called classical if one of the
following conditions holds:

a) f is symmetric and char(K) # 2.
b) f is Hermitian.
c¢) f is symplectic.

A classical form always admits a Witt decomposition
V=HQAQ rad(f)

into a hyperbolic subspace H, an anisotropic subspace A and the radical
rad(f). This decomposition is up to isometry unique. Therefore, the dimen-
sions of all maximal totally isotropic subspaces of V are equal, and this
common dimension is called the Witt index of f (or V'), denoted by

ind(f) :=ind(V) = dimrad(f) + %dimH .

The restriction of f to A (or even A itself) is called the core form of f.

5The zero space {0} is the only subspace of V which is both, totally isotropic and
anisotropic.
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If K= C and if f is Hermitian with Gramian matrix G having index of
inertia (n_,ng,ny), then

dimrad(f) = ng = dimker(G) ,
ind(G) := ind(f) = min{ny,n_} +no ,
dim A = |sign(G)| = |ny —n_|,

and f restricted to A is positive/negative definite if sign(G) is positive/negative.
A linear isomorphism ¢ of V' is an isometry of f, if

fle(u),o(v)) = fu,v)
for all u,v € V. In matrix notation this reads
a(M)TGM =G

where M is the matrix of ¢ and G is the Gramian matrix of f with respect
to some common basis of V. For regular G this identity implies that the
characteristic polynomial char(y) and the minimal polynomial mip(p) of ¢
are a-symmetric. Recall from Theorem 1.3 that a polynomial

p(x) =Y pir' € Kla], pm #0,
i=0

of degree m € Ny is said to be a-symmetric if the a-reciprocal polynomial
p*(x) of p(x) defined by

p*(x) = 2ma(p)(z™) =Y a(p)a™ (2.1)
i=0

is a scalar multiple of p(x). A p-invariant subspace of V will be called a
©-(sub)module, and the whole vector space V' is ¢p-decomposable if there ex-
ist nontrivial p-submodules U and W of V such that V = U @O W. If this
is not the case, V is called orthogonally ¢-indecomposable. Clearly, V ad-
mits always a decomposition V. =V; © Vo © ... © V,, into orthogonally
p-indecomposable p-submodules Vi, ..., V,,,, m € N. Therefore, having a clas-
sification of normal forms of isometries in mind, it is sufficient to restrict to

orthogonally indecomposable modules.

Theorem 2.1 (Normal forms of isometries, part 1).

Let V' be a finite-dimensional vector space over a field K, let a be an involutory

field automorphism of K, i.e., a® = idg, and let V be endowed with a regular,

orthosymmetric a-sesquilinear form f :'V x V. — K. Furthermore, let ¢ be

an isometry of V with respect to f, and suppose that V is an orthogonally

indecomposable p-module. Then, V' and ¢ fit to exactly one of the following

types:

T1. V = V1 @ Vy for indecomposable p-modules Vi, Va, mip(ply, ) = p(x)t,
mip(¢ly,) = p*(2)", p(x) € K[a] is irreducible, ged(p(x),p*(x)) = 1,
t € N. (Then, necessarily, V1 and Va are totally isotropic subspaces
which means that V is a hyperbolic space.) ©
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T2. V = Vi@V, for indecomposable p-modules Vi, Va, mip(ply, ) = p(z)" =
mip(ply, ), p(z) € Kz] irreducible and a-symmetric, t € N.

T3. V is an indecomposable @p-module, mip(p) = p(x)t, p(z) € Klx] irre-
ducible and a-symmetric, t € N.
(Then, necessarily, p(p) [sly = ker(p(p) L%J) is a totally isotropic sub-
space of V.)

Now, if it is additionally assumed that the sesquilinear form f is ei-
ther symmetric, symplectic or a-unitary, which are the most common cases,
then Theorem 2.1 can be refined. (Recall that oo = idg in the symmetric or
symplectic case.)

Theorem 2.2 (Normal forms of isometries, part 2).
Let p(z) € K[z] be monic and irreducible.

1. If ged(p(z), p*(x)) = 1, then, for any t € N, indecomposable p-modules
V of type T1 with mip(¢) = p(x)p* ()" can be constructed.

2. If p(x) is a-symmetric and if (V, ) is of type T2 with mip(y) = p(x)?,
t €N, then « =1 and p(x) = z £ 1. If additionally char(K) # 2, then
the following holds true:

i) If f is symmetric, then t must be even, and for all even t modules
of this type can be constructed.

i) If f is symplectic, then t must be odd, and for all odd t modules of
this type can be constructed.

ii) There exist totally isotropic p-submodules Vi and Vo of V' such
that V=V, @& Va. In particular, V' s a hyperbolic space.

3. Let p(x) be a-symmetric. If a # 1 or p(x) # x £ 1, then, for anyt € N,
indecomposable p-modules V' of type T3 with mip(¢) = p(z)* can be
constructed. If a = 1 and p(x) = x £ 1 and char(K) # 2, then the
following holds true:

i) If f is symmetric, then t must be odd, and for all odd t modules of
this type can be constructed.
it) If f is symplectic, then t must be even, and for all even t modules
of this type can be constructed.
If a =1 and p(x) = £ 1 and char(K) = 2, then t must be even or
equal to 1. Moreover:
i) For all even t symplectic modules (and hence symmetric modules)
of this type can be constructed.
i) For the trivial case t = 1 = dimV holds ¢ = +idy and clearly a
symmetric, non-symplectic module of this type exists. 7

Proofs of Theorems 2.1, 2.2 are given in [13], §8, Theorems 8.7 and 8.9.
For the special case K = C and «a(a) := @, a € C, these theorems imply:

6Here, and in Theorem 2.2, minimal polynomials are understood to be unique up to a
non-zero scalar multiple.
"This trivial case was neglected in [13], Theorem 8.9.
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Theorem 2.3 (Normal forms of unitary isometries for K = C).

Let H € C™"™, n € Ny, be a reqular, Hermitian matriz with indices of posi-
tive and negative inertia n* and n=, respectively, and Witt index ind(H) :=
min{ny,n_}. Furthermore, let M € C™™ be a unitary isometry of V with

respect to H, i.e., M HM = H. Assume that V :=C"™ cannot be decomposed
into proper H-orthogonal, M -invariant subspaces. Then, one of the following
cases holds true:

T1. V =V, &V, for M-indecomposable, M -invariant subspaces Vy, Vo with
mip(M|y, ) = (z—a)’, mip(M|,) = (x—a~ ") for some a € C\{0} with
aa # 1 and t := 5. Necessarily V1 and Va are totally isotropic subspaces
which implies t = n* =n~ = ind(H).

T3. V is M-indecomposable with mip(M) = (x — a)"™ for some a € C\{0}
with aa = 1, i.e., a lies on the unit circle. Moreover,

ind(H) = min{n*,n"} = L%J

In particular, H is positive or negative definite, if, and only if, n = 1 and

H = a for some a on the unit circle.

Proof. 1t only remains to prove min{n*,n~} = || =: ¢ in case T3. Clearly,
ind(H) < t. Set s := n —t > %. The subspace U := ker((M — al,)") =
(M — al,)?V has dimension dimU = ¢ and is totally isotropic because for

u,v € V holds
M —al)su H(M — al,)*v
=u' H(—aM ")*(M —a '1,,)*(M — al,,)*v
=a' H(—aM")*(M — al,,))*v =0 .
Thus ind(H) > dimU = ¢, and therefore ind(H) = t. O

3. Classical Toeplitz forms: Notation and elementary
properties

For the rest of the article the following notation is fixed:

K is a field, a is an involutory field automorphism of K, i.e., o2 = idk,
and H € K"t +l n € Ny, is an a-Hermitian or symmetric or symplectic
Toeplitz matrix of order n + 1. We assume « # idg for the Hermitian case,
a = idg for the symmetric or symplectic case and char(K) # 2 for the
symmetric, non-symplectic case, unless otherwise stated. Furthermore, set
€ := —11if H is symplectic and char(K) # 2 and ¢ := 1 otherwise so that
a(H)T = eH. Under these assumptions, the a-sesqulinear form

f=fu K x K 5K, f(v,w) := a(v)! Hw

with Gramian matrix H is a classical one and therefore admits an up to
isometry unique Witt decomposition. In this context H will also be called
a classical Toeplitz matrix. The property a(H)T = eH is equivalent to
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a(f(v,w)) = ef(w,v) for all v,w € K"*1. The elements of the first row of H
are denoted by hg, h1, ..., hy, € K so that the (i, j)-entry of H is H;;=h;j_;
for i,5 € {0, ...,n} where h_j := ea(hy) for k € {1,...,n}. For r € {0, ...,n},

H, := (hi—j)o<ij<r € KL
denotes the upper left submatrix of order » + 1 of H. Next, set

1

1 1
J = (0in—i)o<ij<n = e Krintt,

1

For an arbitrary matrix A = (a; ;)o<ij<n € K" 1 and i,j € {0,...,n}
holds (JTAJ); j = Apn—in—j, i-e., JTAJ is the matrix obtained by reflecting
all entries at the center of the matrix. An essential property of the Toeplitz
matrix H is

J'HJ = ca(H) = H. (3.1)
In the symmetric case this means JTHJ = H, i.e., H is centrosymmet-
ric, wherefore J is an isometry with respect to the classical form f defined
by H. In the Hermitian case holds a(J)THJ = JTHJ = a(H), i.e. H is a-
centrosymmetric, wherefore, in general, J is not an isometry with respect
to H. Finally, for symplectic, non-symmetric H holds char(K) # 2 and
JTHJ = —H, i.e. H is skew centrosymmetric, and .J is not and isometry
of H.

As already indicated by the notation of eigenpolynomials, it will be very
convenient to identify a vector v = (vg, ...,v,)T € K™ with the corresponding
polynomial v(z) := (1,z,...,2") - v = Y i-; v;z’. For example, we may write
Hu(x) for the matrix vector product Hv. Now, define

U(*’n) = a(JU) = O[(’Un”l}n_17 ...,UO)T- (32)

Then

p(m) (x) = Za(vn,i)xi =z"a(v)(z7) = g dea(v(@)) x (x) , (3.3)
i=0

where v* () := 29°8(*(#) q(v)(271) is the a-reciprocal polynomial of v(x) like
defined in (2.1). Now, (3.1) implies

flo,w) = flw®m, wtm) (3-4)
for all v,w € K", A trivial but useful consequence of (3.4) is:

Remark 3.1. The radical of f, which is the kernel of H, is a-symmetric,
meaning v € rad(f) if, and only if, v*™ € rad(f).

Another simple property of Toeplitz forms is their shift invariance:
Remark 3.2. For u,v € K" with deg(u(z)), deg(v(z)) < n holds
fu(@),v(z)) = f(zu(z), zo(z)) .
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Proof. For @i := (ug,...,un_1)T and ¥ := (vg,...,vp_1)T holds u = (aT,0)7,
v=(97,0)T and

In the subsequent section the ranks and the kernels of the upper left
submatrices H, € K™t1r+! of H, r < n, will be investigated. For simplicity
of notation, subspaces and vectors of K"+ on which H, acts will be identi-
fied with their natural embeddings into larger spaces K"+, i = 0,...,n — 7,
by simply adding trailing zeros to the components. Thus, for example, a
vector u = (up,u;)T € K2 is, depending on the context, identified with
u' = (ug,u1,0)T € K3 or v := (ug,u1,0,0)7 € K* In this manner sub-
spaces of K™ and, in particular, K" itself are considered as subspaces of K",
In the sequel we will tacitly work with this slight ambiguity. Note carefully,
that intrinsic metric properties of subspaces U of K" with respect to the
form fy- defined by H, like being totally isotropic or regular or hyperbolic
remain valid under the stated natural embedding of U into a larger space
K"+% and simultaneous extension of the classical form to fyr+: defined by
H, ;. For technical reasons we formally define H_; to be an empty matrix
with no (zero) rows and columns. Formally, we write H_; € K%0 and define
det H_1 := 1, which is consistent with Leibniz’ product formula for the deter-
minant, and wherefore H_; is considered as “regular”. Moreover, we define
rank(H_1) := 0, dimker(H_;) := 0, ind(H_1) := 0.

4. Iohvidov’s extension Theorems for classical Toeplitz forms
over arbitrary fields

In this section results of Iohvidov [14], Chap. III, §15, on the jumps in the
ranks of complex Hermitian Toeplitz matrices will be established for symmet-
ric or Hermitian or symplectic Toeplitz matrices over arbitrary fields. In this
course, the Iohvidov parameter (see (1.5)) will be defined in this general set-
ting and it will also be shown that the eigenpolynomial representation (1.6)
remains valid for A = 0 with geometric multiplicity m, i.e., for m-dimensional
kernel.

Even though Iohvidov considered only complex Hermitian Toeplitz ma-
trices, possibly almost all of his arguments can be carried over to arbitrary
fields and also to symmetric and symplectic Toeplitz matrices. But, of course,
this cannot be assumed or stated without a detailed proof, especially because
Iohvidov’s exposition, although very well organized and furnished with ac-
curate proofs, is quite lengthy since it is based on direct calculations with
Toeplitz matrices, their specific entries and minors. Thus, repeating Iohvi-
dov’s arguments would be quite tiresome and inappropriate for a publication.
Therefore, I will reprove the needed parts in a different, less computational,
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more structural way by means of geometric algebra. As a byproduct this will
demonstrate the connection between the Iohvidov parameter and the Witt
index which is new to my knowledge. In short, the Iohvidov parameter k of
the classical Toeplitz matrix H (see the Notation fixed in Section 3) is noth-
ing but the difference of the Witt index of H and that of its largest regular
upper left submatrix H’ and the dimension of the kernel of H which is the
dimension of the radical of H:

k=ind(H) — ind(H') — dimker(H) . (4.1)

Thinking in terms of Witt decompositions this implies that Witt decompo-
sitions of H and H’ simply differ by k additional hyperbolic planes and a
radical of dimension dim ker(H). &

Theorem 4.1 (Iohvidov’s law on the jumps in the rank). Letr € {—1,0,1,..,n}
be mazimal subject to det H, # 0, i.e., H, € K11 s the largest reg-
ular upper left submatriz of H. Furthermore, let m := dimker(H) so that
p:=rank(H) =n+1-—m.

a) p—(r+1)=n—m—r is even so that the Iohvidov parameter
n—m-—r

2

is a well-defined non-negative integer. If H is singular, then also H, 11
is singular with one-dimensional kernel. In this case, the uniquely deter-
mined monic non-zero eigenpolynomial p(x) lying in the kernel of Hy41q
is a-symmetric and has degree r + 1. Moreover,

ker(H) = span{z*Tip(z) | 0 <i <m — 1}
= {a*p(2)s(z) | s(z) € K], deg(s(z)) < m — 1}

k=

and
Uy :=span{z'p(z) | 0 <i < k}
Uy :=span{z™ " ip(z) | 0 <i < k}
are totally isotropic, k-dimensional subspaces such that
K" = (K™ © Uy) @ Uy) © ker(H).
Furthermore, the two-dimensional subspaces
W; := span{z’p(z), " T Fip(z)} , i=0,... k-1,
spanned by the isotropic vectors z'p(x), x*+™+ip(z) are hyperbolic planes

which are not mnecessarily pairwise orthogonal but satisfy Uy & Us =
Wo® ... Wy_1.

8In lofty language, this means for the symmetric case that the quadratic forms corre-
sponding to H and H’ are equivalent in the Witt group of the coefficient field K modulo
radical.
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b) rank(H, ;) =r+1 fori=0,....k+m and rank(H; jxymyi) =1+ 1+ 21
fori=1,....k. In words: During the first k + m extension steps of the
regular matriz H,, the rank remains the same, namely r+1, while during
the final k extension steps the rank increases by two in each step.

c) If K™t = A @@ W is a Witt decomposition for H, with anisotropic sub-
space A and hyperbolic subspace W, then there is a hyperbolic subspace
U of K"t with dim U = 2k such that K" = A QW Q U @ ker(H)
is a Witt decomposition for H. In particular,

1
ind(H) = §(dimW +dimU) + dimker(H) = ind(H,.) + k + m.

This means that a Witt decomposition for H, differs from one for H
only by a radical of dimension m and a hyperbolic subspace the Witt
index of which is the Iohvidov parameter. °

Before proving this Theorem we remark that the definition of the pa-
rameter r follows Genin [9]. It differs from Iohvidov’s definition [14] by 1,
i.e., Tlohvidov = T + 1. For reasons of certain notational benefits we work (like
Genin [9]) with a given Toeplitz matrix H of order n+1 while Iohvidov uses a
Toeplitz matrix of order n. In order to keep the final formula k = *=5== for
the Iohvidov parameter unchanged, the shift in the parameter r is necessary.

The following trivial linear algebra statements grouped in the remark
below will be used for the proof of Theorem 4.1:

Remark 4.2. Let V be a finite-dimensional K-vector space with dimV > 1,
let ¢ : V. — V be a linear mapping, let W be a hyperplane of V, i.e.,
dimW =dimV — 1, and let pry : V — W be a linear projection from V to
W, ie., priw(V) = W and prw(w) = w for all w € W. Then, for the linear
mapping

Yi=prwoply W =W, we prw(p(w))
the following holds:

ker(y)) = (ker(p) N W) @ U for a subspace U with dimU < 1
dimker(¢) + 1 > dimker(¢)) > dim(ker(¢p) Nker(¢)) > dimker(p) — 1
rank(p) > rank(y)) > rank(p) — 2

dimker(¢)) < dimker(¢) < ker(¢) G ker(p)

a

NS AN AN

b
c
d

Proof.
a) p(ker(v)) C ker(prw) and dim ker(pry,) = 1 imply
ker(¢)) = (ker(p) Nker(y)) @ U = (ker(¢) N W) @ U

for an at most one-dimensional subspace U of ker(v).

b) Part a) implies
dim ker(¢) = dim(ker(p) N W) + dim(U) < dimker(¢) +1 .

9For r = 0, A and W may formally be considered as zero spaces.
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Next, the dimension formula
dim(A + B) = dim A + dim B — dim(A N B)

for arbitrary subspaces A,B of V applied to ker(p) N W = ker(p|y,,) =
ker (1) Nker(p) yields

dim(ker(¢) N W) = dimker(p) + dim W — dim(ker(p) + W)
> dimker(¢) + dim W — dim V = dimker(p) — 1 .
c) Clearly, rank(y) > rank(¢)) and from b) follows
rank(¢) = dim W —dimker(¢)) > dimV—1— (dim ker(¢) +1) = rank(p) —2 .

d) The implication “<” is trivial. For proving the other direction, suppose
that dimker(¢) < dimker(p). Then, by a) and b) dimU = 0 wherefore
ker(i) = ker(p) N W & ker (). O

Remark 4.2 will be used to relate the kernel/rank of some submatrix
H; € KitLitl of H 0 < i < n, to the kernel /rank of the “one-step-extension”
H; 1 € Kit2942 Thus ¢ will be identified with H, 1, v with H;, V := K2,
W := K**! considered as a hyperplane of V, and pryy is the projection from
V to W that sets the last component of a vector v := (vg, ..., v;,vi11)T € V
to zero, i.e., prw (v) = (vo, ..., v;,0)T.

Proof of Theorem 4.1. a) First, the simple case p = r 4+ 1 is considered.
Then, n —r = m and k := 2==™ = (0 is a non-negative integer. Suppose
that H is singular. By Remark 4.2 b) (or for trivial reasons if r = —1),
dimker(H;41) < dimker(H;) + 1, for i = r,..,n — 1. Since dimker(H,) = 0
and n —r = m = dimker(H,,), this implies dim ker(H;+1) = dimker(H;) + 1
for i = r,.,n — 1. By Remark 4.2 d), p(z) € ker(H,1;) & ker(H,4i11),
i=1,..,m—1. By Remark 3.1, ker(H,,) is a-symmetric, so that '~ 1p(z) =
a(p(0))~tptr+i)(z) € ker(H,y4), i = 1,...,m. Thus

ker(H) = U™, ker(H,.;) D {z" 'p(z) | i=1,...,m} .

m—1

Clearly, p(z), zp(z), 2*p(z), ..., ™ p(x) are m linearly independent polyno-
mials and therefore span ker(H). (Recall that polynomials are identified with
their coefficient vectors prolonged by trailing zeros up to the dimension of
the considered vector space.) This proves a) for p =r + 1.

The general proof of a) proceeds by induction on n. First, consider the
base case n = 0. If p =1 =n+1, then H is regular wherefore r =n = 0 and
p=r+1.1If p=0, then H = 0 wherefore r = —1 and again p = r+ 1. Thus,
in any case, p = r + 1 holds true, and this case was proved in the beginning.

Next, for the inductive step, let n > 0 and assume that the assertion is
true for H := H,,_,. We may also assume that

p>r+1 (4.2)

because the case p = r + 1 is already solved. Set m := dimker H, p =

rank(H) = n — m. Since r < p — 1 < n, H, is also the largest regular upper
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left submatrix of H and H, ;1 is also an upper left submatrix of H. Now, by
the induction hypothesis
- p—(r+1) n—-1-m-r

By = 2

is a non-negative integer,
ker(H) = span{xi“”p(x) [0<i<m-—1},
and
U, :=span{z'p(z) | 0 <i <k},
Uy = span{x’h+’~“+ip(x) |0<i<k}

are totally isotropic, k-dimensional subspaces such that

K" = (K @ U,) @ Us) @ ker(H). (4.3)
Furthermore, the two-dimensional subspaces
W, = span{xip(z),xk+m+ip(x)} . =0, k—1 (4.4)

spanned by the isotropic vectors xip(z), ™+ ip(x) are hyperbolic planes
satisfying Ui U, = Wo®...e&W;_,.

The decomposition (4.3) implies, in particular, that W := K"t aU, & U,
is a regular subspace. Now, consider W=+#, the orthogonal complement of W
in the larger space K"*!. Clearly ker(f[) C W# | and, since W is regular,
we have

Kt =w @ wtn | (4.5)

and dimW# = n + 1 — dimW = dimker(H) + 1. By Remark 4.2 b),
|m —m| < 1.

Case 1: m = m. Assume that ker(H) # ker(f}). Then, there must exist a
v € ker(H)\ ker(H). Therefore, W-# = ker(H) @ (v) 1° is totally isotropic
and (4.5) implies

ker(H) G W*# = rad(H) = ker(H) ,

a contradiction, i.e., this case cannot occur.

Case 2: m = m + 1. Then, by (4.2), k = T = p7(124+1) > 0. Re-
mark 4.2 d) yields z*p(z) € ker(H) S ker(H). Since ker(H) is a-symmetric
(c.f. Remark 3.1), we have

g(z) = (@Fp(x)) ) = 2= FrDpe () = a(p(0))a"~F++Dp(x) € ker(H).
But n— (k+7+1) =k +m and k > 0 imply
q(x) € Uy Nker(H) C (U, @ Uy) Nker(H) = {0},

a contradiction.

0For a vector v, (v) := span{v} = Kv denotes the subspace spanned by v.
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Case 3: m = m — 1. Then, n —m —r = (n—1—m —r)+2 = 2(k+ 1)
is even and k := 2=2=T = k 4+ 1 is a well-defined positive integer. Now,
assume that there exists a v € ker(H)\ ker(H). Then, like in case 1, it follows
that W# = ker(H) @© (v) is totally isotropic and (4.5) implies

ker(H) C W =rad(H) = ker(H) ,

wherefore m < m, a contradiction. Hence,

ker(H) G ker(H) = span{méﬂp(x) |0<i<m—1=m}.
m+2k=1p(g) = 2"~ "~ Ip(z) has degree n, clearly
K = K" <xm+2k71p(x)> ) (4.6)
For ¢ € {1,...,m} the shift invariance of Toeplitz forms (c.f. Remark 3.2)
yields

Since

F(a*ip(e) a3 p(e)) = faH T p(a), 2 () = 0
since 2™ 2k=2p(z) € K" and 2F+~1p(z) € ker(H). Therefore, ¥+ € rad(f) =
ker(H) and, comparing dimensions, we conclude

ker(H) = span{xi““p(:z:) |1<i<m}
= span{z"Tip(z) | 0 <i <m —1}. (4.7)
In particular, z¥~1p(z) = m’;p(:t) € ker(H)\ ker H and (4.6) imply
f@*tp(a), 2™+ p(z)) # 0.

Hence, Wj,_1 := span{z*~!p(x),z™*2k=1p(z)} is a hyperbolic plane. Define

Uy :=span{z'p(z) | 0 < i<k} =U, @ (" p(x)) ,

Uy == span{z™**ip(z) |0 <i < k} = Uy @ (a2~ 1p(x)) .
Clearly, since 2% 'p(z) € ker(H) C U{-\Ui, U, is k-dimensional, totally

isotropic subspace satisfying K™+ @O U;. Also dim U, = k, and using (4.3),
(4.4) supplies the decompositions

K = (KT QU)@U,) @ ker(H) , U1 @Us=W1 @ ... Wi_1.

It remains to show that Us is totally isotropic. For that, it suffices to show
that the isotropic vector z™+2k~1p(x) is orthogonal to the totally isotropic
subspace [NJQ which follows in}mediately from the shift invariance of Toeplitz
forms: Take a basis vector z* M +ip(z) = ahtmtip(z) € Uy, 0 < i < k — 1,
Then,

F@tmip(z), a2 p(2)) = fp(x), 2 p(x)) = {0}
because p(z), ¥~ 1~"p(z) € U;. This finishes the inductive step and the proof
of a).
b) Kri+i C K™ @© U; @ ker(H) for i = 0, ..., k + m. Hence,
dimker(Hyyp4m) = dimU; + dimker(H) =k +m
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and therefore
r+ 1 =rank(H,) < rank(H,1;) < rank(Hy4x+m)
=(r+14+k+m)—(k+m)=r+1,
ie., rank(H,4;) =r+ 1 for ¢ =0,..., k + m. Now, using Remark 4.2 gives

rank(Hyjpqm) =7+ 1,
rank(Hr+k+m+i+1) S rank(Hr+k+m+i) + 2 , i= 07 ceey k — 1,
rank(H) = r 4+ 1 + 2k

which implies rank(H, yx4m+i) =1+ 1+ 2i for i = 0,..., k.

c) A © W is regular so that K"*! = (4 © W) © (A © W)*. Since
(Uy @ ker(H)) € (A O W)t is a totally isotropic subspace of maximal
dimension, Witt’s decomposition theorem supplies a totally isotropic sub-
space Ul with dimUj = dimU; = k such that U = Uy @ U} is a hyperbolic
space and (A @ W)+ = U @ ker(H) is a Witt decomposition of (A O W)=.
Thus

Kl = AQW QU Q@ ker(H)

is a Witt decomposition of K1 with maximal hyperbolic space W @O U and
anisotropic core form A. O

5. Schur’s isometry

In the sequel we assume n > 1, that H is singular, and that the upper left
submatrix

H,_1 = (hi—j)ij=0,..n—1 € K"

of order n is non-singular. In this section we permit char(K) = 2 for symmet-
ric, non-symplectic H.

Furthermore, let v = (vg,v1,...,v,)7 € K"*! denote a nonzero vec-
tor in the kernel of H, i.e., Hv = 0. Then v, # 0, since otherwise w :=
(V0 -eey vn_l)T would be a nonzero vector in the kernel of H,,_; contradicting
its regularity. Thus, by dividing through v,, # 0, we can assume without loss
of generality that v, = 1. '' Therefore, Hv = 0 reads row by row:

n—1
hnfi = —Zhj,ivj s 1= 0,...,’[7,. (51)
j=0
Setting w := —(vg, ..., V1)1, 9 := (An, hn_1, ..., h1)T € K" this becomes in
matrix vector notation
Hn—lw =g, (52)
ca(g)Tw = ho = ea(hg) . (5.3)

1n the context of Theorem 4.1 a), r = n — 1 and p(z) = v(z) has degree r +1 = n.
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Schur’s [20] key observation is that the following companion matrix C' € K™"
with characteristic polynomial v(z) := S0 vz’ = 2™ + S0 viat € Klz]
is an isometry with respect to H,,_1, i.e., it satisfies a(C)TH,,_1C = H,,_1:

[+ =]

S N e

y } . (5.4)

1 —Un-1

This is easily verified by using (5.2), (5.3) and a(H,,_1)T = eH,,_1:

{ I Z(C)Tanlc } = : ZI(C)T }Hn—l [er| C]
- [ e 1w
_ [ Ho- L9 }
) a(w)"Hy, 1 ‘ a(w)Tyg
=[] =
- : jqn,l } : (5.5)

Here e; = (1,0,...,0)7 € K" denotes the first standard basis column vector
of length n. Note that o(C)TH,,_1C = H,,_; in particular means that C is
regular which means that vg = (—1)" det C' # 0. This can of course be seen
directly for the same reason as v,, # 0 or by the fact that v(x) is a-symmetric.

6. Proof of the main Theorems

Proof of Theorem 1.3. By replacing H by H — \I,,+1, we may assume without
loss of generality, that A = 0. Define r and the Iohvidov parameter k = 2=2="
like in Theorem 4.1. From Theorem 4.1 it follows that p(z) = z*v(x), where
v(z) = " + 377 vzt is the uniquely determined, a-symmetric, monic
polynomial of degree r 4+ 1 that spans ker(H,11). Thus, v(z) admits a prime
factor decomposition

a

b

@) = [Tai@)™ T](rj(@)r; (@)a(r;(0)) )" (6.1)
i=1 j=1

where a,b € No, mi,n; € N, gi(z),r;(x),a(r;(0))"'ri(z) € Kz]\{z} are

pairwise distinct, monic prime polynomials, and ¢;(x) is a-symmetric, i =

1,...,a, 3 = 1,...,b. This supplies the prime factor decomposition of p(x)

given in (1.13). Let us first assume that r > —1. Consider Schur’s isometry
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C of H, defined by

=]

C:= ) e Krtirtt
1| —wv,
which is a companion matrix with characteristic and minimal polynomial
char(C) = mip(C) = v(z) . (6.2)

Considering the normal form of C' according to Theorems 2.1 and 2.2 and
using (6.1) and (6.2) yields the following decomposition of K"** with respect
to H,:

K7 =@ en(u(0)")] @ oy eryO)) a5
6.3

where U; := ker(q:(C)™), W; = ker(r;(C)") and W} := ker(r;(C)")
are C-invariant, C-indecomposable subspaces with mip(C|, ) = q:(x)™,
mip(C|W],) = ri(x)™, mip(C|Wj) = r;(x)"™, respectively. Note, that (6.2)
in particular means that modules of type T2 defined in Theorems 2.1 cannot
occur. The regular spaces W; @ W are hyperbolic with totally isotropic sub-
spaces Wj, W of dimension deg(r;(x)") = n; deg(r;(x)), j = 1,...,b. Also,
each regular space U; contains the totally isotropic subspace

m

Uy = ker(g:(C)L7)) = () =10

with dim U; = | 5] deg(qs), i = 1,...,a. Thus, the Witt index of H, can be

estimated from below by

a

b a b
ind(H,) > Y ind(U;) + Y _ind(W; @ W;) > dimU; + » _ dim(W;)

a b
=2 Vn?J deg(q:) + D _n; deg(r;()) (6.4)

By Iohvidov’s generalized Theorem 4.1, ind(H,.) = ind(H) — k — m which,
inserted for the left hand-side of (6.4), proves (1.16).

Recall, that ¢ defined in (1.14) is the dimension of the core form of H
denoted by cdim H, i.e., t = dim A where A is the H-anisotropic subspace
in a Witt decomposition K"*! = A @ W @ ker(H) with hyperbolic W. By
Iohvidov’s generalized Theorem 4.1, t is also the dimension of the core form
of H,. Denoting the dimension of the core form of a subspace U by

cdimU := dim U + dimrad(U) — 2ind(U),
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(6.3) implies

t=cdimH =cdim H, <Y cdimU; = » _ dim U; — 2ind(U;) (6.5)
i=1 i=1
< Zdim U; —2dimU; = Z dimU; — 2dim U; = Z deg(g;(x)) .
i=1 i=1 i=1
m; odd m; odd
This is (1.15) which finishes the the proof for r > —1.
In the degenerate case r = —1 both inequalities (6.4), (6.5) remain valid
because then a = 0 = b and t = 0 = ind(H_1) so that the left and right hand-
sides of both inequalities are zero. O

As noted in the introduction, Theorem 1.2 follows as a special case.

In preparation for the proof of Theorem 1.4 we state the following well-known
fact on confluent Vandermonde matrices. For the readers convenience, a proof
is given in the appendix.

Remark 6.1. Let

m n—1
p(e) = [[@@—a)™ =" + 3" pia’ € Kla]
i=1 =0

be a polynomial of degree n € N which has m distinct roots aq, ..., a,, € K of
multiplicities nq, ..., n,, € N, respectively, with ny + ... + n,, = n. Then, the
corresponding confluent Vandermonde matrix

Vi=[V(ai,n,n1), e, V(Qm,n,nm)] € K"

is regular with determinant
detV = H (a; —a;)™™ (6.6)

1<i<j<m

(see (1.18) for the definition of V(a;,n,n,)), and V transforms the companion
matrix C' with characteristic polynomial p to its Jordan normal form N:

[ ‘ —Po
1 —P1
C = , , eK™™ ,

1] —pna
vIcv—" = N :=diag(J(ai,n1), ..., J(@m;1m))

o ]

1 . e
J(az,n;) == . e KM L i=1,..,m.

a;
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[J(a;,n;) is the Jordan block of order n; with eigenvalue a; of algebraic
multiplicity n; and geometric multiplicity 1.]

Proof of Theorem 1.4. The notation used in the proof of Theorem 1.3 is
kept. Recall that A = 0 was assumed without loss of generality.

Let us again first consider the case r > —1 and let V,. € K"T%"+! denote
the upper square confluent Vandermonde submatrix of V. By the previous
Remark 6.1, V,. is regular and transforms the companion matrix C' (Schur’s
isometry of H,) to its Jordan normal form N:

vicv-T =N
= diag(J(Ela ml)a ey J(Em ma);

J(01,m1), J(a(61) 7Y m1), oy T (8, mp), J(a(85) 71, mp))
Writing

V.- =[Ay,..., Ay, B1, B}, ..., By, Bi]]
with 4; € K'tb™ and Bj, B} € K™+t1L7 | then the columns of A; span
ker(C'—e;I,41)™, the columns of B; span ker(C'—d;1,41)™, and the columns
of B} span ker(C' — a(d;) "' ;41)", i = 1,...,a, j = 1,...;b. Thus, by Theo-
rem 2.1, the columns of A4; and [Bj, B]*] span the H,.-orthogonally indecom-
posable H,-regular C-modules which are H,.-perpendicular to each other.
Moreover, the columns of [Bj, B]*] span the hyperbolic space

ker(C - 5j[r+1)nj D ker(C’ — a(dj)71[r+1)”j

of type T1 with H,-totally isotropic, C-invariant subspaces ker(C —§;I,4+1)™
and ker(C — a(8;) "1 1,41)", respectively. This means

a(V,YH VT = diag(Qy, ..., Qa, Ry, -y Ry) =t R (6.7)
for regular blocks @Q; € K™ with a(Q;)T = Q; and
L — 0 S]:| 277,]',271,]‘ ) ng,Mnj . —
Rji{a(sj)T 0 ekK , 95€eK ,i=1,..,a, j=1,..,b
Bringing V,. to the right side of (6.7) gives
H, = a(V,)RVT . (6.8)

First, the case k = 0 is considered and we have to prove
H=a(V)RVT. (6.9)
Note that n = 7 +m and V € K"*17*! in this case. By Theorem 4.1 the
polynomial
a b

(@) =pa) =[x —e)™ H((x — ;) (@ — ad; 7)™

i=1
(cf. (6.1) with k& = 0) of degree r + 1 fulfills
ker(H) = span{z'p(z) | 0 <i<m —1} .
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But, for 0 <i < m — 1 also holds V¥ (z'p(z)) = 0 because by construction of
the confluent Vandermonde matrix V" all polynomials ¢(x) of degree at most
n that are divided by p(z) fulfill by VT¢(z) = 0. Thus, using (6.8), for the
ordered basis
(20, v 20) = (L, 2, oy @, (@), 2p(@), oo 2™ ()
of K™*! holds
T (2T T, i<
a(zi)Tsz — { g(zz) Hyzj = a(z)" a(Ve) RV, z; v;flslcvj =T
= a(z) V)RV z;

for all i, € {0, ...,n}. This implies (6.9). }
Next, the case ~k’ > 0 is considered. By Theorem 4.1, H := H, _j has
Tohvidov parameter £ = 0 and kernel dimension m = m + k. Therefore,

H==H,_=aV)RVT

follows from the previously considered case. This finishes the proof of The-
orem 1.4 for r > —1. If r = —1, then Theorem 4.1 b) directly yields for
i:=k+m,rank(H,_y — Al,_xy1) =1r+1=0, ie. Hy_ = Al_p41. O

Appendix
Proof of Remark 6.1. Consider
V= [V(@,nn1), 0, V(@m, 1y )] € Z[T1, ooy T]™™ C Rlzq, .y 2] ™™
with indeterminates z1, ..., Z,,. Then, by [12] or [1], for example,
detV = H (xj —x)™M™ € L[z, ..., Tm] -
1<i<j<m
Since the mapping
Zlxy, o] = K, gy, 2m) = qlan, o am)

is a ring homomorphism, det V = det V (ay, ..., a,, ) holds true which proves (6.6).
The remaining part of the proof adapts [17]. Set

m n
D(T1y ey Ty T) 1= H(ac —x)" = Zﬁi(xl, ey T )T € Z[T1,y oy Tin][2]
i=1 =0

with suitable p;(21, ..., Tm) € Z[z1, ..., Tm], Pn := 1, where z is another inde-
terminate distinct from x, ..., z,,. Furthermore, define

—ﬁo(l‘l, ...,xm)

_ 1 —ﬁl(l'l,..‘,l'm)
C = ) . € Z[xy, ..oy,

1 _f)n—l(zla ...,.CEm)

vr] = V(z,n,1) = (1,2,27%,...,2" 7T =€ Z[2]".



28 F. Biinger

Formal differentiation with respect to x will be denoted by J,. Then,

Vixg,n,ng) = [v]ag], Opvlzi], %851}[1:&, ey %aiv[xl] ! -agz‘*lv[xiﬂ ,

(6.10)

1 ..
W%j] (‘Tivnani) = ﬁaiv[xl]

is the j-th column of V(x;,n,n;) for i € {1,...,m}, j € {0,...,n; — 1}. Now,
since C does not depend on z, the vector matrix product of the transpose of
such a column (where z; is replaced by z) and C' computes as

Vig(zon,n)"C = (8 v[z))TC = =8 (v[z]TO) (6.11)

2 n—1

1
J!
1 L
=0 I (x, 22, 2™ 2™ — By, ey T, T))

= % (8;(3311[33]T — p(x1, ...,a:m,x)en)) , len :==10,...,0,1] € Z*"]

— % (8;(x1}[ 7Y — 9p(xy, ... ,xm,x)en)

- % (Z( )(’9k 8j_k [x ] 8Jp(x1,...,xm,x)en>

k=0
xv[x]T —ﬁ(ml, ceiy Tyny T) €, ,if =0,
= x%(p)‘%v[ z]T + = 1),8 —Ly[z]T
—%8%19(561, vy Ty )€ ,if j > 0.

Since z; is an n;-fold root of p(x1, ..., T, x) considered as a polynomial in x,
(x — x;)™ 7 divides 902p(z1, ..., Tm, T), 1.€.

P(x1y ey Ty @) = (1 — )™ 85 5(T1y ey Tony T) (6.12)
for suitable s; j(x1, ..., Zm,x) € Z[21, ..., Tm, x]. On the other hand,

n E\ ‘
78]17(1'13 "'5Im7x) = Z <] pk(zla "'a‘r‘crn)xkij

k=j
=t (T1, ey T, T) € Z[T1, ooy Tin, T (6.13)

From (6.12) and (6.13) follows
(x—a)™i 7. Si (1, ey @m, @) = §1ti(21, oy T, @) € ZlT1, oy Ty ]

Since no k € N\{1} divides (z — z;) in Z[x1, ..., Tm, x], necessarily j! divides
8 (X1y ey T, ), 100, 7 (T2, ooy Ty T) 1= %sm(azl, oy Ty @) € L1, ooy T, T
and %8%]5(1‘1, oy Ty @) = (& — )" -1y (21, .o T, ) . Therefore, (6.11)
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becomes
V.1 (z,n, m)TC’ =V j (z,n,n;) + Vi1 (z,m,n;)
— (@ =)™ 1y (T ey T, TR,
= J(x,ns,n:) V], 5 (z,n,n:)T
— (x —xy)™ I i (X1, ey Ty T)ER (6.14)
with V[, —=1](z, n,n;) := 0 and
yor = P(T1, .y Tyny T)
(x — i)™

s

ri.0(T1, oy Ty ) 1= (x — ag

EE
Sl
oo

Since the insertion mapping
Z[Ih ...7l'm,l'] — K7 Q('rh ...,I’m,lﬂ) — Q(ala "'aamaai)

is a ring homomorphism, (6.14) is transformed by this mapping to

Vv[:,j] (ai7 n, nl)Tc = J(a‘ia ng, ni)‘/[:,j] (aia n, ni)T' (615)
Ranging over all i = 1,...,m this yields VT'C = NVT, and since V is regular,
as shown in the beginning, we finally derive V'OV ~T = N. (]
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